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S U M M A R Y
We present a new numerical method to solve the heterogeneous elastic wave equations for-
mulated as a linear hyperbolic system using first-order derivatives with arbitrary high-order
accuracy in space and time on 3-D unstructured tetrahedral meshes. The method combines
the Discontinuous Galerkin (DG) Finite Element (FE) method with the ADER approach
using Arbitrary high-order DERivatives for flux calculation. In the DG framework, in con-
trast to classical FE methods, the numerical solution is approximated by piecewise polyno-
mials which allow for discontinuities at element interfaces. Therefore, the well-established
theory of numerical fluxes across element interfaces obtained by the solution of Riemann-
Problems can be applied as in the finite volume framework. To define a suitable flux over
the element surfaces, we solve so-called Generalized Riemann-Problems (GRP) at the el-
ement interfaces. The GRP solution provides simultaneously a numerical flux function as
well as a time-integration method. The main idea is a Taylor expansion in time in which all
time-derivatives are replaced by space derivatives using the so-called Cauchy–Kovalewski or
Lax–Wendroff procedure which makes extensive use of the governing PDE. The numerical
solution can thus be advanced for one time step without intermediate stages as typical, for ex-
ample, for classical Runge–Kutta time stepping schemes. Due to the ADER time-integration
technique, the same approximation order in space and time is achieved automatically. Further-
more, the projection of the tetrahedral elements in physical space on to a canonical reference
tetrahedron allows for an efficient implementation, as many computations of 3-D integrals
can be carried out analytically beforehand. Based on a numerical convergence analysis, we
demonstrate that the new schemes provide very high order accuracy even on unstructured
tetrahedral meshes and computational cost and storage space for a desired accuracy can be
reduced by higher-order schemes. Moreover, due to the choice of the basis functions for the
piecewise polynomial approximation, the new ADER–DG method shows spectral convergence
on tetrahedral meshes. An application of the new method to a well-acknowledged test case and
comparisons with analytical and reference solutions, obtained by different well-established
methods, confirm the performance of the proposed method. Therefore, the development of
the highly accurate ADER–DG approach for tetrahedral meshes provides a numerical tech-
nique to approach 3-D wave propagation problems in complex geometry with unforeseen
accuracy.

Key words: Discontinuous Galerkin, elastic waves, high-order accuracy, tetrahedral
meshes.

1 I N T RO D U C T I O N

The solution of the elastic wave equation with very high order of accuracy in space and time is still a challenging task, especially if geometrically

complicated 3-D computational domains are involved. The flexibility of unstructured tetrahedral meshes proved to be advantageous when
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320 M. Dumbser and M. Käser

difficult model geometries have to be respected. However, the numerical schemes handling such tetrahedral meshes can lead to less-accurate

results in comparison to structured, regular grids. As the waveforms, that is, amplitude and phase, contain important information about the

interior structure and consistency of a material, it is necessary to develop highly accurate numerical methods, in particular for unstructured

meshes in order to handle computational domains with geometrically complex external and internal features. Furthermore, such highly accurate

numerical schemes serve to eliminate, as far as possible, the errors introduced purely by the numerical approximation of the underlying physical

or mathematical model. Therefore, the misfit of simulated and measured data should only be due to errors in the mathematical description of

the physical problem or due to incorrect assumptions of the physical parameters of the investigated model and not to errors introduced by the

numerical scheme itself.

In the past, a number of different numerical schemes have been developed in order to solve the seismic wave equations. Finite difference

(FD) schemes for the simulation of SH and P-SV waves on regular, staggered grids were introduced by Madariaga (1976) and Virieux (1984,

1986). Later these schemes were extended to higher orders (Levander 1988), three space dimensions (Mora 1989; Moczo et al. 2002) and

anisotropic material (Igel et al. 1995; Tessmer 1995), just to mention a few. FD-like methods on triangular and unstructured meshes were

developed in Magnier et al. (1994) and Käser & Igel (2001a,b). Alternatively, pseudo-spectral (PS) methods (Fornberg 1996) have been

developed in Carcione (1994), Tessmer & Kosloff (1994) and Igel (1999), where the space-dependent variables are expanded in a set of

orthogonal basis functions which are known exactly at discrete locations and which also allow for the accurate computation of derivatives.

However, quite regular meshes have to be used and due to the global character of the derivative operators parallelization is cumbersome.

Furthermore, the spectral element method (SEM), originally introduced by Patera (Patera 1984) in the field of computational fluid mechanics,

has successfully been applied to the problem of elastic wave propagation in two and three space dimensions in Priolo et al. (1994), Komatitsch

& Vilotte (1998) and Seriani (1998) and demonstrated advantages, in particular, for the problem of global wave propagation (Komatitsch

& Tromp 1999, 2002). The fundamental idea is to combine the advantages of a spectral method with those of a Finite Element (FE)

method.

However, we mention that all these schemes usually use rather low-order schemes for the time-integration, for example, second-order

Newmark-type schemes (Hughes 1987) or at most fourth-order Runge–Kutta schemes (Igel 1999). Furthermore, we note that for wave

propagation problems time-accuracy is crucial, in particular when waves are propagating over many wavelengths, as shown in Dumbser

et al. (2006). Therefore, we want to point out that the consideration of time-accuracy is an important issue, especially for the seismic wave

equation. Recently, a new approach, combining the Discontinuous Galerkin (DG) Method with a time-integration method using Arbitrary

high-order DERivatives (ADER), was introduced by Dumbser (2003) and Dumbser & Munz (2005a,b) for linear hyperbolic systems with

constant coefficients or for linear systems with variable coefficients in conservative form. The extension to non-conservative systems with

variable coefficients and source terms and its application to the simulation of elastic wave equations on unstructured triangular meshes in two

space dimensions was then presented by Käser & Dumbser (2005).

In this paper, we present an extension of this new ADER–DG approach in order to solve the elastic wave equations with very high

accuracy in both space and time on 3-D tetrahedral meshes. As shown in Käser & Dumbser (2005), the proposed numerical method relies

on the combination of the ADER approach, originally introduced by Toro (2001) and further developed in Schwartzkopff et al. (2004),

Titarev & Toro (2002) and Schwartzkopff et al. (2004) in the finite volume (FV) framework, and the DG FE method. In our approach,

we approximate the unknown solution inside each tetrahedral element by a polynomial, whose coefficients—the degrees of freedom—are

advanced in time. Hereby, the solution can be discontinuous across the element interfaces, which allows to incorporate the well-established

ideas of numerical flux functions from the FV framework. We especially point out that allowing jumps in the numerical solution may be

useful with respect to dynamic rupture simulations or to the treatment of large jumps in material properties as shown in Käser & Dumbser

(2005).

This paper is structured as follows. In Section 2, we introduce the system of the 3-D elastic wave equations in the non-conservative

velocity–stress formulation and its eigenstructure. The proposed DG method is presented in Section 3 together with the ADER approach

and an efficient formulation of the required Cauchy–Kovalewski procedure. In Section 4, we briefly address the conditions for absorbing and

free-surface boundaries. Results of the numerical convergence rates of the proposed ADER–DG scheme on tetrahedral meshes are shown in

Section 5. Finally, in Section 6, we present a comparison of our results with those published after an acknowledged 3-D benchmark test of

the Pacific Earthquake Engineering Research Center providing an analytic and a number of reference solutions obtained by well-established

codes of other research institutions.

2 E L A S T I C WA V E E Q U A T I O N S

The propagation of waves in an elastic medium is based on the theory of linear elasticity (Bedford & Drumheller 1994; Aki & Richards 2002).

Combining the definition of strain caused by deformations (Hooke’s law) and the equations of the dynamic relationship between acceleration

and stress, the elastic wave equations can be derived as shown in LeVeque (2002). Considering the 3-D elastic wave equation for an isotropic

medium in velocity–stress formulation leads to a linear hyperbolic system of the form
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where λ and μ are the Lamé constants and ρ is the mass density of the material. The normal stress components are given by σ xx, σ yy, and

σ zz, and the shear stresses are σ xy, σ yz, and σ xz. The components of the particle velocities in x-, y-, and z-direction are denoted by u, v and

w, respectively. This system is a natural extension of the 2-D system already used in the seminal papers of Virieux (Virieux 1984, 1986).

