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SUMMARY

An amplitude-preserving anisotropic migration formula is derived in this paper. The migration
is viewed as a weighted diffraction stack and the migration weights are estimated with the
stationary phase theorem. To obtain a formula easy to implement, the weights are written
in terms of quantities computable along the rays. A sensitivity analysis is then carried out
to show that, in the vertical transverse isotropic case, the amplitude-preserving migration is
mainly governed by two parameters: the anisotropic NMO velocity and the parameter 7. These
parameters can be estimated from the data with a velocity (background) analysis. Therefore,
it is possible to use this amplitude-preserving anisotropic migration to recover the correct
amplitudes versus offset or azimuth in the migrated image.
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1 INTRODUCTION

Amplitude-preserving depth migration is a crucial tool to perform
amplitude versus angle (or versus azimuth) (AVO/AVA) analysis
over complex geological structures. Different formulations of this
problem have been studied over the last 20 years. It has been recog-
nized that the anisotropic nature of the earth can play an important
role and needs to be incorporated in migration algorithms. It is rela-
tively easy to implement an algorithm for pre-stack depth migration
in an anisotropic medium, with a purpose of inner interface recovery
only. However, in order to design amplitude preserving algorithms
taking into account the anisotropy of the medium, the corresponding
migration weights should be derived.

Based on the high-frequency approximation, which corresponds
to the zero-order ray theory, two approaches have been used to
derive amplitude-preserving migration weights. One approach for-
mulates the migration as an inverse problem. The migration can
then be viewed as the inverse of the forward operator. Under the
high-frequency approximation, the scattered field is expressed as
an integral operator and the migration corresponds to a general
Radon transform (Beylkin 1985). This approach leads to the famous
amplitude-preserving migration algorithm based on Beylkin’s deter-
minant. The original work has been extended over the years to elas-
tic and multi-valued cases (Miller et al. 1987; Beylkin & Burridge
1990; ten Kroode et al. 1994). In the 1980s, it was also recognized
that the migration is similar to the gradient with respect to the veloc-
ity model of the least-squares functional between the observed data
and the synthetic data (Lailly 1983; Tarantola 1984). This formula-
tion leads to the iterative migration. Using the Born approximation,
for the isotropic acoustic and elastic cases, amplitude-preserving
migrations have been derived by approximating the Hessian of the
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least-squares functional (Chavent & Plessix 1999; Jin et al. 1992;
Lambare¢ et al. 1992, 2003; Thierry et al. 1999).

The other approach is based on the Kirchhoff integral (the diffrac-
tion stack method) and the imaging principle. This leads to a
Kirchhoff migration/inversion formula (Bleistein 1987; Docherty
1991). Notice that the two approaches are strongly related in prac-
tice (Jin ef al. 1992). In the Kirchhoff approach, the result of a
weighted diffraction stack is viewed as an angle-dependent reflec-
tivity. Different methods have been proposed to evaluate the weights
(Bortfeld 1989; Docherty 1991; Keho & Beydoun 1988; Schleicher
et al. 1993). Although some of the notations may differ, they lead
to similar migration weights (Hanitzsch 1997). In this paper, the
Kirchhoff heuristic approach is followed to estimate the migration
weights for the anisotropic case. The displacement at the earth sur-
face is expressed with zero-order approximation of the ray theory
(Babic 1994). After Fourier transform, the weighted diffraction stack
can be evaluated with the stationary phase theorem. Then the mi-
gration weights are expressed with quantities computable along the
rays from the source or the receiver to the scattered points to provide
a formula easy to implement.

The anisotropic weights described in this paper are valid for
any kind of anisotropy. However, just a small set of parameters of
the background media can actually be known. Under the assump-
tion of vertical transverse isotropy, a sensitivity analysis is carried
out in order to determine an optimal set of parameters governing
the amplitude-preserving anisotropic migration. The sensitivity to
Thomsen’s parameters (Thomsen 1986), € and §, and the parameters
n and V' nmo (Alkalifah 1997) show the importance of the two last
parameters for small-to-medium incidence angles, which corrob-
orates the results of (Alkalifah 1997; Alkalifah & Rampton 2001;
Plessix & Bork 1998). This parametrization may differ from the one
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needed for the AVO/AVA inversion (Plessix & Bork 2000). Indeed,
on one hand, the migration is governed by the propagation of the
waves and, therefore, by the average values (integral values over the
ray path) of the model parameters. On the other hand the AVO/AVA
analysis depends on the local values of the parameters around the
interface.

In this paper, the anisotropic amplitude preserving migration
weights are derived following Babic¢’s notation and using the basis
of paraxial ray theory. This approach, which neglects the presence
of caustics, has been described in Schleicher et al. (1993) for the
elastic case. The formula corresponds to a shot-based migration. In
the Appendices, the formulae are rewritten using Cerveny’s nota-
tions. Results on simple layered examples are then shown. Finally a
sensitivity analysis is performed.

