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Abstract A data assimilation method was applied
to estimate poorly known parameters (permeabili-
ties) in a numerical reservoir model. Most variational
methods for data assimilation are based on the assump-
tion that the model is perfect except for the poorly
known parameters. The representer method allows also
for model errors, i.e. for uncertainties in the state
variables (pressures and saturations). The method is
based on minimizing a cost functional, assuming all
the errors and parameters to be multivariate Gaussian
random variables with given mean and covariances.
The uncertain parameters and variables are expanded
into a finite sum of basis functions called representers,
and the gradients of the cost functional are obtained
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with an adjoint method. This approach gives an opti-
mal parametrization in the sense that the final result
is equal to the solution of the full inverse problem.
The method was tested on a simple one-dimensional
model to simulate two-phase (oil-water) flow through
a heterogeneous reservoir. The results show that the
method is able to provide an acceptable estimate of
the permeability field. We used pressure measurements
from a small number of observation wells in between
the injection and production wells, but the represen-
ter method could be used equally well to assimilate
data from other sources. The method appears to be
a promising data assimilation tool for applications in
reservoir engineering.

Keywords adjoint method - automatic history
matching - Euler-Lagrange equations -
one-dimensional two-phase flow - representer method

1 Introduction

The properties of reservoir rocks have an important
influence on the hydrocarbon recovery process. These
are not known in detail for the whole reservoir, but
only for the neighborhood of the wells. The numerical
values for those properties are obtained from mea-
surements resulting from imperfect measuring tech-
niques. Furthermore, there are also uncertainties in
the fluid properties and the amount of hydrocarbons
present in the reservoir. All those circumstances influ-
ence the effectiveness of techniques used to drain the
reservoir. During the past decades, several “automatic
history matching” techniques have been developed to
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adapt the parameters of a numerical reservoir model
using pressures and flow rates as measured during
the production process [5, 6, 9]. These techniques are
somewhat similar to data assimilation methods as ap-
plied in, for example, oceanography and meteorology
[2, 3], atmospheric chemistry and transport modelling
[15], and groundwater flow [14]. In data assimilation,
all the information present in measurements from
various sources is combined with the information ob-
tained from the evaluation of a dynamical model with
the aim to produce better forecasts. There are two kinds
of data assimilation methods: the sequential approach
involving Kalman filtering [8] or particle filters, and the
non-sequential approach involving variational adjoint-
based methods [13].

In the adjoint method, the model is usually consi-
dered to be perfect, and the uncertainties are due to
uncertain parameters. The method focuses on estima-
ting uncertain parameters while keeping all the error
terms as small as possible. The representer method [2]
allows for inclusion of the uncertainties both in the
model and parameters. The best fit to all data is de-
fined in the least-squares sense. The method was orig-
inally designed for linear models, but it has later also
been used for nonlinear dynamics, yielding satisfactory
results [4, 14].

The representer algorithm assumes linearity of the
dynamics and observing systems [3]. It allows for es-
timation of both the state variables and the parame-
ters. Unfortunately, inclusion of parameter estimation
makes the problem nonlinear, even for linear dynamics.
Iterative solution schemes have been developed, but
the convergence of those schemes is not guaranteed
[4, 14]. For strongly nonlinear dynamics, parameter
estimation is extremely difficult, especially if many pa-
rameters are estimated at the same time.

The reservoir model used in this study is described
in Section 2. Section 3 presents the derivation of the
representer method for the underlying flow model. The
results of the data assimilation calculations for a twin
experiment are presented and discussed in Section 4.
The conclusions are given in Section 5.

2 Formulation of the forward model

Consider a one-dimensional immiscible two-phase (oil-
water) injection—production situation in a porous con-
duit with unit cross-sectional area. The boundary of
the domain €2 is divided according to Dirichlet and
Neumann boundary conditions, I'p and I'y, respec-
tively. The system is described by a set of two partial
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differential equations, one for pressure and one for sat-
uration, together with initial and boundary conditions.
The pressure equation is given by:

ap a _dp
— ——1—=0 Qx(0,T 1
¢ at  dx ox on £ x ( ] )
p=Pr onQx{0} 2)
a
£ =I'N On FN X (0, T] (3)
p=Pp onTp x (0, T], 4)

where p denotes oil pressure (which is, in our case,
identical to water pressure), ¢ denotes porosity, and ¢
denotes total compressibility and is regarded here as a
function of constant rock, oil and water compressibili-
ties, and water saturation S:

c(S) =c¢ + Scw + (1 — S)co. (5)

A is the total mobility and it is a function of water
saturation and absolute permeability k:

kkryw (S) n kkro(S)
Hw to

A(S, k) = Ay (S, k) + Ao(S, k) = (6)

where k., and k;, are the water and oil relative permea-
bilities, respectively, and uy and u, are constant water
and oil viscosities, respectively.