We remark that for notational simplicity we skip the time and space dependencies of the variables, that is, for the rest of this paper, the

stresses and velocities are always assumed to be functions of time t ∈ R and space x = (x, y, z)T ∈ R3.The physical properties of the material

are functions of space but are constant in time, that is, λ = λ(x), μ = μ(x), and ρ = ρ(x), in order to describe heterogeneous material.

For the investigation of the eigenstructure of the system (1), we use the more compact form

∂ Q p

∂t
+ Apq

∂ Qq

∂x
+ Bpq

∂ Qq

∂y
+ C pq

∂ Qq

∂z
= 0, (2)

where Q is the vector of the p unknown variables, that is, Q = (σ xx, σ yy, σ zz, σ xy, σ yz, σ xz, u, v, w)T. Note that classical tensor notation

is used, which implies summation over each index that appears twice. The matrices Apq = Apq(x), Bpq = Bpq(x), and Cpq = Cpq(x) are the

space-dependent Jacobian matrices of size p × q , with p, q = 1, . . . , 9, and are given by

Apq =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 −(λ + 2μ) 0 0

0 0 0 0 0 0 −λ 0 0
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0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −μ

− 1
ρ
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ρ
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ρ

0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (3)

Bpq =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 −λ 0

0 0 0 0 0 0 0 −(λ + 2μ) 0

0 0 0 0 0 0 0 −λ 0

0 0 0 0 0 0 −μ 0 0

0 0 0 0 0 0 0 0 −μ

0 0 0 0 0 0 0 0 0

0 0 0 − 1
ρ

0 0 0 0 0

0 − 1
ρ

0 0 0 0 0 0 0

0 0 0 0 − 1
ρ

0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (4)
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Cpq =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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ρ
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ρ

0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (5)

The propagation velocities of the elastic waves are determined by the eigenvalues of the Jacobian matrices Apq, Bpq and Cpq and are given

by

s1 = −cp, s2 = −cs, s3 = −cs, s4 = 0, s5 = 0, s6 = 0, s7 = cs, s8 = cs, s9 = cp, (6)

where

cp =
√

λ + 2μ

ρ
, and cs =

√
μ

ρ
(7)

are the P wave and S wave velocities, respectively. We remark that for the isotropic case the wave speeds in (6) and (7) do not depend on

the propagation direction. The eigenvalues show, that the two P waves propagate with speeds s1 and s9 and the four S waves propagate with

speeds s 2, s 3, s 7 and s8, however, with different polarizations. The vectors R A
p1, . . ., R A

p9 denote the nine right eigenvectors of the Jacobian

matrix in eq. (3) and are given by the columns of the matrix of right eigenvectors

R A
pq =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ + 2μ 0 0 0 0 0 0 0 λ + 2μ

λ 0 0 0 1 0 0 0 λ

λ 0 0 0 0 1 0 0 λ

0 μ 0 0 0 0 0 μ 0

0 0 0 1 0 0 0 0 0

0 0 μ 0 0 0 μ 0 0

cp 0 0 0 0 0 0 0 −cp

0 cs 0 0 0 0 0 −cs 0

0 0 cs 0 0 0 −cs 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (8)

The derived eigenstructure of the elastic wave equations in three space dimensions provides the necessary information to construct the

ADER–DG scheme as described in Section 3.

3 T H E N U M E R I C A L S C H E M E

For the construction of the numerical scheme, we consider the general linear hyperbolic system of equations with variable coefficients as

given in eq. (2). The computational domain � ∈ R3 is divided into conforming tetrahedral elements T (m) being addressed by a unique index

(m). Furthermore, we suppose the matrices Apq, Bpq and Cpq to be piecewise constant inside an element T (m).

3.1 Semi-discrete form of the scheme

The numerical solution Qh of eq. (2) is approximated inside each tetrahedron T (m) by a linear combination of space-dependent but time-

independent polynomial basis functions �l (ξ , η, ζ ) of degree N with support T (m) and with only time-dependent degrees of freedom Q̂(m)
pl (t):[

Q(m)
h

]
p
(ξ, η, ζ, t) = Q̂(m)

pl (t)�l (ξ, η, ζ ), (9)

where ξ , η and ζ are the coordinates in a reference element TE and are defined by eq. (A1) in Appendix A. The index h denotes the numerical

solution, the index p stands for the number of unknowns in the vector Q and l indicates the lth basis function. We use the orthogonal basis

functions �k as given in Cockburn et al. (2000). Multiplying eq. (2) by a test function �k and integrating over a tetrahedral element T (m)

gives∫
T (m)

�k
∂ Q p

∂t
dV +

∫
T (m)

�k

(
Apq

∂ Qq

∂x
+ Bpq

∂ Qq

∂y
+ C pq

∂ Qq

∂z

)
dV = 0. (10)
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Table 1. Face definition on tetrahe-

drons.

Face Points

1 1 3 2

2 1 2 4

3 1 4 3

4 2 3 4

Integration of eq. (10) by parts then yields∫
T (m)

�k
∂ Q p

∂t
dV +

∫
∂T (m)

�k Fh
p d S −

∫
T (m)

(
∂�k

∂x
Apq Qq + ∂�k

∂y
Bpq Qq + ∂�k

∂z
Cpq Qq

)
dV = 0, (11)

where a numerical flux Fh
p has been introduced in the surface integral since Qh may be discontinuous at an element boundary. As we suppose

rotational invariance of the system in (2) for the isotropic case, the flux can be derived for a coordinate system, which is aligned with the

outward pointing unit normal vector n of an element boundary, that is, a triangular face of a tetrahedron. The required transformation (rotation)

of the unknowns in vector Qp from the global Cartesian system to the vector Qn
q in a local normal, that is, face-aligned, coordinate system is

given by

Q p = Tpq Qn
q . (12)

For the 3-D elastic wave equations, the transformation (rotation) matrix Tpq in eq. (12) reads as

Tpq =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n2
x s2

x t2
x 2nx sx 2sx tx 2nx tx 0 0 0

n2
y s2

y t2
y 2nysy 2syty 2nyty 0 0 0

n2
z s2

z t2
z 2nzsz 2sztz 2nztz 0 0 0

nynx sysx ty tx nysx + nx sy sytx + sx ty nytx + nx ty 0 0 0

nzny szsy tz ty nzsy + nysz szty + sytz nzty + nytz 0 0 0

nznx szsx tz tx nzsx + nx sz sztx + sx tz nztx + nx tz 0 0 0

0 0 0 0 0 0 nx sx tx

0 0 0 0 0 0 ny sy ty

0 0 0 0 0 0 nz sz tz

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (13)

with the components of the normal vector n = (nx, ny, nz)
T and the two tangential vectors s = (sx, sy, s z)

T and t = (tx, ty, t z)
T, which lie in

the plane determined by the boundary face of the tetrahedron and are orthogonal to each other and the normal vector n. Usually, we define

vector s so that it points from the local face node 1 to the local face node 2, see Table 1.

For the linear system in eq. (2), we use an exact Riemann solver, as given in Toro (1999), to compute the state at the cell interfaces by

upwinding. The flux is then computed with the Jacobian matrix in eq. (3), that is, with the material properties given in the considered element.

