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Forward and Inverse Transformations between
Cartesian and Channel-fitted Coordinate Systems for

Meandering Rivers1

Carl J. Legleiter2,3 and Phaedon C. Kyriakidis2

The spatial referencing of river channels is complicated by their meandering planform, which dictates
that Euclidean distance in a Cartesian reference frame is not an appropriate metric. Channel-fitted
coordinate systems are thus widely used in application-oriented geostatistics as well as theoretical
fluid mechanics, where flow patterns are described in terms of a streamwise axis s along the channel
centerline and an axis n normal to that centerline. A means of transforming geographic (x, y) coor-
dinates to their equivalents in the (s, n) space and vice versa is needed to relate the two frames of
reference, and this paper describes a pair of transformation algorithms that are explicitly intended
for reach-scale studies of modern rivers. The forward transformation from Cartesian to channel-fitted
coordinates involves parametric description of the centerline using cubic splines, calculation of cen-
terline normal vectors and curvature using results from differential geometry, and an efficient local
search to find in-channel data points and compute their (s, n) coordinates. The inverse transformation
finds the nearest vertices of a discretized centerline and uses a finite difference approximation to the
streamwise rates of change of the centerline’s Cartesian coordinates to obtain the geographic equiv-
alent of a point in the (s, n) space. The performance of these algorithms is evaluated using: (i) field
data from a gravel-bed river to examine the effects of initial centerline digitization and subsequent
filtering; and (ii) analytically-defined centerlines and simulated coordinates to assess transformation
accuracy and sensitivity to centerline curvature and discretization. Any discrepancy between a point’s
known coordinates in one frame of reference and the coordinates produced via transformation from
the other coordinate system constitutes a transformation error, and our results indicate that these
errors are 2–4% and 0.2–0.5% of the channel width for the field case and simulated centerlines,
respectively. The primary sources of transformation error are the initial digitization of the centerline
and the relationship between centerline curvature and discretization.
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INTRODUCTION

A meandering planform is a defining characteristic of many alluvial rivers, ex-
erting a primary control on patterns of flow, sediment transport, and channel
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Figure 1. Meandering section of Slough Creek, Yellowstone National Park, USA. In areas of high
curvature, Euclidean distances between pairs of points underestimate the along-channel path length,
as shown in the bends at the left and right. In relatively straight channel segments (center), the
discrepancy between Euclidean and along-channel distances is smaller. Flow is from right to left.

migration. Considerable research effort has been devoted toward these compelling
phenomena, including flume experiments (e.g., Hook, 1975), detailed field ob-
servations (e.g., Dietrich and Smith, 1983, 1984), theoretical models (e.g., Smith
and McLean, 1984), and numerical simulations (e.g., Sun, Meakin, and Jossang,
2001a,b). An important issue common to all treatments of meander form and
process is that of spatial referencing, which is complicated by the curved, typ-
ically irregular channel planform. This non-convex geometry dictates that the
conventional Euclidean distance is not an appropriate metric because a straight
line drawn between two points will often cross intervening land (i.e., across a
point bar on the convex bank, as illustrated in Fig. 1); a similar situation exists in
estuaries, as discussed by Little, Edwards, and Porter (1997) and Rathbun (1998).
As a result, observations referenced to a standard Cartesian frame will tend to
underestimate distances relative to the in-water, along-channel path length, with
undesirable consequences for both spatial statistical analysis and physics-based
hydraulic modeling. As an example, consider the interpolation of bed topog-
raphy: neglecting channel curvature would underestimate inter-point distances
and bias the covariance model upon which spatial predictions (e.g., kriging esti-
mates) are based. In fluid mechanics, the need to incorporate the effects of curva-
ture on the force balance within a channel bend has long been recognized (e.g.,
Dietrich, 1987), and the use of an inappropriate distance metric could also affect
the calculation of spatial derivatives (e.g., Smith and McLean, 1984).