The saturation equation is given by:

3%S a5 9S
— —— —¢— = Q T 7
Py vax o 0 on Q x (0, T] (7
S=58 onQ x {0} 8)

9SS
a:SN OHFNX(O, T] (9)
S = SD on FD X (0, T], (10)

where S denotes water saturation, D is a constant
diffusion coefficient, and v is total velocity as a function
of pressure, saturation, and permeability:

op dp
v(p, S, k)_—kwa—koa. (11)
The absolute permeability is assumed to vary only in
space.

Because some parameters are functions of either
pressure or saturation, the systems 1-4 and 7-10 are
coupled.
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2.1 Discretized forward model

The reservoir model is usually solved using numeri-
cal models based on a finite difference discretization
schemes [1, 10]. Here the implicit pressure-explicit satu-
ration method was adapted. The discretized system can
be written in matrix form as [11]:

ASi -, Dp; =B ppj—1 +d(Sj—1,k); j=1,... M

(12)
Po = Pinit (13)
S;=F(Sj—1, pj, )Sj-1 +g(Sj-1, pj. k) (14)
So = Sinit, (15)

where A, B, and F are coefficient matrices that depend
on either permeability, pressure, or saturation (shown
by the brackets following a matrix), d and g are vectors
of corresponding forcing terms that depend on the
boundary conditions, p and S are vectors of pressure
and saturation, piyir and Siyi¢ are the initial conditions
for pressure and saturation and M denotes the number
of time steps.

3 Inverse problem

Suppose that the additional information is given by a
set of discrete measurements taken at isolated points in
space and time, and related to observable variables by:

z= M(p)+v, (16)

where z is a vector of all measurements and v is a vector
of random measurement errors. The measurement ope-
rator M(-) describes how a particular measurement is
related to the pressure. In this study, all measurements
are represented by pressure measurements so the ope-
rator M(-) is linear and is replaced in the following
sections by pmes Or measured pressure.

With the measurements available, the problem
becomes over-determined, and the goal is to find a
solution that corresponds to the smallest errors in the
least-squares sense.

To account for model errors caused by imperfectly
modelled inputs and various simplifying assumptions,
the error terms are introduced in the reservoir model.
They act as additional forcing terms and depend on
time for both the pressure and saturation equation.

The true pressures and saturations obey the following
stochastic state equations:

A(Si 1, bp;j=B(S;_)pj—1+d(S;-1, k) +ej;

j=1,.. M (17)
Po = Pinit (18)
Sj=F(Sj-1. pj, K)Sj-1 + &(Sj-1, pj. k) + w;

(19)
So = Sinit, (20)

where €; and w; are the pressure and saturation model
errors, respectively.

The next step is to combine the information that
comes from measurements with that given by a forward
model to produce the best fit to all the information
in a least-squares sense [3]. Therefore, we need an
optimal estimate that minimizes the following objective
function:

J = (Z— Pmes) P, (Z — Pmes) + (k — k)P (k — k)
M M
Y €/ P e+ ) WP, W, @1)
j=1 j=1

where k represents the vector of permeabilities at the
grid points and k is the prior estimate of these parame-
ters. P, L, P!, P;‘, and P;} are weighting matrices and
reflect our belief in the observation model, the prior
estimate for the parameters, and the dynamical model,
respectively. The least-squares approach has no proba-
bilistic meaning [8]. If the parameters and error terms
are considered random variables, the solution to the in-
verse problem is found by determining the joint poste-
rior probability density function of parameters, model,
and measurement errors, given the measurements [14].
This represents the maximum a posteriori estimate. In
general, it is not straightforward to find the maximum
of this probability density function. However, in the
particular case where all the model errors, parameters,
and measurement errors are Gaussian- distributed with
known mean and covariance and not cross-correlated,
the maximum a posteriori estimate is the mode of
this posterior probability density function [12]. Finding
the maximum of this posterior density is equivalent
with minimizing the objective function given in (21)
with the weighting matrices replaced by the respective
covariance matrices. In this case, model errors are nor-
mally distributed with mean zero and covariances P,
P, , measurement errors with mean zero and covari-
ance P,, and parameters with mean k and covariance
matrix Py.
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This penalty functional consists of four terms.
The first term represents the discrepancies between
observations and the model predictions for those ob-
servations, the second term ensures that the estimate
of parameters will stay close to the prior mean, and
the third and fourth terms penalize the model errors.
The optimal estimates are obtained when the sum of
those four terms is minimal.