2 SHOT-BASED AMPLITUDE
PRESERVING MIGRATION

2.1 Forward model

To derive the migration weights, a forward model based on a simple
model is considered. The model consists of two half spaces sep-
arated by an interface represented by F(x) = 0 in the Cartesian
coordinate system X = (x, X2, x3). The function £ is assumed dif-
ferentiable in order to define the normal to the interface. For the
forward model, the earth parameters above and below the interface
are known, therefore the classic continuity conditions at the interface
give the reflectivity, i.e. the reflection coefficients, «. For the migra-
tion, only the earth parameters above the interface will be assumed,
the interface is not known. The goal will be to recover the reflec-
tivity and the location of the interface. To simplify the notation, the
source is at the origin, point (0, 0, 0), and the receivers are in the plane
X3 = 0.

With the zero-order approximation of the ray theory for inho-
mogeneous anisotropic medium, the reflected wavefield can be ex-
pressed as (Babi¢ 1994):

ll(q)(Xr, 1)

— @ (P(a, ﬁ) I(g(+)’ n)lA(q) _ @ 1
P T 2B O i s[t — TO(x,)]. (h

with

(i) u'?: the displacement vector of the reflected g-type wave;

(i1) (r, @, B): the ray parameters, 7 is the traveltime, « the lati-
tudinal angle of the slowness vector and § the longitudinal angle of
the slowness vector at the source point;

(iii) x,: the observation point;

(iv) «@: the reflection coefficient at the reflection point;

(v) p: the density of the medium at the observation point;

(vi) n:the normal to the interface F'(x) = 0 at the reflection point;

(vii) g, g™ the ray velocities of incident and reflected wave
at the reflection point;

(viii) A@: the unit polarization vector of the g-type reflected
wave at the observation point;

(ix) ¢(a, B): the pattern diagram of the source;

(x) T¥(x,): the traveltime of the g-type reflected wave from the
source (0, 0, 0) to the point of observation via the reflection point;

(xi) x=(x1,x2,X3);

(xii) s(7): the wavelet of the source;

(xiil) J(z, «, B): the Jacobian of the transformation from the

general cartesian coordinate system (x 1, X 5, X 3) to the ray coordinate
system (7, «, B), calculated at the observation point.

The reflections on the free surface are not considered in eq. (1), but
the free surface condition can be taken into account by modifying the
source wavelet and the pattern diagram as it is done with the isotropic
formulae. Eq. (1) models one branch in case of multivalueness.

In the following, only the projection of the displacement vector,
u@, onto a direction described by the unit vector d will be consid-
ered. The scalar field, u, is:

u(x,, 1) = [u9(x,, 1), d]. )

In the examples, the direction of the projection is the axis x 3, namely
d = (0, 0, 1)". This corresponds to the vertical component. To
simplify the notation, the index (q) is omitted.

2.2 Migration formula

Following the heuristic idea of Kirchhoff migration that the migra-
tion can be viewed as a weighted diffraction stack (Docherty 1991;
Hanitzsch 1997) and assuming, for the moment, that the weights are
constant and equal to 1, the image at the scattered point x = (x 1, x>,
x3) is expressed in three dimensions by the double integral:

m(x) = / / Ul 7% )] dx, 3)

where the diffracted traveltime, 7 ,(X,, X), is the sum of the propaga-
tion time from the source (0, 0, 0) to the image (scattered) point, /,
and the propagation time from the image (scattered) point, /, to the
receiver X, = (x, x», x3 = 0) (see Fig. 1). Here the diffraction and
reflection terms have the meaning explained in (Schleicher et al.
1993). The diffraction traveltime corresponds to the ray connecting
the source and the receiver through the scattered point, /, this is the
computed traveltime. The reflection traveltime corresponds to the
ray connecting the source and the receiver through the reflection
point, R, this is the real (observed) time.

Notice that the interface F and the reflection point R, in Fig. 1,
are not known during the migration. It is possible to prove with the
stationary phase theorem and the high-frequency approximation that
if the source wavelet is equal to §'(¢) the function m(x), eq. (3), is

source receiver line

interface

Figure 1. The model: I is an image (scattered)point, used during the mi-
gration; R is the reflection point on the interface (I and R coincide when the
model is correct); dash line: ‘diffracted’ ray; solid line: reflected ray. Branch
1 connects the source to the reflection or scattered point, branch 2 connects
the reflection or scattered point to the receiver.
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equal to
m(x) ~ ¥(x) S[F(x)], “)

where § is the Dirac distribution and v an arbitrary smooth function,
and as long as an infinite aperture is kept in the integral, eq. (3).
Therefore, if the model parameters used to migrate the data are
correct, the migrated image has maximal values on the real reflector
interface F.

The idea of the amplitude-preserving migration is to include a
weight function, w(x,), in the diffraction stack, eq. (3), in order
to retrieve the reflection coefficients «(x) of the incident wave on
the interface. This is similar to the weighted Kirchhoff migration
as explained in (Schleicher ef al. 1993) for instance. The migrated
image is then defined by the weighted diffraction stack

mulX) = / f 4, TWE,) dy. 5)

(Some of the dependencies are not explicitly written.)
This leads to an amplitude-preserving migration if the amplitude
of the image is proportional to the reflection coefficient:

moy(X) % Kk (X)S[F(X)]. (6)

2.3 Calculation of the weight function

To estimate the weight function, the wavefield, u, eq. (1), is trans-
formed in the Fourier domain, then the expression is plugged into
the weighted diffraction stacked, eq. (5), and finally the integral is
evaluated with the stationary phase theorem.