A logical solution to this problem is to adopt a frame of reference that is
fitted to the channel, and the orthogonal curvilinear coordinate system introduced
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by Smith and McLean (1984) has been widely used to model flow and sediment
transport in meandering rivers (e.g., Dietrich and Smith, 1983, 1984; Nelson,
Bennett, and Wiele, 2003). This coordinate system consists of a streamwise axis
s defined by the channel centerline and an n axis normal to that centerline. To
ensure a right-handed coordinate system with s increasing downstream and z
vertically upward, n is positive toward the left bank, facing downstream (Fig. 2).
Rendered in this coordinate system, the governing equations for flow through
a bend include the effects of curvature-induced centrifugal acceleration and a
metrical coefficient that accounts for differences in streamwise arc length across
the channel (i.e., along lines of constant n other than the centerline, where n = 0;
Smith and McLean, 1984). For spatial analysis, transforming observations from
Cartesian (x, y) coordinates to the orthogonal curvilinear (s, n) system circumvents
the geometric issues associated with the meandering planform and provides a
consistent, intuitive frame of reference for describing the spatial structure of
channel morphology and hydraulics. In fact, common practice for geostatistical
modeling of buried fluvial systems involves a hierarchical series of coordinate
transformations accounting for stratigraphy, faulting, channel belt orientation, and
‘straightening’ of individual channels (e.g., Deutsch and Want, 1996; Deutsch,
2002). These procedures result in a more convenient, transformed (s, n) space
within which covariance modeling, spatial prediction, and stochastic simulation
can proceed efficiently using Euclidean distances and regular grids. As long as
the coordinate transformations are unique and reversible, the results can then be
back-transformed to the original (x, y) coordinate system for visualization and
interpretation.
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Figure 2. Cartesian (x, y) and channel-centered curvilinear (s, n) coordinate systems.
Flow is from left to right, and the s-axis is directed downstream, with the n-axis
positive toward the left bank. The thick line represents the channel centerline, the circle
represents an arbitrary location within the channel, and the thin dashed lines represent
the coordinates in the two frames of reference. Figure after Smith and McLean (1984)
and Merwade, Maidment, and Hodges (2005).
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Geomorphological and application-oriented geostatistical approaches to the
spatial referencing of meandering channels have developed essentially indepen-
dently of one another, and the problem of unambiguously relating geographic and
channel-centered coordinates has been approached from several directions. For
example, Smith and McLean (1984) present an analytical expression for trans-
forming (s, n) to (x, y) coordinates, given the Cartesian coordinates of the channel
centerline. This equation allows predictions from their fluid mechanical model, ex-
pressed in an orthogonal curvilinear frame of reference, to be assigned geographic
locations, but an explicit method of defining the (s, n) coordinates of field obser-
vations surveyed in a Cartesian system was not provided. Dietrich and colleagues
obtained (s, n) coordinates by digitizing a channel centerline from topographic
data, establishing cross-sections visually, measuring velocity profiles at several
locations along each section, and then using the observed cross-stream discharge
to adjust the orientation of the sections as needed to satisfy continuity (Dietrich
and Smith, 1983; 1984; Whiting and Dietrich, 1991). Though effective, this tech-
nique requires abundant velocity data and closely spaced cross-sections and is thus
not practical for larger-scale studies. Conversely, the coordinate transformations
introduced by Deutsch and colleagues (Deutsch and Wang, 1996; Deutsch and
Tran, 2002; Deutsch, 2002) for geostatistical reservoir characterization empha-
size efficient generation of regular grids for large numbers of channels distributed
throughout a stratigraphic package. These algorithms thus tend to provide a rel-
atively coarse approximation to channel geometry and were never intended for
modern, subaerial rivers. Various non-geometric transformations have also been
presented in the statistical literature (e.g., Sampson and Guttorp, 1992; Løland and
Høst, 2003), but these approaches fail to provide a clear physical interpretation
for the transformed space.