In the global, Cartesian xyz-system, the numerical flux Fh
p in eq. (11) for tetrahedron T (m) across the interface with one of the neighbour

tetrahedrons T (m j ), j = 1, 2, 3, 4, is then given by

Fh
p = 1

2
Tpq

(
A(m)

qr + ∣∣A(m)
qr

∣∣)(Trs)−1 Q̂(m)
sl �

(m)
l + 1

2
Tpq

(
A(m)

qr − ∣∣A(m)
qr |)(Trs)−1 Q̂

(m j )

sl �
(m j )

l , (14)

where Q̂(m)
sl �

(m)
l and Q̂

(m j )

sl �
(m j )

l are the boundary extrapolated values of the numerical solution from element T (m) and the jth-side neighbour

T (m j ), respectively. The matrix (Trs)
−1 represents the back-transformation into the global xyz-system. We point out that the boundary values

of both elements adjacent to an interface contribute to the numerical flux. Furthermore, due to the rotation it is sufficient to evaluate the

Jacobian matrix A(m)
qr of eq. (3) in x-direction with the material properties given in tetrahedron T (m). This way, the numerical flux respects the

non-conservative form of the governing eq. (2). The notation |A(m)
qr | of the absolute value of the Jacobian matrix has the meaning of applying

the absolute value operator to the eigenvalues given in eq. (6), that is,∣∣A(m)
qr

∣∣ = R A
qp|�ps |

(
R A

sr

)−1
, with |�ps | = diag (|s1|, |s2|, . . .). (15)

Now, inserting eqs (9) and (14) into eq. (11) and splitting the boundary integral into the contributions of each face j of the tetrahedron T (m),

we obtain
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T (m)

TE

1

1

2

2 3

3 4

4

Figure 1. Transformation from the physical tetrahedron T (m) to the canonical reference tetrahedron TE with nodes (0, 0, 0), (1, 0, 0), (0, 1, 0), and (0, 0, 1).
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l d S

+
4∑

j=1

1

2
T j

pq

(
A(m)

qr − ∣∣A(m)
qr

∣∣)(T j
rs

)−1
Q̂

(m j )

sl

∫
[∂T (m)] j

�
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∂�k

∂y
�l dV − Cpq Q̂(m)

ql

∫
T (m)

∂�k

∂z
�l dV = 0. (16)

Eq. (16) is written in the global xyz-system. If we transform each physical tetrahedron T (m) to a canonical reference tetrahedron TE in a

ξηζ -reference system as shown in Fig. 1, the method can be implemented much more efficiently, since many integrals can be pre-computed

beforehand in this reference system.

With respect to the coordinate transformation into the ξηζ -reference system, we have furthermore

dx dy dz = |J | dξ dη, dζ (17)

and the transformed gradients of the form⎛⎜⎜⎝
∂

∂x

∂

∂y

∂

∂z

⎞⎟⎟⎠ =

⎛⎜⎜⎝
∂ξ

∂x
∂η

∂x
∂ζ

∂x
∂ξ

∂y
∂η

∂y
∂ζ

∂y

∂ξ

∂z
∂η

∂z
∂ζ

∂z

⎞⎟⎟⎠
⎛⎜⎜⎝

∂

∂ξ

∂

∂η

∂

∂ζ

⎞⎟⎟⎠ . (18)

Integrating in the reference system using eqs (17) and (18), the semi-discrete DG formulation of eq. (16) in the reference element TE

reads as

∂

∂t
Q̂(m)

pl |J |
∫
TE

�k�l dξ dη dζ

+
4∑

j=1

T j
pq

1

2

(
A(m)

qr + ∣∣A(m)
qr

∣∣) (
T j

rs

)−1
Q̂(m)

sl |Sj |F−, j
kl

+
4∑

j=1

T j
pq

1

2

(
A(m)

qr − ∣∣A(m)
qr

∣∣) (
T j

rs

)−1
Q̂

(m j )

sl |Sj |F+, j,i,h
kl

− A∗
pq Q̂(m)

ql |J |
∫
TE

∂�k

∂ξ
�l dξ dη dζ − B∗

pq Q̂(m)
ql |J |

∫
TE

∂�k

∂η
�l dξ dη dζ − C∗

pq Q̂(m)
ql |J |

∫
TE

∂�k

∂ζ
�l dξ dη dζ = 0,

(19)

where |Sj | denotes the area of face j and the special linear combination of the Jacobians

A∗
pq = Apq

∂ξ

∂x
+ Bpq

∂ξ

∂y
+ Cpq

∂ξ

∂z
, (20)

B∗
pq = Apq

∂η

∂x
+ Bpq

∂η

∂y
+ Cpq

∂η

∂z
, (21)

C∗
pq = Apq

∂ζ

∂x
+ Bpq

∂ζ

∂y
+ Cpq

∂ζ

∂z
. (22)

The integrals

Mkl =
∫
TE

�k�l dξ dη dζ, (23)
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Table 2. (a) 3-D volume coordinates ξ (j) as a function of the face parameters

χ and τ . (b) Transformation of the face parameters χ and τ of the tetrahe-

dron’s face to the face parameters χ̃ and τ̃ in the neighbour tetrahedron

according to the three possible orientations h of the neighbour face.

j 1 2 3 4

ξ ( j)(χ, τ ) τ χ 0 1 − χ − τ

η( j) (χ, τ ) χ 0 τ χ

ζ ( j) (χ, τ ) 0 τ χ τ

(a)

h 1 2 3

χ̃ (h)(χ, τ ) τ 1 − χ − τ χ

τ̃ (h)(χ, τ ) χ τ 1 − χ − τ

(b)

K ξ

kl =
∫
TE

∂�k

∂ξ
�l dξ dη dζ, (24)

K η

kl =
∫
TE

∂�k

∂η
�l dξ dη dζ, (25)

K ζ

kl =
∫
TE

∂�k

∂ζ
�l dξ dη dζ, (26)

over the reference element TE can be easily calculated beforehand by a computer algebra system (e.g. Maple). Furthermore, the flux matrices

F−, j
kl and F+, j,i,h

kl in eq. (19) can be calculated analytically once on the reference element via eq. (27) and then can be stored.

In the following, we give the details of calculating those flux matrices on tetrahedrons in three space dimensions. First, we define the local

faces with their local vertex ordering according to Table 1, where the vertex numbering is strictly counter-clockwise in two space dimensions

as well as in three space dimensions (see Fig. 1). The vector of volume coordinates ξ is then given on the faces via mapping functions from

the face parameters χ and τ , as shown in Table 2(a). Last but not the least, for flux computation over the face, we have to integrate along the

face inside the element as well as in the neighbour. This is done consistently by the transformation from the face parameters χ and τ inside the

element to the corresponding face parameters χ̃ and τ̃ in the neighbour face. Whereas in two space dimensions this transformation is always

χ̃ = 1 − χ , in three space dimensions the transformation depends on the orientation of the neighbour’s face with respect to the local face of

the considered element T (m), since via rotation of the triangular faces there may be three possible orientations. The corresponding mappings

are given in Table 2(b).

In three space dimensions, all possible flux matrices are given by

F−, j
kl =

∫
∂(TE ) j

�k

(
ξ (j)(χ, τ )

)
�l

(
ξ (j)(χ, τ )

)
dχ dτ, ∀1 ≤ j ≤ 4,

F+, j,i,h
kl =

∫
∂(TE ) j

�k

(
ξ (j)(χ, τ )

)
�l

(
ξ (i)

(
χ̃ (h)(χ, τ ), τ̃ (h)(χ, τ )

))
dχdτ , ∀1 ≤ i ≤ 4, ∀1 ≤ h ≤ 3.

(27)

The left-hand state flux matrix (superscript ‘−’) F−, j
kl accounts for the contribution of the element (m) itself to the fluxes over face j and the

right-hand state flux matrix (superscript ‘+’) F+, j,i,h
kl accounts for the contribution of the element’s direct side neighbour (kj) to the fluxes

over the face j. Index 1 ≤ i ≤ NE indicates the local number of the common face as it is seen from neighbour (kj) and depends on the mesh

generator. Index 1 ≤ h ≤ 3 denotes the number of the local node in the neighbour’s face which lies on the local vertex 1 of face j in tetrahedron

number (m). Index h also depends on the mesh generator. On a given tetrahedral mesh, where indices i and h are known, only four of the 48

possible matrices F+, j,i,h
kl are used per element.