In this work, the Fourier transform is, with Re the real part:

1 0 )
s(t) = —Re/ S(w)e' dw (7)
s 0
Substituting u by eq. (1) after Fourier transform into eq. (5) gives
the weighted migrated image, m,,:
1 = R e(a, B)
My (X) = —Re/ S(w) dw/ / Kk———(A, d)
b 0 —00J—o0 A pJ(T,, B)
YV |(g(+)v ll)| e—iw[rr(Xr)*Td(Xr,
(g™,

The inner integral can be estimated with the stationary phase theo-
rem. Thereby

my(x) ~ k(&, B)

p(@, Bw(x,) (A%, 4d, B), d) 2

Vw(x,) dx, . @®)

(&), m)|

p(k,)J (%, &, B) VIdet()] /&, m)
Re (e‘i%Sig("’) /00 S(a))le_i“’[f’(f‘")_’d(f‘"")]dw) , )
0 w

where the symmetric two-by-two matrix W represents the second
derivatives of the phase argument with respect to the space coor-
dinates x, = (x, x,, 0) taken at the stationary point. For i, k =
1,2

_ az(Tr(Xr) — Ta(X,, X))

v;
k 0x;0x)

. (10)
(x=%,)

In eq. (9), it is assumed that /|det(¥)| is non zero. This formula
is then valid outside the caustic points. sig(W) denotes the signature
of the matrix W, which is the number of the positive eigenvalues
minus the number of the negative eigenvalues of the matrix. The
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quantities marked with"are evaluated at the stationary point where
the first derivative of the phase argument is equal to zero:

bl
Bx,-

(fr(ﬁr)_fd(ﬁrvx)) =0. (11)

Notice that when the image/scattered point coincides with the re-
flection point, the phase, which corresponds to the difference of the
traveltimes, is equal to zero:

rr(ﬁr) - Td(ﬁ,, X) = 0. (12)
Eq. (9) thereby becomes:

e, pwE) o 26(&, B)
my(X) ~ ———(A(7, &, B), ) ——=
Ve&)JI(E, @, B) [det(W)]
(g, )| —i T sig(W) = l 13
7|(g(_)7n)|Re(e Foig /0 S(a))wdw). (13)

An amplitude-preserving migration is obtained when m,, is propor-
tional to «, namely when

PG & Bl det(W)] /iET m)]

p@, B)A(T. @, B).d) I(ED, m)
This formula is the anisotropic equivalent of the isotropic migration
weights described in (Goldin 1989; Schleicher ez al. 1993), which are
closely related to the migration weights obtained with Born approx-
imation and a least-squares formalism (Jin ez al. 1992). The source
term has been omitted in these migration weights, this means that the
migrated image corresponds to the reflectivity convolved with the
source. In the case of multivalueness the above formulae take into
account only one branch. The calculation assumes that the reflection
coefficient is real and does not depend on the frequency. This means
that the reflection is subcritical and the reflector is represented by
a single interface. In principle the complex (overcritical) reflection
coefficients can be recovered using the approach described in this
paper. In this case it is necessary to migrate the analytical signal
instead of real data in eq. (1) and remove the real part in eqs (7), (8),
(9) and (13).

w(X,) ~ (14

2.4 New expression of the weight function

The quantities J det(V) in eq. (14) are not directly computable with
the dynamic ray tracing. In this section a new expression is derived.
This is achieved with the help of the transformation matrices P and
Q. These matrices can be computed along the ray with a dynamic
ray tracing. The computation is carried out with Babi¢’s notation.
In Appendix, Cerveny’s notations are used. A similar derivation can
be found in (Schleicher et al. 1993) for the isotropic case.

Using the chain rules, the second derivative of the traveltimes,
wich define the matrix W, can be rewritten in the ray coordinate

system 7, v, B, with P, the slowness vector (p; = ;971 :

A S T
da 0xy B dxy

Because J is the Jacobian of the transformation from the general
cartesian system to the ray coordinate system, the following relations
exist, with V = (ﬁ i & T [. x .] the vectorial product and
(., .) the scalar product:

1 [ox vp 1 x
= — — X , = — X — N
*=7lp "k 712" %a

v _1 ox  0x _ J— ox  0x
t‘?[a_axﬁ}_p’ ‘(g’[a_axﬁb' 1o

¥t op It
0x; 0x FY ax
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Following (Kashtan & Petrashen 1983), the auxiliary orthogonal
basis is introduced:

e, = vp; dev _ (ek, 8_p> e;; (k=23), 17)
dt at
where v is the phase velocity.
The two-by-two transformation matrices P, Q and T are now
defined. To be consistent with the auxiliary orthogonal basis, the
elements of these matrices are numbered from 2 to 3, i.e.

Q22 Q23
Q= (ng QB)

ox

— = Qne; + Qxes;

Ja

X _ Ques + Quees;

B 23€2 33€3;

d J

2 Pye; + Pyes + —p, e | e

da Ja

d d

£ = Ppe; + Pye; + (i,el) e (18)
T=PQ .