3.1 Euler-Lagrange conditions

The minimum of the given penalty functional must
be found under the constraint that the forward model
is satisfied within error bounds. To accomplish this
restriction, the penalty functional is augmented by in-
clusion of model equations multiplied by Lagrange
multipliers L. Based on the theory of calculus and
variations [7], the local minimum is found if the first
variation of a penalty function with respect to state
variables, Lagrange multipliers, parameters, and model
errors vanishes. This condition leads to the system of
Euler-Lagrange equations, which consists of two ad-
joint systems, the parameter equation, and two forward
systems (a short derivation is given in Appendix B):

T
olFs, 7oy
A'Lj, = B'Ljn) + [a—p] + E]LJS

a Eles -
+ g_ijv I(Z — Pmes) (22)
a[FSu—1]" og"
ATLMp = |: + ]LMS
3PM 8PM
P, ) (23)
3PM v Pmes
T
og"  O[FS]
L,=|F +>= Lo
E [ + 3S; + 9s; | UV
a[Ap;i]T  8[Bp;]T ad"
— — — — |L; 24
Ly, =0 (25)
_ M (a[Ap;]" od"
O e e
a[FS,_;]" g’
—ML;& — iLjs (26)
ok Bk
Ap;=Bp;_ | +d+¢; (27)
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€j=P.Lj (28)
Po = Pinit (29)
S;=FS,  +g+w, (30)
w; =P, Lj (31)
So = Sinit (32)

The FEuler-Lagrange equations are coupled. The
backward model depends on the optimal solution for
pressure (equation 22 and 23). Therefore, we cannot
first solve the backward model followed by solving a
forward model. The two-point boundary value problem
can, however, be solved with the help of the representer
method introduced by Bennett [3]. Because the Euler—
Lagrange equations are nonlinear, Valstar’s [14] exten-
sion of Bennett’s method was adapted in this study.

3.2 The representer method

The method used in this section is based on the deriva-
tion given in [14].

In the representer approach, each unknown variable
is expanded in a finite sum of unknown functions (rep-
resenters), weighted by the representer coefficients.
The number of representers equals the number of mea-
surements available.

A representer function describes how the informa-
tion of the corresponding measurement influences the
solution, whereas the representer coefficients deter-
mine how strong each representer should be accounted
for in the final solution. They depend on the model-
data misfit and the prior covariance of data errors. The
representer algorithm as introduced in [3] assumes the
linearity of the dynamics and observing systems. In
that case, the representer expansions will give an exact
solution to Euler-Lagrange equations. If this condition
is not satisfied, the method can still be applied, but then
it only gives an approximate solution.

For a reservoir model, the representer expansions
for the adjoint variables (Lagrange multipliers), para-
meters, and state variables take the following form:

N
Ljp=> ®,(j)b, (33)
p=1
N
ij = Z Fp(])bp (34)
p=I1
N
p=I
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N
Sj=SF +Scorr, + Y _ Qp(b (36)
p=I
N
p/:ij+pcorrj+ZEp(])bp, (37)
p=1

where @,(j) is the pressure adjoint representer
for measurement p, I',(j) is the saturation adjoint
representer, W, is the parameter representer, ,(j) is
the saturation representer, and E,(j) is the pressure
representer. b, are unknown representer coefficients.
SF, and pp, are the forward solutions for saturation and
pressure, respectively, obtained without model errors
and with parameter k equal to its prior mean k. Scorr,
and peorr; are the correction terms, and N denotes the
number of measurements available.

Because the reservoir model considered here is non-
linear, an iterative scheme was used to obtain a solu-
tion. Each of the nonlinear terms was approximated
by its first-order Taylor expansion around the esti-
mate obtained from the previous iteration. The resul-
ting linearized Euler-Lagrange equations were solved,
the unknowns updated, and iteration repeated until
convergence.

By inserting the representer expansions into lineari-
zed Euler-Lagrange equations, one can decouple the
system and solve iteratively for representers, correction
terms, and parameters. The detailed derivation for our
reservoir model can be found in [11] and, for ground-
water flow problems, in [14].