More recently, several methods of transforming coordinates to channel-fitted
grids have been proposed, in a range of different contexts. For example, Barabas,
Goovaerts, and Adriaens (2001) used grid generation software to ‘unbend’ a pol-
luted New Jersey river and enable geostatistical modeling of the spatial distribution
of contaminated sediments, although an intermediate step was required to inter-
polate their field observations onto grid nodes, which had different, variable spac-
ings in the streamwise and transverse directions. Whereas Barabas, Goovaers, and
Adriaens (2001) relied on generic grid generation software, Goff and Nordfjord
(2004) developed a transformation referenced directly to a centerline trace that
provided along- and across-channel coordinates analogous to the (s, n) system.
Their procedure involved interpreting seismic data to identify points along the
channel centerline, filtering these points to avoid gaps and overlaps, and then
placing points at specified, constant distances along and locally perpendicular to
the centerline to produce a regular, channel-fitted grid. Geographic coordinates
were then assigned to these grid nodes by nearest neighbor interpolation such
that only those (s, n) points comprising the grid were prospective coordinates for
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the transformed (x, y) observations; the resolution of the transformation was thus
limited to that of the (s, n) grid. Unlike Goff and Nordfjord (2004), who begin by
defining a channel-fitted grid and then relate geographic coordinates to that grid,
Merwade, Maidment, and Hodges (2005) recently introduced a transformation
algorithm that operates independently of any grid and allows an arbitrary geo-
graphic location within the channel to be assigned unique (s, n) coordinates. The
only coordinate transformation algorithm explicitly intended for modern rivers
of which we are aware, this method uses existing bathymetric data to identify a
polyline representing the channel thalweg and then relates in-stream data points to
the vertices of this polyline via simple trigonometry. The approach of Merwade,
Maidment, and Hodges (2005) was implemented within a GIS environment, which
facilitated the integration of various geospatial data sets but also resulted in an
algorithm tightly bound to a specific software package and its associated data
models.

In this paper, we introduce more formal, flexible coordinate transformation
procedures for relating Cartesian to channel-centered coordinates and vice versa
by describing the mathematical basis of these techniques and outlining generic
algorithms for their implementation. We use the terms Cartesian and geographic
coordinates interchangeably and denote them by (x, y); Smith and McLean’s (1984)
channel-fitted orthogonal curvilinear coordinate system is referred to as the (s, n)
space. Because we are primarily interested in relating field measurements defined
by geographic coordinates to their corresponding (s, n) locations, the forward
transformation is from (x, y) to (s, n); the inverse transformation reverts coordinates
from the (s, n) space back to the original (x, y) system. These transformations form
an essential component of our ongoing research on spatial variations of hydraulic
and sedimentary variables in gravel-bed rivers, and the techniques described herein
are specifically intended for application to modern, subaerial rivers of moderate
sinuosity. We are primarily interested in reach-scale (∼10–20 channel widths or
one meander wavelength) studies and do not consider braided channels or drainage
network topology.

The coordinate transformation procedures presented herein generalize the
algorithms of Merwade, Maidment, and Hodges (2005) and Goff and Nordfjord
(2004) by drawing upon the work of of Fagherazzi, Gabet, and Furbish (2004) on
tidal channel planforms and incorporating elements of Viseur’s (2004) research
on turbidite reservoirs. Our approach is similar to that of Merwade, Maidment,
and Hodges (2005), but differs in three important respects: (i) no bathymetric
data are required to define the channel centerline, which is instead described
parametrically; (ii) the mathematical foundation of the transformations is estab-
lished using results from differential geometry, which also allow for the calculation
of centerline curvature; and (iii) the algorithms are explicit and generic, indepen-
dent of any particular software environment. A key element of these procedures is
the description of the Cartesian coordinates of the channel centerline as a pair of
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cubic splines parameterized by the streamwise coordinate s (Fagherazzi, Gabet,
and Furbish, 2004), and we assess the sensitivity of the transformations to the
initial definition and subsequent filtering of centerline vertices using field data
from Soda Butte Creek, a gravel-bed river in Yellowstone National Park we are
studying in an effort to characterize spatial patterns of morphology and hydraulics
at the reach scale. We then use a series of analytically-defined centerlines, which
can in turn be used to simulate points with known (x, y) and (s, n) coordinates, to
assess the accuracy of our transformation algorithms and investigate the effects of
centerline curvature and discretization. The paper concludes with a discussion of
these results and the potential applications and extensions of this approach to the
spatial referencing of fluvial systems.