Replacing the first derivatives with their expressions defined in eqs
(16) and (18), eq. (15) becomes:
0t ap; i
oxo %Pk + %Pi = DkPi (g,
with
W ((ez)l —(e)p (&) - (2 e3>p1>
(€2): — (g, €2)p2  (e3)2 — (8. €3)p2

Ty Tx
Ty, Tss

((62)1 —(g.e)p1 (e2)2 — (g, ez)Pz) (20)

J
—p> + W, (19)
T

(e3)1 — (g. e3)p1 (e3)2 — (8. e3)p2

and
s
detW = = detT. 21)
v

g is the group velocity vector and g3 is its vertical component.
Applying the above calculation to the second derivatives of the
reflected traveltime, v, and the diffracted traveltime, (), the
matrix W can be rewritten as follows:
v - (e2)1 — (g, e2)p1 (e3)1 — (g e3)p
(e2)2 — (g, €2)px  (€3)2 — (g, €3)p2
(r) (d) (r) (d)
(Tzz —Ty Ty — Tzs)
(r) (d) (r) (d)
Ty —T; Ty —Ti

(e2)1 — (g, e)p1 (e2)2 — (8, e1)p> 22)
(e3)1 — (g, e3)p1 (e3)2 — (8, €3)p2
The determinant of W is then equal to:
2
_ ) _ ) (8
detw = det(T T )( : ) . (23)

The quantities of the incoming ray just before the reflection are
denoted with the superscript (—) and the quantities of the outcoming
ray just after the reflection are denoted with the superscript (+).

At the interface, the following relations exist (Kashtan et al.
1984):

9x) 9x) g(+) — g(,) 9x™)
= n,
(n, g) dor

da da
p =p) + i (h = +) . (24)

1
(P —p) pH —p())2

Using eqs (18) and (24) and assuming that e; is in the plane orthog-
onal to the incidence plane (e(;’) = eg_)), the elements of the matrix
Q) can be expressed from the elements of the matrix Q). Then
the determinant of Q™ is equal to

o)
detQ™ = —

(—)
vk g(f))detQ . (25)

The ray from the source to the receiver can be split into two
branches (see Fig. 1): a branch from the source to the reflec-
tion/scattered point, denoted branch 1, and a branch from the re-
flection/scattered point to the receiver, denoted branch 2. With the
dynamic ray tracing along the branch 1, the quantities before the
reflection point can be computed. The quantities after the reflection
point need to be computed from the dynamic ray tracing along the
branch 2.

Eq. (25) defines a relation between the initial values of the
branch 2 and the final values of the branch 1. Remain to cal-
culate det(T”) — T) with the quantities of the branch 1 and
branch 2.

To do so, following (Coddington & Levinson 1955), the funda-
mental matrix

<Q1 Qz) 26)
P P
along the branch 2 is introduced. P, and Q, are the solutions of the
dynamic ray tracing system with the initial conditions P; = 0 and
Q, = L. P, and Q; are the solutions of the dynamic ray tracing
system with the initial conditions P, = I and Q, = 0. I is the two-
by-two identity matrix.

The matrices P and Q along the branch 2 can then be expressed
with the help of the fundamental matrix and the initial conditions
P and Q).

. )
Q(7) _ Q Q) /[Q . @7
P(‘L’) P 1 P2 P(+)
Applying this relation for the ‘diffracted’ ray, where the initial point
source condition is Q™) = 0, gives:
Q) = QP P — p,p@H,
T@ = POQW-! = P,Q; . (28)
For the reflected ray, with the initial conditions P*)™® and Q)™ and

the symplectic properties of the fundamental matrix (Coddington &
Levinson 1955), this gives:

P" = _(le)TQ(V)(+) + PnglQ(r);
T = PprQM-!

= —(Q;HTQVHQ~ () + T, (29)
The last equation gives a new expression for det(T") — T@):

detQ®)H)

det(T" - TW) = —~
et )= 3610, detQ®)

(30)
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0, and Q") are evaluated at the receiver point. Because at the final
point of the branch 2, J = v det Q", with J the Jacobian computed
at the receiver position:

v detQ)

det(T? — T@) =
et )= T de,

(€2))

With eqs (23), (25) and (31), it is possible to rewrite J det(V) as
follows:

detQ" ) v (n, g(+)) gg
detQ; v (n,g) v
The quantities g3, v, are also evaluated at the receiver position.

The amplitude-preserving migration weights, eq. (14), are now
rewritten with quantities computable along the rays by:

Jdetw = 32)

w(ﬁr) =

V&)
@&, B)(A(%, &, B), d)

detQ(’”)(—) (=) g%(‘[)

. 33
detQ? v () &)

The determinants of the matrices Q) and Q; can be expressed
with the Jacobians of the branch 1 (/) and the branch 2 (J,):
Ji = v9detQ");
Jr = vdetQ) = vdetQ,detP (34)

With B the longitudinal angle of the slowness vector p* and
eq. (18), the determinant of the matrix P is equal to:

sin B,

(d)(+)
detP = @

(3%)

Therefore, substituting eq. (34) and eq. (35) into eq. (33) gives
the following expression for the weight function:

o) (x) Vsinf. Vi (36)
(e, AR, 5 Yoo

w(xr) =

In order to implement eq. (36), the spreading for both branches
of the ray need to be computed (Kashtan 1982). Other quantities in
eq. (36) also can be computed during the ray tracing.