The iterative procedure is initialized with all the
variables equal to their prior means, i.e. p; = pr;, S; =
Sk, k= k, L i» =0, and Lj; = 0. Then the representers
can be found from:

a[Fs;,.i]"  ogT
ATo"(j)) =BT (j+1 L7l L8
»(J) pJ+ )+[ %P, +ap,} »(D
8pmes>T
+ (38)
( op;
T
a[FS T
ATcDg(M):[ [FSu-] L, o8 }FZ(M)
3PM 3PM
3pmes>T
+ == 39
(3PM (39)
T
) agh o[FS;] .
() =|F+=- r 1
»() [ +asj+ s, }P(H)
T T
a[Ap; a[Bp; adT
_[ [Apsi]  o[Bpj] _i]cpg(jﬂ)
38, 38, 3S;

(40)

77
(M) =0 (41)
Y (ro[ap]" ad"
j .
v, = —Pk;: HT - W}DZ(])
a[FS];l]T agT n .
_|:—3k + W}Fp(])
(42)
AE"(j) = BE"(j— D+ a_d_M W
Sptl) =Bl ok ok | P
a[Bp;—1] = od  3[Ap]]., .
[ 38,1 98, S, ]QP(]_ N
2,(0) =0 (44)

a|FS;_ a|FS,_

A[FS;-1] og : .
F Q1 (j—1)+P, "
+[ + 95, +as,»_1} (=D +Py, ()
(45)
2,(0) =0, (46)

where n denotes iteration index.

All the representers are calculated for each measure-
ment. The correction terms for pressures and satura-
tions are updated from:

Apgorrj = Bpgorrj,l + Bij—l - Apr +d

_ {[iﬂ _ M](k_g)
ok ok
.\ |:8[Bpj1] L od a[Apj]}
3S;_1 08, 381
X (S}'_l - SF]‘,l - Scorrjl)} (47)
Pcorr, = 0 (48)
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Slor, = Fsgorr,,l + FSFH - SF,' +8g

[ e

ok ok
o[FS; 1]  og
+ |:8—p] + 8—p]:| (P} —Pr — Pcorr,)
B[FS]‘_1] g
+[ 05 T asj_l]
X (S/'fl — SFj—l - Scorrjl)} (49)
Scorro =0, (50)

and the representer coefficients can be calculated from:

P, + EZ)bZ = [Z - (mees + Pgorrmes)]‘ (51)

All the derivatives, matrices, and vectors depending
either on pressure, saturation, or permeability are eva-
luated with the estimates of those variables from the
previous iteration n — 1.

After all the representers, correction terms, and
representer coefficients have been obtained, we can
update adjoint variables and parameters via their rep-
resenter expansions 33-35. The updated pressures and
saturations are calculated from 27-32, and iteration
proceeds until convergence.

4 Application to a reservoir model

The performance of the representer method derived
in the previous sections was tested with a synthetic
example. This twin experiment can be used to validate
the method, as it can be compared with the “real”
generated output. For the representer method, all the

Fig.1 Real pressure
and saturation distributions
after 11 days

space o

a. Pressure distribution.
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Real pressure distribution

covariance matrices and the prior mean of parameters
are assumed to be known. For this experiment, they
were defined by a modeler.

The permeability field and the error fields were
generated from the multivariate normal distribution
with given means and covariance matrices (see
Appendices). The error terms were regarded as uncor-
related in space and time. For permeability, the spatial
correlation with exponential structure was introduced.

For the model described by equations 1-11, the cons-
tant values for the oil, water, and rock compressibilities,
for the diffusion coefficient, and also for the water
and oil viscosities were used. The corresponding values
have been summarized in Tables 1, 2, and 3.

The relative permeability curves were simulated ac-
cording to the Corey model. For the forward model,
the mean value of the absolute permeability was set to
k=10"8m?2.

The measurements were sampled from the real
pressure distribution, with synthetic measurement
errors added to those values.

In the assimilation process, only one, two, or three
measurements were used. Convergence was achieved
when the differences between the measurement predic-
tions from the representer expansion and the measure-
ment predictions from the forward model evaluated
with the updated parameters were smaller than 1% of
the measurement standard deviation.

The distributions of the pressure and saturation
generated are shown in Fig. 1.

Figure 2 shows the adjoint pressure and saturation
representers obtained during the first iteration.

The shape of the representer functions is given
by the equations presented in previous sections. The
pressure adjoint representer satisfies the adjoint pres-
sure equation, except being forced only with a
single impulse located at the space-time position of
the pth measurement. It shows at which location the
additional driving force would influence the model

Real saturation distribution

time Spaa 0 time

b. Saturation distribution.
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Fig. 2 The pressure
and saturation adjoint
representers for
measurement located
at (125m, 5 x 10°s)

w10’

a. Pressure adjoint representer.

most. It is maximum at the location of the measurement
to which it belongs. The adjoint pressure and saturation
representers are coupled, and the shape of saturation
adjoint representer is determined by the pressure ad-
joint representer. Therefore, even though no saturation
measurements were available, the saturation adjoint
representer appears in the calculations. The parameter
representers for two different measurements are shown
in Fig. 3.