If the semi-discrete eq. (19) is integrated in time with a Runge–Kutta method, we obtain a quadrature-free Runge–Kutta DG scheme, see

Atkins & Shu (1998), the order of which would be essentially limited to 4 if we do not want to use inefficient Runge–Kutta schemes. In the

following, we present the ADER time-integration technique making extensive use of the governing eq. (2).

3.2 The ADER time-discretization

The efficiency of Runge–Kutta time-discretization schemes drastically decreases if the order of accuracy becomes greater than 4, due to

the so-called Butcher barriers (Butcher 1987), and the number of intermediate Runge–Kutta stages becomes larger than the formal order of

accuracy. Therefore, we apply the ADER approach to the semi-discrete form of the DG scheme (19) in order to achieve the same accuracy of

the time-discretization as for the space discretization.
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326 M. Dumbser and M. Käser

The main ingredients of the ADER approach are a Taylor expansion in time, the solution of Derivative Riemann-Problems (DRP) (Toro

& Titarev 2002) to approximate the space derivatives at the interface and the Cauchy–Kovalewski procedure for replacing the time-derivatives

in the Taylor series by space derivatives. In this section, we show how the ADER–DG approach, presented in Dumbser (2005) and Dumbser

& Munz (2005a), can be extended to three space dimensions to achieve high-order time-integration of the DG method for linear hyperbolic

systems.

For the development of linear ADER–DG schemes, we first need a general formula for the Cauchy–Kovalewski procedure in order to

replace the time-derivatives in the Taylor expansion in time by pure space derivatives. Since the basis functions �l in (9) are given in the

ξηζ -system, we need a Cauchy–Kovalewski procedure which makes use of the spatial derivatives with respect to ξ , η and ζ . Therefore, we

rewrite our original PDE (2) with the use of eq. (18) as

∂ Q p

∂t
+ Apq

(
∂ξ

∂x

∂ Qq

∂ξ
+ ∂η

∂x

∂ Qq

∂η
+ ∂ζ

∂x

∂ Qq

∂ζ

)
+ Bpq

(
∂ξ

∂y

∂ Qq

∂ξ
+ ∂η

∂y

∂ Qq

∂η
+ ∂ζ

∂y

∂ Qq

∂ζ

)
+ C pq

(
∂ξ

∂z

∂ Qq

∂ξ
+ ∂η

∂z

∂ Qq

∂η
+ ∂ζ

∂z

∂ Qq

∂ζ

)
= 0.

Rearranging this equation, we get

∂ Q p

∂t
+

(
Apq

∂ξ

∂x
+ Bpq

∂ξ

∂y
+ Cpq

∂ξ

∂z

)
∂ Qq

∂ξ
+

(
Apq

∂η

∂x
+ Bpq

∂η

∂y
+ Cpq

∂η

∂z

)
∂ Qq

∂η
+

(
Apq

∂ζ

∂x
+ Bpq

∂ζ

∂y
+ Cpq

∂ζ

∂z

)
∂ Qq

∂ζ
= 0,

and finally, by using the definitions in eqs (20), (21) and (22), we obtain

∂ Q p

∂t
+ A∗

pq

∂ Qq

∂ξ
+ B∗

pq

∂ Qq

∂η
+ C∗

pq

∂ Qq

∂ζ
= 0. (28)

The kth time-derivative as a function of pure space derivatives in the ξηζ -reference system is the result of the Cauchy–Kovalewski procedure

applied to eq. (28) and is given by

∂k Q p

∂t k
= (−1)k

(
A∗

pq

∂

∂ξ
+ B∗

pq

∂

∂η
+ C∗

pq

∂

∂ζ

)k

Qq . (29)

We point out that it is a key issue to use the Cauchy–Kovalewski procedure in the form (29) since it allows us to pre-calculate many matrices

beforehand, as we will show in the following.

We develop the solution of eq. (2) in a Taylor series in time up to order N :

Q p(ξ, η, ζ, t) =
N∑

k=0

t k

k!

∂k

∂t k
Q p(ξ, η, ζ, 0), (30)

and replace time-derivatives by space derivatives, using eq. (29):

Q p(ξ, η, ζ, t) =
N∑

k=0

t k

k!
(−1)k

(
A∗

pq

∂

∂ξ
+ B∗

pq

∂

∂η
+ C∗

pq

∂

∂ζ

)k

Qq (ξ, η, ζ, 0). (31)

We then introduce the DG approximation (9) and obtain

Q p(ξ, η, ζ, t) =
N∑

k=0

t k

k!
(−1)k

(
A∗

pq

∂

∂ξ
+ B∗

pq

∂

∂η
+ C∗

pq

∂

∂ζ

)k

�l (ξ, η, ζ )Q̂ql (0). (32)

This approximation can now be projected on to each basis function in order to get an approximation of the evolution of the degrees of freedom

during one time step from time-level n to time-level n + 1. We obtain

Q̂ pl (t) =

〈
�n,

N∑
k=0

tk

k!
(−1)k

(
A∗

pq
∂

∂ξ
+ B∗

pq
∂

∂η
+ C∗

pq
∂

∂ζ

)k
�m(ξ, η, ζ )

〉
〈�n, �l〉 Q̂qm(0) (33)

where 〈a, b〉 = ∫
TE

a ·b dV denotes the inner product over the reference tetrahedron TE and the division by 〈�n, �l〉 denotes the multiplication

with the inverse of the mass matrix. This reduces indeed to division by its diagonal entries since the mass matrix is diagonal due to the supposed

orthogonality of the basis functions �l . Eq. (33) can be integrated analytically in time and we obtain

∫ �t

0

Q̂ pl (t) dt =

〈
�n,

N∑
k=0

�t (k+1)

(k+1)!
(−1)k

(
A∗

pq
∂

∂ξ
+ B∗

pq
∂

∂η
+ C∗

pq
∂

∂ζ

)k
�m(ξ, η, ζ )

〉
〈�n, �l〉 Q̂qm(0). (34)

Introducing the definition

Iplqm(�t) =

〈
�n,

N∑
k=0

�t (k+1)

(k+1)!
(−1)k

(
A∗

pq
∂

∂ξ
+ B∗

pq
∂

∂η
+ C∗

pq
∂

∂ζ

)k
�m(ξ, η, ζ )

〉
〈�n, �l〉 , (35)

the time-integrated degrees of freedom in eq. (34) can be expressed as∫ �t

0

Q̂ pl (t) dt = Iplqm(�t)Q̂qm(0), (36)
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High-order DG method for elastic waves in 3D 327

where Iplqm(�t) represents a 4-D tensor including the Cauchy–Kovalewski procedure and Q̂qm(0) denotes the q × m matrix of the degrees of

freedom at time-level n. Finally, the fully discrete ADER–DG scheme by integration of eq. (19) in time is given by[(
Q̂(m)

pl

)n+1

−
(

Q̂(m)
pl

)n
]

|J | Mkl

+ 1

2

4∑
j=1

T j
pq

(
A(m)

qr + ∣∣A(m)
qr

∣∣) (
T j

rs

)−1 ∣∣Sj

∣∣ F−, j
kl · Islmn(�t)

(
Q̂(m)

mn

)n

+ 1

2

4∑
j=1

T j
pq

(
A(m)

qr − ∣∣A(m)
qr

∣∣) (
T j

rs

)−1 ∣∣Sj

∣∣ F+, j,i,h
kl · Islmn(�t)

(
Q̂

(m j )
mn

)n

− A∗
pq |J | K ξ

kl · Iqlmn(�t)
(

Q̂(m)
mn

)n
− B∗

pq |J | K η

kl · Iqlmn(�t)
(

Q̂(m)
mn

)n
− C∗

pq |J | K ζ

kl · Iqlmn(�t)
(

Q̂(m)
mn

)n
= 0. (37)

The scheme is quadrature-free and performs high-order time-integration from time-level tn to tn+1 in one single step. It thus needs the same

memory as a first-order explicit Euler time stepping scheme. Note that for any DG scheme the initial condition at t0 must be projected on to

the degrees of freedom via L2 projection.