3 SMALL EXAMPLES

Before carrying out the sensitivity analysis, small examples are dis-
cussed. The first example is an ‘inversion crime’ because the same
forward model is used to generate the data and to retrieve the reflec-
tivity. The example is however used to study the effects of neglecting
the anisotropy in the migration. In the second example, the data have
been generated with a time-domain finite-difference code, therefore
all the types of waves (converted, reflected, refracted) have been
modelled. No uncorrelated or white noise have been added because
the extraction of the reflectivity is done with a simple procedure.
Indeed, the reflection coefficient is determined from the migrated
image by picking the maximum amplitude at each trace and by divid-
ing this amplitude by the maximum amplitude of the antiderivative
of the source wavelet. It is recalled that the migration weights, eq.
(14), do not contain the source term, therefore it is needed to remove
the effect of the source to obtain the reflection coefficient from the
migrated image.
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Table 1. The parameters of layer and half space.

Media p V po Vso 3 s Y
gcm™3 kms™! kms™!
layer 1 2.0 1.8 0.9 02 015 02
half space 2.0 2.2 1.1 0.05  0.02  0.05
0307 reflection
coefficients

0.20 —

1
)
1
1
1
l
1
i
q
?
1
1
U

angle
0.m 1 I 1] I 1 I 1) I

0.00 20.00 40.00 60.00 80.00

Figure 2. Example 1: the reflection coefficients: true (dashed line) and
recovered (solid line).

3.1 Example 1

In the first example, the 3-D model is constituted by two vertical
transverse isotropic (VTI) layers, separated by a flat interface. The
distance between the source or receivers and the interface is 1 km.
The second layer is a half space. The parameters of each layer are
given in Table 1. V', and V' are the P and S vertical velocity, p
is the density and ¢, § and y are Thomsen’s parameters (Thomsen
1986).

The synthetic data are generated using eq. (1). Only the vertical
component is computed and only the P wave is considered. The
geophones are regularly distributed in a horizontal box of 4 km by
4 km, with a 20 m spacing in each direction. The source wavelet
is a Ricker wavelet. The 3D source pattern diagram ¢ is equal to
Vsina, (« is the latitudinal take-off angle of the slowness vector at
the source point).

The data are then migrated with the true parameters and the reflec-
tion coefficients are extracted. Fig. 2 shows the true and the retrieved
reflection curve. Since the same forward model is used for the data
generation and the migration, and the frequency of source wavelet is
taken rather high [which makes stationary phase estimations eq. (9)
exact], the two curves are identical (expect at the edge with the large
angles). This is just a self consistent result. However, this approach
is now used to show the effects of neglecting the anisotropy during
the migration.

In Fig. 3, the reflectivity curves retrieved assuming an isotropic
medium are plotted and compared with the correct one (curve 1).
Notice, that for this example the anisotropy is weak, the relative
difference between horizontal (¥ ;) and vertical (V ) velocities is
only about 17 per cent. The curve 3 of Fig. 3 corresponds to V py =
1.8 km s~ ! and § = ¢ = 0. The error is large as expected, however
in practice a different P-velocity would be used. Indeed, an optimal
stack velocity would probably be found from a velocity analysis. For
this case, a quick estimation of the optimal stack velocity, at least
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0.12 1 .
reflection
coefficients
010 ----_ 1
0.08
0.06
0.04
angle
0.02 - : g

| | ! | ! | ! |
0.00 10.00 20.00 30.00 40.00
Figure 3. Example 1: True reflection coefficient (curve 1). The reflection

coefficients, recovered in the case when the anisotropy of media is neglected:
for ¥ po = 2.05 km s~ (curve 2) and for ¥ pg = 1.8 km s~! (curve 3).

for the short offset, is about 2.05 km s~!. The curve 2 corresponds to
the reflection coefficient curve retrieved with an isotropic migration
and V py = 2.05 km s~!. In this case the error of the recovery of
reflectivity is much smaller than in the previous case. However, the
reflectivity values are smaller than the true ones for all offsets (the
error is about 6 per cent for small angles and about 15-25 per cent
for medium angles).

3.2 Example 2

It should be recalled that in the case of a pressure point source for
high-frequency asymptotic, the pattern diagram is defined by the
expression (Kashtan ef al. 1984): for 3-D case:

R 1
0@, p) = : 37
4 fsindo@, Bota,
for 2-D case:
N
YO = e Te@ar? w

During the processing of real data one should treat the definition of
the pattern diagram carefully in the anisotropic case, because the
phase velocity v depends on the direction of the slowness vector
of the considered wave. This pattern diagram is used during the
processing of the second example.

In the previous section, the data for the wavefield displacement
were generated with the high-frequency formula. In this second
example, the data, Fig. 4, are generated with a time-domain finite
difference code. Therefore the data also contain converted and the
refracted waves. The model is a 2-D model and the distance be-
tween the interface and the source or receivers is 0.5 km. The model
parameters are given in Table 2.

The weight function for 2D case is:

o Vp(x) 1V
" e ) >

where J, and J, are calculated for the waves propagating in 2D
media.

~

i
|
|
|

P .
e P

.