The parameter representer denotes the shape of the
parameter field that can adapt the model prediction of
the measurement most efficiently. The parameter was
allowed to vary only in space, but the optimal estimate
for this parameter depends on the number and location
of all measurements used in the assimilation process.

The pressure and saturation representers are shown
in Fig. 4. The state variable representers show how
the state variables will change if the parameters and

x 10~°  Parameter representer for measurement at (125,5*105)
0 T T T

-1.5F 1

-3 1 1 1

0 50 100 150 200

space

Pressure adjoint representer for measurement at (125,5° 10%)

at (125,5710%)

time space 0 time

b. Saturation adjoint representer.

model errors are adapted according to their represen-
ters fields. The pressure and saturation representers
for reservoir model are coupled and have to be solved
sequentially.

We were mostly concerned with the estimation of
uncertain parameter k. For this purpose, only one,
two, or three generated measurements were used. The
algorithm converged in two to five iterations depending
on the number and location of measurements used.
Figure S illustrates the convergence behavior during the
iteration process, expressed in terms of the L? - norm
of the difference between the “true” and the estimated
permeability values.

The estimated permeability distribution using two
measurements is shown in Fig. 6.

If we compare the estimates obtained with one mea-
surement to the “true” permeability, we see significant
differences. Both estimates differ from the real k, but

0 x107° Parameter representer for measurement at (45,105)
-0.8 7

—1r 4
-1.2} 7
1.4} B
-1.6F B
-1.81 b

2 . . .

0 50 100 150 200
space

Fig. 3 The permeability representers for different measurement locations
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Fig. 4 The pressure

and saturation representers
for measurement located x10
at (125m, 5 x 107s) 25

100
50

space 0 o

a. Pressure representer.

approximate it much better than the mean value. The
estimate obtained with two measurements shows the
most improvement.

The estimation results for a case where three mea-
surements were used in the estimation process are
shown in Fig. 7. For comparison, the separate estimates
obtained with each of the measurements are shown as
well.

The permeability estimates are clearly improved
compared to the prior value, as illustrated in Fig. 5.
For this experiment, measurements were sampled in
space at distant locations. In this way, a better estimate
of permeability was obtained compared with the case

x10"* L2 nom of differences between real k and estimated k
55 ‘ T T T T

—5 estimate with measure (45,3*105)
estimate with measure (95,6.5*1 05) |

estimate with measure (145,106)
estimate with three measure

L2 norm

\ ]
&— 66—

2 Il Il Il Il
0 1 2 3 4 5

iteration
Fig. 5 L? - norm of the difference between the “true” and the
estimated permeability values
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Pressure representer for measurement at (125,5*10°%)

time

Saturation representer for measurement at (125,5‘105)

space 0o time

b. Saturation representer.

where measurements were sampled at small distances
(Fig. 6).

The estimates obtained with one measurement in-
troduce only small improvements, as was expected,
because it is hard to obtain all relevant information
about permeability in the whole domain from only
one measurement. The permeability estimate obtained
with three measurements resembles the "true" permea-
bility distribution, although there are still significant
differences.

The state variables were estimated together with the
parameters. The results are not shown here, as they are
not visible on graphs of estimates.

x10"*  Comparision between real k and obtained estimates
11 ‘ ‘ ‘

\ ’
105 | VAR . i
\/ N
N
101 1
M\*\\*\” O
B~
95 SNty 1

N ¥k
851 N / N
- — -realk \\\// \
gl ¢ meanvalue \\ |
—#— with measure (125,5*105) \
751 with measure (185,10°) '
' with two measure
7 Il Il Il
0 50 100 150 200
space

Fig. 6 Comparison between generated permeability k£ and esti-
mates obtained with one and two measurements
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x10"*  Comparision between real k and obtained estimates
11 T T T

851 — — —realk N v
—— mean value N |
\
81 —&— with measure (45,3*10%) v
with measure (95,6.5*105) \\
751 with measure (145,10%) 1
with three measure
7 1 1 1
0 50 100 150 200

space
Fig. 7 Comparison between generated permeability k£ and esti-
mates obtained with one and three measurements