3.3 An efficient algorithm for the Cauchy–Kovalewski procedure of linear systems

On unstructured meshes, we must evaluate eq. (35) in each tetrahedron in each time step, if we do not want to store all the tensor coefficients

Iplqm(�t) for each tetrahedron. Therefore, in the following we show a very efficient algorithm for its evaluation on the reference element,

which is a straightforward extension of the algorithm presented in Käser & Dumbser (2005). Eq. (35) contains a binomial formula for matrices

whose products unfortunately do not commute in the general case. If expanded explicitly, eq. (35) becomes

Iplqm(�t) = 〈�n, �l〉−1 ·
〈
�n,

N∑
k=0

�t (k+1)

(k + 1)!
(−1)k ·

k∑
nB =0

k−nB∑
nC =0

Spq

(
A∗

pq , B∗
pq , C∗

pq , k − nB − nC , nB, nC

) ∂k

∂ξ (k−nB −nC )∂ηnB ∂ζ nC
�m

〉
. (38)

Hence, in the evaluation of eq. (35), we have to compute the sums Spq of all products of A∗
pq, B∗

pq, and C∗
pq in which matrix A∗

pq appears nA =
k − nB − nC times, matrix B∗

pq appears nB times and matrix C∗
pq appears nC times, taking into account all possible matrix permutations.

Without proof, we give a recursive algorithm defining the Spq in Step 1 of Algorithm 1. It recycles all previously computed data if implemented

in an unrolled manner, storing intermediate results. In Algorithm 1, δpq denotes the usual Kronecker symbol.

Algorithm 1: (efficient Cauchy–Kovalewski procedure)

Step 1: Compute and store temporarily the sums of all matrix products of A∗
pq, B∗

pq, and C∗
pq with all possible permutations:

Spq

(
A∗

pq , B∗
pq , C∗

pq , n A, nB, nC

)
:= 0, if n A < 0 ∨ nB < 0 ∨ nC < 0,

Spq

(
A∗

pq , B∗
pq , C∗

pq , 0, 0, 0
)

:= δpq ,

Spq

(
A∗

pq , B∗
pq , C∗

pq , n A, nB, nC

) = Spr

(
A∗

pr , B∗
pr , C∗

pr , n A − 1, nB, nC

) · A∗
rq+

Spr

(
A∗

pr , B∗
pr , C∗

pr , n A, nB − 1, nC

) · B∗
rq+

Spr

(
A∗

pr , B∗
pr , C∗

pr , n A, nB, nC − 1
) · C∗

rq , ∀ 0 ≤ n A + nB + nC ≤ N .

Step 2: Exchange summation and integration in eq. (38) and compute Iplqm(�t) as

Iplqm(�t) =
N∑

k=0

�t (k+1)

(k + 1)!
(−1)k

k∑
nB =0

k−nB∑
nC =0

Spq

(
A∗

pq , B∗
pq , C∗

pq , k − nB − nC , nB, nC

)·
〈�n, �l〉−1

〈
�n,

∂k

∂ξ (k−nB −nC )∂ηnB ∂ζ nC
�m

〉
. (39)

This algorithm is used in each tetrahedron T (m) in each time step. However, all projections of the space derivatives of the basis functions on

to all the test functions, as they appear in Step 2 in Algorithm 1, can be pre-computed once and then stored. They are defined on the canonical

reference tetrahedron and depend neither on the mesh nor on the time step.

4 B O U N D A R Y C O N D I T I O N S

There is a variety of physically meaningful boundary conditions of an elastic medium. However, the two most important types of boundaries

are absorbing and free-surface boundaries, which will be discussed in the framework of the ADER–DG method in the following.

4.1 Absorbing boundaries

At absorbing boundaries, no waves are supposed to enter the computational domain and the waves travelling outwards should pass the boundary

without reflections. There is a whole scientific community dealing with absorbing or non-reflective boundary conditions; however, in this
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328 M. Dumbser and M. Käser

section, we present a simple approach, that so far yielded satisfactory results, at least for our purposes. The numerical flux (14) is based on

the solution of the Riemann-Problem given by the jump across the element interface. It is a strict upwind method, that is, outgoing waves at

an element interface are only influenced by the state in the inside element itself. In contrast, the flux contribution of incoming waves is purely

due to the state in the neighbour element. Thus, a simple implementation of absorbing boundary conditions is to use the following numerical

flux in eq. (37) at all those tetrahedral faces that coincide with an absorbing boundary:

FAbsorbBC
p = 1

2
Tpq

(
A(m)

qr + ∣∣A(m)
qr

∣∣) (Trs)−1 Q̂(m)
sl �

(m)
l . (40)

The flux function (40) allows only for outgoing waves, which are merely defined by the state in the element due to upwinding. Since incoming

waves are not allowed, the respective flux contribution must vanish, that is, it is set to zero in the implementation of the method.

We are aware of that these absorbing boundary conditions have some problems at corners or for grazing incidence of waves. Therefore, in

future work, approaches like the Perfectly Matched Layer (PML) technique, as introduced in Bérenger (1994) and applied in Collino & Tsogka

(2001) and Komatitsch & Tromp (2003), should be incorporated to improve the performance of the proposed scheme for such boundaries.

4.2 Free-surface boundaries

On the free surface of an elastic medium, the normal stress and the shear stresses with respect to the boundary are determined by physical

constraints. Outside the elastic medium, there are no external forces that retract the particles into their original position. Therefore, the normal

stress and the shear stress values at the free surface have to be zero. In contrast to classical continuous FE methods or SEM, we have no

direct control on the values at the boundaries within the DG framework. However, the boundary conditions can be imposed via the numerical

flux, as in the FV framework. Considering that the numerical flux is based on the solution of a Riemann-Problem at an element interface

and given some boundary extrapolated values from inside the computational domain on a free surface, we must solve a so-called inverse

Riemann-Problem such that its solution yields exactly the free-surface boundary conditions at the domain boundary. In the particular case

of the free surface, the solution of the inverse Riemann-Problem can be obtained via symmetry considerations. For those components of the

state vector Qp, that we want to be zero at the domain boundary, we prescribe a virtual boundary extrapolated component outside the interface

that has the same magnitude but opposite sign. For the other components, we just copy the inside values to the outside. For the free-surface

boundary condition, the resulting numerical flux function in eq. (37) can then be formulated as follows:

FFreeBC
p = 1

2
Tpq

(
A(m)

qr + ∣∣A(m)
qr

∣∣) (Trs)−1 Q̂(m)
sl �

(m)
l

+ 1
2
Tpq

(
A(m)

qr − ∣∣A(m)
qr

∣∣) �rs (Tst )
−1 Q̂(m)

tl �
(m)
l , (41)

where the matrix �rs = diag (−1, 1, 1, −1, 1, −1, 1, 1, 1) accounts for the mirroring of normal and shear stresses with respect to the face-

normal direction. We remark that the solution of the inverse Riemann-Problem is not equivalent to the FD approach of adding fictitious ghost
points, but is similar to the FV framework and provides the exact values of the normal and shear stresses as required by the free-surface

boundary condition. Numerical tests, such as Lamb’s problem in two space dimensions shown in Käser & Dumbser (2005) confirm the

performance and accuracy of this approach. Results of the numerical experiment in Section 6 make it clear that this approach directly extends

into three space dimensions.

5 C O N V E R G E N C E A N A L Y S I S

Here, we present the results of the numerical convergence analysis in order to confirm the very high accuracy of the proposed ADER–DG

method on unstructured tetrahedral meshes. Convergence orders of the ADER–DG schemes are shown from second to seventh order in

space and time and are denoted by ADER–DG O2 to ADER–DG O7, respectively. Furthermore, we show the spectral convergence of the

ADER–DG method on tetrahedral meshes due to the choice of the orthogonal basis functions �l in eq. (9).