J. TERARE FREAE .

! f I
025 0.5 075 1.0 1.25 1.5 1.75 20
offset, km

,_.
—
=
—

Figure 4. Example 2: the synthetic seismogram.

Table 2. The parameters of layer and half space.

Media o V po Vso 3 3 4
gcm™3 kms~! kms™!

layer 1 2.0 1.5 0.75 0.2 0.15 0.2

half space 2.0 1.8 1.05 0.05 0.02 0.05

The result of the amplitude-preserving migration is plotted Fig. 5.
No tappers and filters have been implemented in the migration algo-
rithm, because the goal of this study was only to test the anisotropy
migration weights and to study the sensitivity of the reflectivity to
the anisotropic parameters. In a production environment, wave de-
composition and tappers would be applied to improve the migration
image. The reflection coefficients are plotted Fig. 6. The retrieved
reflection coefficient curve and the true one are similar showing the
good quality of the weight function. The small discrepancies may
be due to the finite frequency source wavelet taken for the forward
modelling (for which the stationary phase estimation eq. (9) gives
non-exact results). However the differences between the two curves
in Fig. 5 are smaller than the ones observed in Fig 3.

4 SENSITIVITY ANALYSIS

Before processing real data, it is important to know the sensitivity
of the amplitude-preserving migration formula to the anisotropic
parameters, since it is not possible to retrieve all the parameters.
The purpose is to find the most promising parametrization of the
problem. Only the VTI case is considered in this paper. Notice that in
this study, all the propagation effects are taken into account, notably
the move out, the angle of incidence and the geometrical spreading.

When searching for the background (smooth/propagation) model
parameters with VTI (layered) media, it has been shown (Alkalifah
1997) that the two main parameters that govern the propagation are
the anisotropic NMO velocity V' nvo and n where

-4

&
" = Vpo/1+28and n = ——. 40
NMO PoV 1+ 20 and n 1125 (40)

When analysing the AVO/AVA responses, the most promising
parametrization (Plessix & Bork 2000) is Zpg, the vertical P-
impedance, and Zgo(1 — 6/2), the vertical S-impedance corrected
by 1 —4§/2.
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Figure 6. Example 2: true (dashed line) and recovered (solid line) reflection
coefficients.

The amplitude-preserving migration formula aims to remove
the effects of the geometrical spreading. It mainly depends on
the background model parameters. It then seems natural to in-
clude in the parametrization ¥ \\o and 7. Since in this paper, only
the P-waves are considered, a possible parametrization, b, is V pg,
Vxmos 15 0-

To obtain an indication of the sensitivity of each of the parameters,
the following ratios, R, are defined:

sza—KfOI‘bZ Vo, Vamo P,
Kob o e

Rza—Kforbzn. 41)
Kkob

« is the angle-dependent reflection coefficient. The ratio R is defined
differently for the absolute quantities V pg, V' nmo, 0, and for the
relative quantity 7.

Using the model described in Table 1, the different ratios, R, are
plotted in Fig. 7 for a relative perturbation of 2.5 per cent of the
model parameters. At small angles, the more sensitive parameter is
¥ nmo and at medium angles, the second more sensitive parameter is
7. This result confirms the intuitive idea that these two background
parameters are the most important ones in the anisotropic amplitude-
preserving migration.
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Figure 7. The ratio R versus angle for V' (curve 1), p (curve 2), V'nmo
(curve 3), n (curve 4).

To complete this result and to find out what are the principal com-
binations of parameters that control the recovery of the reflection
coefficient curve, a singular value decomposition (SVD) approach
similar to that in (Plessix & Bork 2000) is used.

First an error function S(Ab) is defined:

S(Ab) = i [k (i, Ab) — k(at;, Abg)]? (42)
izl

Kk (o, Aby)?

k(a;, Ab) is the reflection coefficient for the angle or; i =1, .. ., n),
retrieved with the perturbation, Ab, of the model parameters. 7 is
the number of observed data. k («;, Aby) is the reflection coefficient

recovered with the true model parameters. The perturbation Ab is
AVNmo A AVpo Ap
Nmo > Vpo? oo, .
The reflection coefficient « («;, Ab) can be expanded into Taylor

series near the value Aby = (0, 0, 0, 0):

2 9k (e, Aby)

K(t;, Ab) = (s, Abg) + Y A Abs (43)
j=1 J

The Jacobian rectangular matrix, B, is defined by

1 ok (o, Ab)
Bij = N (44)
K(a,', Abo) 3Ab,

where 1 <i <nand1 < j <n,, with n, the number of parameters.
For small perturbations, using eq. (43), the error function, eq. (42),
becomes:

S(Ab) = AbTHAD; (45)
with H = BT B a n, by n, matrix.
Notice that the matrix B can be numerically obtained from the

retrieved reflection coefficients by finite differences.
The singular value decomposition of H gives:

H = D’ AD, (46)
with(1 < j <n, 1 <k=<n,)
Ajp =285 Dy =EY. 47

X, is the j-th eigenvalue of H and E) is the associated eigenvector.
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Figure 8. The eigenvalues of the correlation matrix versus the maximal
angle «,. The number near each curve corresponds to the number of the
eigenvalue.