5 Conclusions

This study successfully used the representer method
to estimate states and parameters for a simple, but non-
linear, 1-D reservoir model. The representer method
uses an optimal parametrization by defining represen-
ters for all measurements. It allows the number of
independent estimation parameters to be reduced to
the number of measurements while still providing a
solution to the full inverse problem. The method is
computationally attractive if the number of measure-
ments is relatively small compared to the number of un-
known parameters. To apply the representer method,
the statistics of the uncertain parameters and the mea-
surements have to be known. In this paper, all sta-
tistics were set by the modeler and used to generate
“true” fields for pressure and saturation. From the
pressure field, measurements were sampled, to which
an additional measurement error was added. Estimates
obtained using the inverse approach were compared
with the “true” fields. During estimation, only one, two,
or three measurements (discrete in time and space)
were used. This number of measurements is too small
to obtain the information about variables in the entire
domain but still yielded acceptable estimates. These
results indicate that the representer method is a promis-
ing tool for data assimilation in uncertain reservoir
models. The next step should be to implement the
representer method in a more realistic reservoir model
with suitable chosen statistics for model errors and
parameters.

Acknowledgement The authors would like to thank Johan
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Appendix

Appendix A: Derivation of forward model

This appendix contains the derivation of governing
equations for two-phase (oil-water) flow in one dimen-
sion. As shown in [1], a two-phase flow system can

be expressed in terms of oil pressure p, and water
saturation S as follows:

—-V . {MK[(VPO _ %VS) _ ,Owng:“

Hw N
apo 9S
W S w r) "o, A,
+ ap ¢[ (cw +¢r) o1 + 8t:|
— pudy =0 (52)
ook
N v [MK(Vpo—pong)]
Mo

opo BN
+ apoqs[(l — 8)(co + c»% - ﬂ

m

— 0Poq, = 0 (53)

where « is a geometric factor that accounts for different
dimensions, py and p, are water and oil densities, ity
and u, are water and oil viscosities, and ¢y, ¢, and ¢,
are water, oil, and rock compressibilities, respectively.
K stands for permeability tensor, p. denotes capillary
pressure, and q,, and g, are water and oil flow rates,
respectively.

Introducing a simplification in which the nonlinear
diffusive effect of the capillary pressure is replaced by a
linear diffusion —dispersion coefficient D, the equations
are simplified to:

-V . [MK<VP — pwng)]

Mw
d as
+ apy DV?S + oz,ow¢|:S(Cw + Cr)_p + —}
at ot
- oz,owc]:/V =0 (54)
Olpokro
-V - | ——K(Vp — pogVd
[ ” (VP = pog )]
ap 9§
o 1— S o) r) L, T A,
+oc,0¢|:( )(c +C)8[ 8t:|
- a,ooq/o// =0 (55)
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The subscript “o” has been dropped for the pressure
because the absence of capillary pressure implies p, =
Pw-

The nature of two-phase flow equations is discussed
in [1] and [10]. The pressure behavior is essentially
diffusive, i.e. the corresponding equations are parabolic
and become elliptic in the limit of zero compressibility.
The saturation behavior is mixed diffusive—convective,
i.e. the corresponding equations are mixed parabolic—
hyperbolic and become completely hyperbolic in the
case of zero capillary pressure.

This can be seen by rewriting two-phase flow equa-
tions for 1-D flow through a conduit with unit cross-
sectional area. For small compressibilities such that
we may assume that p is constant but c finite, in the
absence of gravity terms and capillary pressure and
source terms, and with isotropic permeability ., the
corresponding equations take the form:

a ap ap [ S|
a(xwa) + d)[S(cw + cr)a— + E} =0 (56)
ad ap ap 9S|
- a_x()\oa_x) + ¢|:(1 - S)(Co +Cr)5 - E] =0 (57)
Here we introduced the water and oil mobilities:
kkw (S kk.o(S
Aw = ) and A, = ) (58)
Hw Mo

Adding equations 56-57 results in a PDE with only
the pressure as primary variable (and coefficients being
function of saturation):

0x

where the total mobility A and the total compressibility
¢, have been defined as:

" (150) + oL (59)

A= Aw + Ao (60)
ce=c¢+ Scy + (1 — S, (61)

Equation 59 is a parabolic equation with non-constant
coefficients.

Another equation, describing the evolution of water
saturation can bo obtained in the following way.