To determine the convergence orders, we solve the 3-D elastic wave equations in eq. (1) in a cube-shaped computational domain

� = [−50, 50] × [−50, 50] × [−50, 50] ∈ R3 with periodic boundary conditions. The initial condition is given by

Q0
p = Q p(x, 0) = R An

p1 sin(k · x) + R An
p8 sin(k · x), (42)

with the wave number

k = (kx , ky, kz)
T = 2π

100
(1, 1, 1)T. (43)

The vectors R An
p1 and R An

p8 are two of the eigenvectors of eq. (8) rotated in normal direction. Therefore, the initial condition (42) creates a plane

sinusoidal P wave travelling along the diagonal direction n = (−1, −1, −1)T of the cube, as well as a plane sinusoidal S wave travelling in

the opposite direction.

The homogeneous material parameters are set to

λ = 2, μ = 1, ρ = 1, (44)

throughout the computational domain � leading to the constant wave propagation velocities

cp = 2, cs = 1, (45)
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Figure 2. Sequence of discretizations of the computational domain � via regularly refined tetrahedral meshes, which are used for the numerical convergence

analysis.

for the P and S wave, respectively. The total simulation time T is set to T = 100
√

3, such that the P and S waves at simulation time t = T
coincide with the initial condition at time t = 0. This way the exact reference solution is given by the initial condition in eq. (42), that is,

Q p(x, T ) = Q p(x, 0). (46)

The stability of our explicit time stepping scheme is controlled by the CFL number, introduced by Courant (Courant et al. 1928). The CFL

number is set in all computations to 50 per cent of the stability limit 1
2N+1

of Runge–Kutta DG schemes. For a thorough investigation of the

linear stability properties of the ADER–DG schemes via a von Neumann analysis, see Dumbser (2005).

The numerical analysis to determine the convergence orders is performed on a sequence of tetrahedral meshes as shown in Fig. 2.

The mesh sequence is obtained by dividing the computational domain � into a number of subcubes, which are then subdivided into five

tetrahedrons as shown in Fig. 2. We remark that this subdivision leads to four equal tetrahedrons with one-sixth of the cube’s volume and one

regular central tetrahedron of one-third of the cube’s volume. This way, the refinement is controlled by changing the number of subcubes in

each space dimension.

We arbitrarily pick one of the variables of the system of the elastic wave eq. (1) to numerically determine the convergence order of the

used ADER–DG schemes. In Table 3, we show the errors for the shear stress component σ yz. The errors of the numerical solution Qh with

respect to the exact solution Qe is measured in the L∞-norm and the continuous L2-norm

Es
Lν = ‖Qhs − Qe‖Lν (�) =

( ∫
�

|Qhs − Qe|ν dV

)1/ν

, with ν = 2, ∞, (47)

Table 3. Convergence rates of σ yz of the ADER–DG O2 up to ADER–DG O7 schemes on tetrahedral meshes.

h EL∞ OL∞ EL2 OL2 N d I CPU (s)

5,41 5.0420 × 10−2 − 2.8919 × 10+1 − 81 920 790 1451

3,61 2.1217 × 10−2 2.1 1.2415 × 10+1 2.1 276 480 1190 7327

2,71 1.1549 × 10−2 2.1 6.8847 × 100 2.0 655 360 1580 23 171

2,17 7.2733 × 10−3 2.1 4.3761 × 100 2.0 1280 000 1970 55 973

10,83 2.4353 × 10−2 − 1.0173 × 10+1 − 25 600 660 277

5,41 3.4247 × 10−3 2.8 1.0776 × 100 3.2 204 800 1320 4405

3,61 1.0139 × 10−3 3.0 3.0678 × 10−1 3.1 691 200 1970 22 175

2,71 4.4319 × 10−4 2.9 1.2769 × 10−1 3.0 1638 400 2630 69 971

10,83 3.8223 × 10−3 − 6.0726 × 10−1 − 51200 920 1014

7,22 7.0762 × 10−4 4.1 1.2019 × 10−1 4.0 172 800 1380 5137

5,41 2.5817 × 10−4 3.5 3.8192 × 10−2 4.0 409 600 1840 16 057

3,61 5.2253 × 10−5 4.0 7.5876 × 10−3 4.0 1382400 2760 81583

21,65 1.0794 × 10−2 − 1.4660 × 100 − 11 200 600 233

10,83 4.7161 × 10−4 4.5 4.0304 × 10−2 5.2 89 600 1190 3669

7,22 6.5100 × 10−5 4.9 5.3699 × 10−3 5.0 302 400 1780 18 708

5,41 1.5694 × 10−5 4.9 1.2783 × 10−3 5.0 716800 2370 58 051

43,30 8.0163 × 10−2 − 1.2829 × 10+1 − 2240 370 51

21,65 8.2725 × 10−4 6.6 1.2160 × 10−1 6.7 17 920 730 784

10,83 4.1418 × 10−5 4.3 2.4132 × 10−3 5.7 143 360 1450 12 331

7,22 3.4413 × 10−6 6.1 2.1408 × 10−4 6.0 483 840 2170 61 103

43,30 3.4083 × 10−2 − 2.6723 × 100 − 3360 430 160

21,65 3.3679 × 10−4 6.7 2.0206 × 10−2 7.0 26 880 860 2578

14,43 2.1823 × 10−5 6.7 9.3183 × 10−4 7.6 90 720 1280 12 797

10,83 3.1332 × 10−6 6.7 1.2627 × 10−4 6.9 215 040 1710 39 648
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330 M. Dumbser and M. Käser

∞ ∞

∞ ∞

Figure 3. Convergence results of σ yz of Table 3. The L∞ error is plotted versus (a) the mesh spacing h, (b) the number of degrees of freedom N d and

(c) the CPU time. The symbols P1 to P6 denote the degree of the approximation polynomials, for example, P1 polynomials lead to a scheme of order 2, etc.

(d) Plotting the L∞ error versus the order of accuracy of the ADER–DG schemes for a fixed mesh clearly shows its spectral convergence.

where the integration is approximated by Gaussian integration using twice the order of accuracy as in the numerical scheme. The L∞-norm is

approximated by the maximum error arising at any of these Gaussian integration points. The convergence orders are then computed through

OLν = log
(
Es

Lν /Es−1
Lν

)
log(hs/hs−1)

, with ν = 2, ∞, (48)

where hs indicates the mesh spacing h of mesh number s in the sequence of meshes. The first column in Table 3 shows the mesh spacing h,

represented by the maximum diameter of the circumscribed spheres of the tetrahedrons. The following four columns show the L∞ and L2

errors with the corresponding convergence orders OL∞ and OL2 determined by successively refined meshes. Furthermore, we present the total

number N d of degrees of freedom, which is a measure of required storage space during runtime and is given by the product of the number of

total mesh elements and the number N e of degrees of freedom per element. N e depends on the order of the scheme, that is, the degree N of

the polynomial basis functions in (9) via Ne(N ) = 1
6
(N + 1)(N + 2)(N + 3). In the last two columns, we give the number I of iterations and

the CPU times in seconds needed to reach the simulation time T = 100
√

3 on a Pentium Xeon processor with 3.6 GHz and 4 GB of RAM.

In Fig. 3, we visualize the convergence results of Table 3 to demonstrate the dependence of the L∞ error with respect to (a) mesh width

h, (b) number of degrees of freedom N d and (c) CPU. In these three plots, we show clearly that higher-order methods in space and time, that

is, methods with elements of higher approximation order, pay off if very high accuracy on tetrahedral meshes is desired. If the order of the

schemes is increased, the errors decrease much faster with mesh refinement, see Fig. 3(a). Similarly, for a desired error the total number of

degrees of freedom in Fig. 3(b), which is directly proportional to the required computer storage space, decreases for higher-order schemes.

In other words, for a given storage space higher accuracy can be reached with higher-order schemes. In Fig. 3(c), we demonstrate that the

CPU-time needed to reach a very high accuracy also decreases when using higher-order schemes. Finally, in Fig. 3(d), we show the spectral
convergence of the ADER–DG schemes on tetrahedral meshes due to the choice of the basis functions �l in eq. (9). Based on the results of
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the convergence analysis we claim that ADER–DG schemes represent a new class of numerical methods, which are well suited for solving

the elastic wave equations with very high accuracy. We also note that these results extend to any other linear hyperbolic systems, such as the

linearized Euler equations, as shown in Dumbser (2005) and Dumbser & Munz (2005b).