The error function can be rewritten as follows:

"p
S(Ab) = Z 1;(Ab, EV))?
j=1

p
= Z\/T/(Ab’ E('/))E(>’)||2. (48)
=1

The error in the reflection coefficients retrieved with non-correct
parameters is a weighted sum of the parametrization (Ab, EV)).
The weight of the j—th combination is \/E .

The eigenvalues (see Fig. 8) are sorted from the largest one to
the smallest one. Numerically, the ratio @ is almost always larger
than 30 when the maximum angle « is smaller than 30 degrees. This
means that only two (combinations of) parameters play a significant
role. In fact, for small angles, smaller than 10 degrees, the ratio g is
also larger than 30. This ratio decreases up to 5 for a maximum angle
of 30 degrees. Therefore, the second combination of parameters
plays a role only at medium angles.

The two main (combinations of) parameters are given by the first
and the second eigenvectors. The components of the first and second
eigenvectors are plotted in Figs 9 and 10. The first eigenvector is
almost in the direction of V' \yo and the second eigenvector is in
the direction of 1. These results show that V' \vo and n are the two
main parameters needed to perform a VTI amplitude-preserving
migration. Similar results have been obtained with different models.
For this case, the ratio % isaround 5 at medium angles. Neglecting
the second parameter then creates an error of about 20 per cent in
the amplitudes at medium angles. This more or less corresponds to
the isotropic case, when the only parameter used to migrate the data
is an optimal stack velocity and this corroborates the result found

in example 1.

1009 —
] VNMO

0.80

0.60

0.40

0.20 P

0.00 Vv
-0.20- I T T T T ! |
0.00  10.00  20.00  30.00
angle

Figure9. The components of the first eigenvector versus the maximal angle
ay.

In Appendix B, the same analysis is performed with a different
parametrization. The results with this different parametrization leads
to the same conclusions.

5 CONCLUSIONS AND DISCUSSIONS

An amplitude-preserving migration algorithm for anisotropic media
has been proposed. The migration is based on a weighted diffraction
stack. The migration weights are calculated after Fourier transform
of the stacking integral with the stationary phase theorem. They are
valid for the high-frequency regime. The weights are formulated
with quantities computable during the ray tracing in order to ob-
tain a formula relatively easy to implement. Some simple synthetic
examples have shown the correctness of these migration weights
and the importance of taking into account the anisotropy in the
amplitude-preserving migration algorithm when using medium an-
gles.

For vertical transverse isotropic media, a sensitivity analysis has
showed that two main parameters are needed, the anisotropic NMO
velocity, ¥ nmo, and the parameter n when only the P-waves are
considered. These parameters can be recovered by NMO analysis
or traveltime inversion as shown in (Alkalifah & Rampton 2001).
This interesting result means that an amplitude-preserving migra-
tion and AVO/AVA analysis can be carried out after a model building
(velocity) analysis in the vertical transverse isotropic case.
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APPENDIX A: WEIGHT FUNCTION
WITH CERVENY’S NOTATIONS

In this section, Cerveny’s notation (Cerveny 2001) are used to
rewrite the weight function, eq. (33). The ray coordinate system
is(y1,y2, T') (Cerveny 2001 3.10.2).

Al detWw

With p = V T, the slowness vector, and using the chain rules, the
second derivatives of the traveltimes can be rewritten as follows:

T  ap T

ax;0x, 0T dxx

op,
dy1 Oxy

o i
dys Oxy

(49)




762  D. Kiyashchenko, B. Kashtan and R.-E. Plessix

J is now the Jacobian of the transformation from the general carte-
sian coordinate system to the ray coordinate system, therefore:

v 1 [ ox U v 1 U Ix
= — — X s = — X — s
"=7lon =7 a7

v 1 [ x ax } 7 < [ x ax ) (50)
T=—|—x—|=p, =(g|—x—|.
JLayn 9y & v

with U the group velocity vector (Cerveny 2001 2.2.65), [. x .] the
vector product, and (., .) the scalar product.

The ray-centred basis vectors are defined by (Cerveny 2001,
4.2.17, Bakker 1996, 5a), with / =1, 2:

de; p

= =Cp: — = — , — ; 51
e; =up Pz (e aT)eB (51)
with C = v the phase velocity.

The transformation matrices Q;, = g%,andP, = g% (Cerveny

2001, 4.2.35, Bakker 1996, 6) and M, (Cerveny 2001 4.2.37), with
1,J =1, 2, are now formed:

0x

— = Qe +Qyey;
N
X
— = Qne; + Qne;
y»
0 d
P Pie; +Pye; + <_p, ea) €3]
v Iy

op ap
— =Ppe; +Pnes + | —, e ) e3;
Y2 972

M[J :PQ_I. (52)

With these definitions of the ray-centred basis and the transfor-
mation matrices, eq. (49), becomes after some calculations:

o*T op; pi ap

- P — pepi (U, 22} wy, 53
oxox, T DX T i T PP 3T>+ k (53)
with

W= (en)1 — (U,e)p1 (e2)1 — (U, ex)py
(e1)2—(U,e)px ()2 — (U, e1)p

M, M
M,; My
((el)l —(U,e)pr  (e1)2 — (U, el)Pz)