From Darcy’s law we have:

Kk,
How

Vy = — (pr — ,owng) (62)
with vy, superficial water velocity.
From continuity equation for single-phase flow, we

have:

3(poweS)

oy (63)

-V (Ol,OWVW) + Ol,qu;:z =

@ Springer

Defining total velocity as:
V=vy+V, (64)

and fractional flow function as:

Aw
Aw + Ao

fu= (65)

after some calculations, we arrive at [10]:

V- (why¥8) - Py v =% 4 1y (@Gyva)
(66)
with hy and Gy, defined as:
Morw  dpe
hy =— P and Gy = fyro(pw — p0)g (67)

Ao+ Ay dS

In 1-D flow, neglecting gravity terms and replacing the
nonlinear diffusive effect of capillary pressure by a dif-
fusion coefficient D, we obtain for unit cross-sectional
area:

s _ dfuds _ aS

Ox dS ax ot (68)

This equation is a nonlinear version of diffusion—
convection equation:

92C aC aC
D =¢p— 69
0x ax ¢ ot (69)

. T U

where D is diffusivity and C stands for concentration.
This diffusion—convection equation was used to ap-
proximate the evolution of water saturation in this

paper.

Appendix B: Euler-Lagrange equations — derivation
The objective function (21) is augmented by adding the

pressure and saturation equations multiplied by 2 times
the adjoint variables L, and L, respectively:

T = (2 — Pmes) P, (Z — Pmes) + (k —K) TP, (k — K)
M M
+Y P lei+ > WP, lw;
j=1 j=1

M
+2ZL};D[API'_BPI'*1 —d—éj']
j=1

+ZZLT [S;—FS;_1—g—w] (70)
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Taking the first variation with respect to pressures,
saturations, parameters, error terms, and adjoint vari-
ables (Lagrange multipliers) yields:

M

107 07
—A N T SNy
I= Akt ]X; op; P

+Z

M
1 9 0T
Y 2 Aw+ 23 2 AL,
+2]§aw]— wf+24 oL, "

1 M
+5 g (71)

In the minimum of the penalty function, the first
variation vanishes for any variation of variables. Thus,
setting the appropriate derivatives to zero, we get a
system of Euler-Lagrange equations.

For the variation of pressures Apj, it gives the adjoint
system for pressures:

T
I[FSi-1]  oag"
AL, = BTL; L7l LB L,
p (j+bhp +|: Bpj + 8p,~ Js

8p;es —1 .
+8—P” (Z—Pmes) forj=M-—1,..,1
| ]

(72)
a[FSy_1]"  ogT
ALy, = [ + ]LMS
pm pm
8 T
4 Proespoizpoc). (73)

aPM

For the variation of saturations ASj, it gives the
adjoint system for saturations:

T
ag"  9[FS)]
Lis = [FT 3S; as]]- Ljens
[olApIT  amBp)T  ad']
3S; 0S;  8s; | Urthr
forj=M—-1,..,1 (74)
Ly, = 0. (75)
FS ]T

denotes the derivative

h h . il
where the expression 3,

with respect to S;_; of coefficients of matrix F.

For the variation of parameters Ak, it yields the
parameter equation:

M T
} a[Ap; adT
k:k-Pk<§ :{—[ ak]] Lj, — S Lj,

=1
aagkL }) (76)

T
o[FS; 1]
B st
ok
For the variation of pressure model errors Ae;, it

yields the pressure error equation:
e, =P.L;, forj=1,., M 77)

For the variation of saturation model errors Awj, it

yields the saturation error equation:
WjZijL/'s fOI"jZ 1, ..., M. (78)

For the variation of Lagrange multipliers AL, and
ALy, it yields the forward model given by equations
12-15.

Appendix C: Representer equations — derivation
Inserting the representer definitions introduced in
equations 33-37 into Euler-Lagrange equations, we
find the explicit formulas for the representers, correc-
tion terms, and representer coefficients.

C.1 Pressure adjoint representer

Inserting representer definitions into pressure adjoint
equations 22 and 23 gives:

T
d|FS;_ P
AT®, ()b, = Bo,(j+ Db, + [M Lo ]

op; op;
P s
X rp(])bp + %Pvl[z — (meeS
Pj
+ Peorrpe, T prp)] (79)

FSyi | T
d[FSn—1] N og j|l"p(M)bp

AT®,(M)b, = [

pum Ppum
Pmes p-1 ~
+ PU [z_(mees+ pcorrmes + ‘:‘Pbp)]
opum

(80)

In this stage, both the pressure adjoint representers
®,(j) and coefficients b, are unknown. Defining coeffi-
cients for all measurements as:

bP = P\jl [Z - (mees + pcorrmes + prp)] (81)

@ Springer
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and inserting this definition into equations 79 and 80,
these equations can be fulfilled for nonzero b if the
pressure adjoint representer satisfies:

ATo,() =BTd,(j+ 1) + [% + %}FF(D
Ao, () = |:8[FSM1]T N 3gT}rp(M)
opm opm
(i’

C.2 Saturation adjoint representer

Inserting representer definitions into saturation adjoint
equations 24 and 25 gives:

T
T Bg [st] ;
8[Apj+1] a[Bp,]" ad'].
- - ———|®,(j+1)b
[ 3S; 3S, as,} P+ Dby
(84)
T,(M)b, =0. (85)

These equations can be fulfilled for nonzero b if for
every measurement p:

_ | T E B[FSJ‘]T} :
Ly() = [F + S, + T LG+ 1)
o[Ap;]"  9[Bp;]" adT ,
_[ S, oS, as} Ut
(86)
(M) =0. (87)

C.3 Parameter representer

Inserting representer definitions into parameter equa-
tion 26 gives:

_ a[Ap,]" adT
{[—ak _W]QP(M"’
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This equation can be fulfilled for nonzero b if:

—_P, Z{[ [Ap)] adT} ®,()

- [B[FS];I]T + E}Fp(])}.

ok ok (9

C.4 Pressure representer

The pressure representers are chosen such that dur-
ing each iteration, those representers are an exact lin-
earization around the pressure estimate of the previous
iteration. The pressure equation is perturbed around
the estimate of the previous iteration n — 1:

A (ST} +Q,(j— 1)8by, k" + W,8b))
X [pf + E, ()b, ]
x [PI2 +Ep(j— Do, +d(S| +8,(j — 1)5b,,

=B(S”_ [ +9,(— 1)sb,)

K'=' 4+ W,8b,) + €17+ P @, (j)db, (90)

Po + Ep(O)pr = Pinit- (91)

Linearizing those equations and dividing by 6b, yield
the pressure representer for measurement p:

AE,() =BE,(j— 1”[ [asl:ill] 981 3[51'1—)1/]}
ad  9[Ap;
x (]—1)+[8k [8k ]]]wﬁpqcppm
(92)
E,(0) =0. =

C.5 Pressure correction term

The correction term will be chosen in such a way that
the forward pressure equation will be fulfilled. In-
serting the representer definitions into the pressure
equation yields:

Ep(])bp] = B[ij_l + Peorr;
+ E,(j— Db,]

+d+P. D,(jb,

A[ij + Peorr; +

(94)

Pr, + Pcorr, + Ep(o)bp = Pinit- (95)
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Multiplying equations 92 and 93 by b,, summing over
all N measurements, and inserting into equations 94
and 95 yield after some rearranging:

Apcorrj = chorrj,l + Bij,I - Aij +d
d o|Ap; .
1

ok ok
. [a[Bpj_l] Lo 8[AP]‘]]
0S;-1 0S8, 98-
x (Sj—l =Sk, = SCOTUI)} (96)
Pcorry = 0. (97)

C.6 Saturation representer and saturation
correction term

The saturation representers and saturation correction
terms are derived in the same way as the pressure
representers and pressure correction terms.

C.7 Representer coefficients

The representer coefficients were defined in (81). After
rearranging this yields the equation:

(P, + B}, = [2 = (Proe, + Plom,)]- (98)

This matrix equation can only be solved when all
the representers and correction terms have been calcu-
lated.

Appendix D: Reservoir description

Table 1 Reservoir description: input data for reservoir model

Porosity (-) 0.2

Oil compressibility (Pa™") 0.3 %1078
Rock compressibility (Pa™") 0

Water compressibility (Pa~') 0.2 x 107

Oil viscosity (Pa - s) 9.8 x 1074
Water viscosity (Pa - s) 9.6 x 1074
Diffusion coefficient ({3) 0.001
Initial pressure (Pa) 107
Initial saturation (-) 0.1
Left boundary condition:

water injection rate (me;) 0.2
Right boundary condition

for pressure (Pa) 107
Left boundary condition

for saturation (-) 0.9

Right boundary condition
for saturation (-) no change through

the boundary

Table 2 Reservoir description: relative permeability curves
(Corey model)

Endpoint relative permeability, oil 1
Endpoint relative permeability, water 1
Residual oil saturation 0.1
Connate water saturation 0.1
Corey exponent, oil 2
Corey exponent, water 2

Table 3 Reservoir description: measurement and model errors
statistics

Mean Standard
deviation
Pressure model errors (é) 0 0.5x 1074
Saturation model errors (-) 0 0.002
Pressure measurement errors (Pa) 0 10°
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