Furthermore, the new highly accurate method can handle 3-D, unstructured tetrahedral meshes and therefore provides an enormous

potential in applications with very complex 3-D geometry. In Section 6, we demonstrate the performance of the proposed schemes applied to

a well-acknowledged test case in three space dimensions.

Remarks on CPU time. In the following, we would like to comment on CPU requirements of the proposed ADER–DG method in a more

detailed manner. We compare our fourth-order ADER–DG scheme with a standard fourth order non-staggered FD scheme solving eq. (1)

and using classical fourth-order Runge–Kutta time stepping. The FD scheme is implemented in such a way that the data structure is quite

similar to the one of the ADER–DG code. We now solve the same test problem as described in this section on convergence analysis using

a Cartesian mesh for the FD scheme and tetrahedral meshes according to Fig. 2 for the ADER–DG scheme. We obtain the following result:

fourth-order ADER–DG needs about 2.3 × 10−4 s per element and time step, whereas fourth-order FD only needs about 7.0 × 10−6 s per point

and time step on the same machine and for the same test case. Both codes were run in their serial versions on one Pentium Xeon processor with

3.6 GHz and 4 GB of RAM. This means that one time step per element using the FD method is about 30–40 times faster than a corresponding

element update of ADER–DG. Please note, however, that the time step for DG schemes in general decreases with the degree of the basis

polynomials N as 1/(2N + 1), which leads to a further disadvantage of ADER–DG with respect to CPU cost. However, using the same number

of ADER–DG elements as FD points, the ADER–DG method is about 40–50 times more accurate. For a fair comparison, one should therefore

compare the methods at the same precision. We recalculate the convergence test with the fourth-order FD scheme in order to reach an L2

error of EL2 = 0.1. This requires an FD grid that is about 4.5 times finer per space dimension than the corresponding ADER–DG mesh. The

final result is that, for the same precision level, the fourth-order FD method is about five times faster than a fourth-order ADER–DG scheme.

This relative speed advantage of FD further reduces for higher-order methods. For example, running the same benchmark with a sixth-order

ADER–DG scheme against the fourth-order FD scheme results in a small CPU advantage of 8 per cent for the sixth-order ADER–DG method.

We remark that for all these benchmarks the FD scheme was run on a purely Cartesian grid, whereas the ADER–DG method was run on

unstructured tetrahedral meshes as shown in Fig. 2. Clearly, the use of an unstructured mesh is not optimal for such a simple benchmark test.

Unstructured grids can only play their full advantage in highly complex geometries, where it quickly may even become impossible to generate

an adequate structured grid for standard FD schemes. One should furthermore be aware that such CPU time-comparisons depend on many

factors, such as implementation, compiler settings, hardware architecture and so on. We especially underline that the ADER–DG method is

algorithmically quite complex which makes it more difficult to be optimized automatically by the compiler. However, as a final remark, we

would like to emphasize that the ADER–DG scheme is a one-step method, which means that time-integration does not need any intermediate

stages as, for example, the classical Runge–Kutta time stepping schemes. Therefore, there is no need of intermediate MPI communications

for intermediate stages, which is a clear benefit for a massively parallel implementation of ADER–DG on modern supercomputers.

6 A P P L I C A T I O N E X A M P L E

We apply the proposed ADER–DG method on a well-defined 3-D test problem, which was published in the final report of the LIFELINES
PROGRAM TASK 1A01 (Day 2001) of the Pacific Earthquake Engineering Research Center. The test case is part of a multi-institutional code

validation project of a series of different numerical methods employed in numerical modelling of earthquake ground motion in 3-D earth

models. Therefore, besides a quasi-analytic solution, simulation results from five different well-established codes exist and serve as additional

reference solutions. The results of these five codes are denoted by four-character abbreviations indicating the respective institutions:

UCBL (Doug Dreger and Shawn Larsen, University of California, Berkeley/Lawrence Livermore National Laboratory),

UCSB (Kim Olsen, University of California, Santa Barbara),

WCC1 (Robert Graves, URS Corporation),

WCC2 (Arben Pitarka, URS Corporation), and

CMUN (Jacobo Bielak, Carnegie-Mellon University).

The first four codes use Finite Differences of uniform, structured grids with staggered locations of the velocity and stress components

and fourth-order accuracy in space. However, we do not have detailed information about their differences as far as their particular formulation

or implementation is concerned. The CMUN code uses piecewise linear interpolation on unstructured tetrahedral Finite Elements.

The quasi-analytic solution of the problem is computed by the reflectivity method and is compared to all numerical solutions to evaluate

their accuracy. The setup of the test problem LOH.1 (Layer Over Halfspace) is shown in Fig. 4(a), where for clarity only one of four symmetrical

quarters of the complete computational domain � = [−15000 m, 15000 m] × [−15000 m, 15000 m] × [0 m, 17000 m] is plotted. The material

parameters of the layer (Medium 1) of the top 1000 m and the halfspace (Medium 2) are given in Table 4.

The seismic source is a point dislocation, represented by a double couple source, where the only non-zero entries of the seismic moment

tensor are Mxy = Myx = M 0 = 1018 Nm. The location of the point source is (xs, ys, zs) = (0 m, 0 m, 2000 m), that is, in the centre of the xy-plane

of the domain � in 2000 m depth.

The moment-rate time history is given by the source time function

ST (t) = t

T 2
exp

(
− t

T

)
, (49)
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z
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Figure 4. (a) One of four symmetric quarters is shown for the LOH.1 test case, where a layer of 1 km (Material 1) is lying on top of another layer (Material 2).

The source is a point dislocation at 2000 km depth represented by a moment tensor with the only non-zero components Mxy = Myx. (b) Cut into the discretization

of the LOH.1 model to visualize the problem-adapted tetrahedral mesh, which is refined in the quarter under the receiver line to a depth of 6000 m.

Table 4. Material parameters for the LOH.1 test case.

cp (m s−1) cs (m s−1) ρ (kg m−3) λ (GPa) μ (GPa)

Medium 1 4000 2000 2600 20.8 10.4

Medium 2 6000 3464 2700 32.4 32.4

where the smoothness parameter T , controlling the frequency content and amplitude of the source time function, is set to T = 0.1 s. We remark

that details of the discretization of external source terms in the framework of ADER–DG methods are outlined in previous work (Käser &

Dumbser 2005).

The signals are recorded up to a simulation time of 9 s by 10 receivers on the free surface, as indicated in Fig. 4(a). The receiver locations

(xi, yi, zi) = (i600 m, i800 m, 0 m), for i = 1, . . . , 10.

The computational domain � is discretized by an unstructured, tetrahedral mesh as shown in Fig. 4(b) using 249 338 elements. Fur-

thermore, the mesh is generated in a problem-adapted manner. To this end, in the zone of interest the waves travelling from the source to

the receivers pass through tetrahedral elements with an average edge length of 350 m, whereas in other zones the mesh is coarsened up to

average edge lengths of 3000 m to reduce the number of total elements and therefore computational cost. We remark that neither the source

location nor the receiver locations have to coincide with nodes of the tetrahedral mesh, as in the ADER–DG framework the numerical solution

is represented by polynomials within each element and therefore can be evaluated at any position within an element (see (Käser & Dumbser

2005)). This greatly simplifies the process of mesh generation and does not restrict the desired flexibility provided by unstructured meshes.

However, the mesh respects the material interface between Medium 1 and Medium 2 as the faces of the tetrahedral elements are aligned with

the material interface as shown in Figs 4(a) and (b).