(54)
(e2)1 —(U,ex)p1 (e2)2 — (U, e2)p

Formulae (53) and (54) can be applied to the diffracted and re-
flected traveltimes. Using the superscript, (7), for the reflected ray
and the superscript, (d), for the diffracted ray, the matrix W becomes:

W (e —(U,en)pr (ex)1 — (U, ex)p
(e1)2 —(U,e)py (), — (U, ex)p

r d r d
(M(. LM M) - Mﬁz))
r d r d
Mg - M5 Mg - M)
(e —(U,e)pr (e1)2 — (U, er)p2 (55)
(e2)1 —(U,e)p1 (e2)> — (U, e2)p2 .
And the determinant is equal to:
UZ
detW = C—Zdet(M(’) — M@, (56)

U is the vertical component of U.

A2 Relation at the interface

The ray from the source to the receiver can be split into two branches:
one from the source to the scattered point (for the diffracted ray) or to
the reflection point (for the reflection ray), called branch 1, and one
from the scattered or reflection point to the receiver point, called
branch 2. The quantities of the branch 1 just before the scattered
or reflection point are denoted with the superscript (—), and the
quantities of the branch 2 just after this point are denoted with the
superscript (4).

The interface is not known when the migration is performed. A
‘virtual” interface is then locally defined at the scattered point by its
normal, n, which is given by

) _ )
n= p_—P - (57)
(P — p), pH — p))z
The relation between the two branches is:

9x ) ax) U — e 9x)
= + (n, ) . (58)
8)/1 8)/1 (n, U(f)) 8)/1

With egr) = e([) and e, in the plane orthogonal to the incident plane,
the matrix Q™ can be expressed with the matrix Q) by
(+) (—) (+) (=) (=)
o =aQy, Q= Qyp +5Qy
— _) —
Q' =aQy). Qi) =Q +5Q (59)
with

Y (@, U (n, UD)

and b = (5, UH) —UD))

‘T cHm o) (n.UO)
Therefore

) (n, UD
detQ® = & ™ U 400, (60)

T CE (n, UO)

A3 det(M® — M@)

In the previous subsection, the final values, Q™), of the branch 1,
have been related to the initial values, Q™), of the branch 2. The
next step is then to rewrite det(M ") — M @) with the initial and final
conditions of Q on the branch 2.

Following Cerveny (Cerven}'/ 2001,Section 4.3.1), P, and Q, are
the solutions of the dynamic ray tracing along the branch 2 with the
initial conditions P; = 0 and Q; = I (I is the two-by-two identity
matrix). P, and Q are the solutions of the dynamic ray tracing with
the initial conditions P, = I and Q, = 0. The propagator matrix
(Cerveny 2001, 4.3.5) is

(2) (2)
(Qﬁz) é>)~ (61)
P P
With the initial conditions P™ and Q", at any point on the branch
2 the matrices P and Q verify (Cerveny 2001, 4.14.15):

(+)
(Q ) _ (¥ @ (Q<+>) , (62)
P P, P, P
For the ‘diffracted’ ray, Q™) = 0, this gives:
(d) — P(d)“'), P@ = p,P@H)
Q Q b 2 63)
M® = PQ~' = P,Q; .

For the reﬂectgd ray, using the symplectic properties of the propa-
gator matrix (Cerveny 2001, 4.3.16), this gives:

PO — _(QZ—I)TQ<r>(+> +P,Q;'Q";

M) = _(le )TQ<:~><+>Q<»4)—1 + M@, (64)
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In this way

detQ®H)

detM” — M) = ————
et )= GetQydet0®

(65)

A4 New expression for the weight function

With (Cerveny 2001, 4.2.97)

J = CdetQ"”

and the formulae (60) and (65), detW, eq. (56), is equal to

det QW) C) (n, UMD) U32

det¥ = - =
© Jdet QY C (n,UD) C

(66)

Replacing detW in eq. (33) by its expression, eq. (66), gives the
new expression for the amplitude-preserving weight function:

w(X,) =

NED) det QW) CO) U2 )
oL AT, p1, po), )| det QP CH C
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APPENDIX B: SENSITIVITY ANALYSIS
WITH ANOTHER PARAMETRIZATION

In this appendix, the parametrization of the problem for the acoustic
case is (Z pg, p, €, §). Using the approach explained previously, a
singular value decomposition is performed to find the combinations
of parameters which have the large impact on the result. The ratios
of the eigenvalues show that only two combinations of parameters
can be effectively retrieved with noisy data. The perturbation, Ab,

1S now (AZLP”OO, %, Aeg, AS). The first eigenvector, Fig. 11, mainly
depends on AZZP’; 0. —% and A$. The second eigenvector, Fig. 12,

mainly depends on A§ and —Aeg. If C and C, are the two main
(combinations of) parameters which govern the recovery of the re-
flection curve in the amplitude-preserving migration, the results
indicate that C; and C, should more or less verify:

AC AZ A
2 ‘ PO L as— 2P
C Zpo
|AC,| = |AS — Ag]. (68)

Mmo = Vpo/T+28 = Z8/T428 and n = {5 verify the
conditions on C; and C, at least for small values of ¢ and §. Then
V' nmo and 7 are the two main parameters.