In the following, we present the comparison of our results obtained by a ADER–DG O4 and ADER–DG O5 scheme and the best

four results of the reference codes (UCBL, UCSB, WCC2 and CMUN) against the analytical solution. Analogous to the LOH.1 test case in the

LIFELINES PROGRAM TASK 1A01, the visual comparisons in Fig. 5 show the radial, transversal and vertical components of the seismic

velocity field recorded at receiver 10 at (x 10, y10, z10) = (6000 m, 8000 m, 0 m). Additionally, each plot gives the relative seismogram misfit

E =
nt∑

j=1

(
s j − sa

j

)2

/ nt∑
j=1

(
sa

j

)2
, (50)

where nt is number of time-samples of the seismogram, sj is the numerical value of the particular seismogram at sample j and sa
j is the

corresponding analytical value. We remark that, for all shown seismograms, the original source was deconvolved and replaced by a Gaussian

of spread 0.05 as described in Day (2001).

As shown in Figs 5(a)–(f), all numerical solutions (thin line) reproduce the analytical solution (thick line) with various discrepancies.

However, the four reference solutions shown in Figs 5(a)–(d) produce incorrect oscillations, possibly due to dispersion errors, especially

on the transverse component between 4.5 and 6 s. These errors are strongly reduced by the fourth-order ADER–DG O4 scheme and even

C© 2006 The Authors, GJI, 167, 319–336

Journal compilation C© 2006 RAS

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/167/1/319/606354 by guest on 15 February 2025



High-order DG method for elastic waves in 3D 333

Figure 5. Comparison of the radial, transverse and vertical velocity components for the LOH.1 test case on receiver 10. The analytical solution (thick line)

is plotted against the numerical one (thin line) obtained by (a) UCBL, (b) UCSB, (c) WCC2, (d) CMUN, (e) ADER–DG O4, and (f) ADER–DG O5. The relative

seismogram misfit E from eq. (50) is given for each trace.
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334 M. Dumbser and M. Käser

more by ADER–DG O5. Furthermore, overshoots and phase errors obtained by all reference codes and mainly responsible for the relative

seismogram misfit in eq. (50), are decreased by the ADER–DG methods as shown in Figs 5(e) and (f), which leads to more precise match of

the numerical and analytical solutions. The oscillations that are visible in the seismograms after 6.5 s are due to boundary effects as receiver

10 is already receiving reflections from the model boundary. The high-order ADER–DG schemes are retaining these reflected signals and do

not losethem, for example, due to numerical diffusion. We remark that we do not use any sophisticated absorbing boundaries, but simply the

boundary conditions based on the flux given in eq. (40). The detailed investigation of the treatment of absorbing, non-reflecting boundaries

is still a pending task.

Considering the computational storage requirements, we point out that the FD reference codes were using a regular grid of mesh width

100 m leading to 15.3 × 106 grid points to discretize the computational domain �. In our case, the unstructured tetrahedral mesh with 249 338

elements is much coarser. Using fourth-order accuracy, that is, the ADER–DG O4 scheme, leads to 20 degrees of freedom per element and

therefore results in slightly less than 5.0 × 106 degrees of freedom in total. With ADER–DG O5, we have 35 degrees of freedom per element

and 8.7 × 106 in total, but we still remain way below the number of grid points used in the regular FD meshes. However, as demonstrated by

the seismograms in Figs 5(a)–(f) the results are superior even though we use such a coarse,unstructured tetrahedral mesh.

Considering the CPU-times a comparison turned out to be difficult, as all reference codes have been run on different machines with

different levels of parallelization and no CPU-time data were available from the final report of the LIFELINES PROGRAM TASK 1A01 (Day

2001) of the Pacific Earthquake Engineering Research Center. However, to give a rough indication of the CPU-time requirements for our

ADER–DGO5 simulation, the run time was approximately 31 hr on 64 Intel Xeon EM64T 3.2-GHz processors each with 0.5 GB of RAM.

7 C O N C L U S I O N

In this paper, we presented the extension of the new ADER–DG approach to numerically solve the heterogeneous elastic wave equations on

unstructured 3-D tetrahedral meshes. The mathematical formulation of the method is outlined in detail and results of a numerical convergence

analysis are demonstrated. To the knowledge of the authors, the proposed ADER–DG method is the first method, that achieves arbitrary high-

order accuracy in space and time on tetrahedral meshes. Therefore, it provides a unique numerical scheme to simulate elastic wave propagation

phenomena with high approximation order even for problems with complex geometrical features, where the flexibility of tetrahedral meshes

is highly beneficial. As the data quality and geometrical complexity of subsurface models are continuously increasing, it is necessary to

simulate wave propagation in such media with highly accurate numerical schemes able to handle flexible unstructured meshes. Only this way,

the numerically introduced errors can be decreased to a sufficient extent and the full information of synthetic seismograms can be interpreted

safely and attributed to geometrical features or the geophysical material distribution in the model. In this respect, the new ADER–DG method

on unstructured tetrahedral meshes can play an important role for understanding the details of wave propagation effects in geometrically

complex, heterogeneous media. Due to the subcell resolution of high-order polynomials, extremely coarse meshes can be used without

abandoning accuracy. In particular, the increase of the mesh spacing in three space dimensions leads to a drastic reduction of necessary

mesh elements and therefore to less computer storage requirements. Furthermore, coarse meshes allow for larger time steps and enhance

computational efficiency. In our opinion, the proposed method has a great potential for handling extremely complex geometries as element

interfaces can nicely be aligned to free-surface topography or internal material discontinuities. However, this will mainly depend on advances

in automatic mesh-generation algorithms, where tetrahedral meshes seem to be advantageous. Therefore, with the ongoing developments in

tetrahedral mesh generation and the rapidly growing computer power, the new ADER–DG approach will automatically provide a method

capable of reaching machine precision by increasing the order of the scheme, as it is not restricted by theoretical barriers.
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A P P E N D I X A : C O O R D I N A T E T R A N S F O R M A T I O N O F TE T R A H E D R O N S

The coordinate transformation of a tetrahedron in the global, Cartesian xyz-coordinate system into the ξηζ -reference system as shown in

Fig. 1 is defined by

ξ = 1

|J| {x1(y4z3 − y3z4) + x3(y1z4 − y4z1) + x4(y3z1 − y1z3)

+ [y1(z3 − z4) + y3(z4 − z1) + y4(z1 − z3)] x

+ [x1(z4 − z3) + x3(z1 − z4) + x4(z3 − z1)] y

+ [x1(y3 − y4) + x3(y4 − y1) + x4(y1 − y3)] z},
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η = 1

|J| {y1(x4z2 − x2z4) + y2(x1z4 − x4z1) + y4(x2z1 − x1z2)

+ [y1(z4 − z2) + y2(z1 − z4) + y4(z2 − z1)] x

+ [x1(z2 − z4) + x2(z4 − z1) + x4(z1 − z2)] y

+ [x1(y4 − y2) + x2(y1 − y4) + x4(y2 − y1)] z},

ζ = 1

|J| {z1(x3 y2 − x2 y3) + z2(x1 y3 − x3 y1) + z3(x2 y1 − x1 y2)

+ (y1(z2 − z3) + y2(z3 − z1) + y3(z1 − z2)] x

+ (x1(z3 − z2) + x2(z1 − z3) + x3(z2 − z1)] y

+ (x1(y2 − y3) + x2(y3 − y1) + x3(y1 − y2)] z
}
, (A1)

where

|J| = x1[y2(z4 − z3) + y3(z2 − z4) + y4(z3 − z2)]

+ x2[y1(z3 − z4) + y3(z4 − z1) + y4(z1 − z3)]

+ x3[y1(z4 − z2) + y2(z1 − z4) + y4(z2 − z1)]

+ x4[y1(z2 − z3) + y2(z3 − z1) + y3(z1 − z2)] (A2)

is the determinant of the Jacobian matrix J of the transformation being equal to six times the volume of the tetrahedron.

The back-transformation is given by

x = x1 + (x2 − x1)ξ + (x3 − x1)η + (x4 − x1)ζ,

y = y1 + (y2 − y1)ξ + (y3 − y1)η + (y4 − y1)ζ,

z = z1 + (z2 − z1)ξ + (z3 − z1)η + (z4 − z1)ζ. (A3)

In eqs (A1), (A2) and (A3), the xi, yi and zi denote the physical vertex coordinates of the tetrahedron.
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