FORWARD COORDINATE TRANSFORMATION FROM
GEOGRAPHIC TO CHANNEL-CENTERED COORDINATES

Transforming data referenced to a geographic coordinate system into the (s,
n) space allows geostatistical modeling and spatial prediction to proceed using
Euclidean distances with a clear geometric and physical interpretation, and the
results can then be back-transformed to their original geographic coordinates. Our
procedure for transforming Cartesian (x, y) to channel-fitted, orthogonal curvi-
linear (s, n) coordinates is illustrated using an example from our field area in
Figures 3 and 4, and involves the following sequence of steps (described in detail
in the next several subsections):

1. Select points defining the vertices of an initial, discrete channel centerline.
2. Smooth the initial centerline by filtering the coordinates of its vertices.
3. Use cubic splines to obtain a parametric description of the filtered center-

line.
4. Calculate the arc length of each centerline segment.
5. Resample the splines to produce centerline vertices with a regular stream-

wise spacing.
6. Compute normal vectors and curvature values at each regularly spaced

centerline vertex.
7. Search for data points within polygons defined by the centerline and its

normal vectors, which are directed toward the left bank.
8. Compute data-centerline distances to obtain (s, n) coordinates.
9. Repeat steps 7 and 8 for the right side of the channel using normal vectors

with the opposite orientation.

We have developed MATLAB code for performing the transformation, but the
explicit description below should allow for implementation in other programming
languages and/or incorporation of these techniques into existing software.
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Figure 3. Centerline definition for Soda Butte Creek. To obtain a stage-
independent centerline, we digitized pairs of points (circles) along opposite banks
and then created centerline vertices (triangles) at the midpoints of the lines (i.e.,
cross-sections) connecting each pair of bank points. The flow direction is indicated
by the arrow.

Centerline Definition: Initial Point Selection

Because the basis of the (s, n) coordinate system is the channel centerline, the
transformation algorithm begins by selecting points to serve as the initial vertices
of a discrete centerline. These points can be identified from survey data plotted in
map view or from remotely sensed data, such as the image of Soda Butte Creek
shown in Figure 3. Because the position of the water’s edge varies as a function of
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Figure 4. Application of the coordinate transformation to the Footbridge Reach of Soda Butte
Creek, shown in Figure 3. (A) base map, with topographic breaklines and point measurements of
flow depth; (B) centerline definition, with initial digitized points represented as open circles, filtered
vertices as closed circles, and the resampled spline centerline as a solid line with dotted vertices
(offset to the west by 2 m for clarity); (C) calculation of unit tangent and unit normal vectors for the
centerline (every other vertex shown); (D) creation of search polygons with outer vertices located
along centerline normal vectors; (E) inset from highlighted polygon in D, showing the calculation of s

and n coordinates for the points within this polygon; (F) depth measurements shown in A transformed
to (s, n) coordinates.

flow stage and the location of the channel talweg will not, in practice, be known a
priori (Merwade, Maidment, and Hodges, 2005), we recommend referencing this
initial centerline to the morphologically-defined bankfull channel. If both channel
banks can be clearly identified, centerline vertices can be defined by selecting a
point along one bank, another on the opposite bank, and then creating a vertex
at the midpoint of the line segment (i.e., cross-section) connecting these two
bank points (Fig. 3). We have found that the “midpoint” editing tool in ArcGIS
provides a convenient interface for selecting these points (ESRI, 2004), but any
software environment with interactive graphics can be used to display a base map
and digitize either pairs of bank points or centerline vertices directly. Because
a detailed trace including fine-scale variations could introduce artifacts in the
curvature of the centerline, bank points or centerline vertices should be selected so
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as to capture only the gross, reach-scale geometry of the channel planform (Nelson,
Bennett, and Wiele, 2003). The filtering process described below also serves to
reduce the noise associated with small-scale bank irregularities and the positional
uncertainty inherent to point selection (Fagherazzi, Gabet, and Furbish, 2004).
Centerline vertices should be digitized in order from upstream to downstream
and need not be regularly spaced, but must be sufficient to characterize changes in
channel direction and should not be more than a channel width apart. We assess the
effects of initial digitization in a later section of the paper. The original, Cartesian
coordinates of these centerline vertices are denoted by

(xi, yi) i = 1, . . . , Nb (1)

where Nb denotes the number of points used to define the initial discrete centerline.

Centerline Definition: Filtering

The initial centerline points will likely be somewhat irregular, reflecting both
the non-uniformity of the banks and perhaps some degree of operator error, but the
channel-fitted coordinate system is intended to approximate the average stream-
line curvature within the reach of interest (Nelson, Bennett, and Wiele, 2003).
Deriving a smoothed representation of the centerline is also important because
subsequent steps in the transformation involve derivatives, which tend to amplify
point-to-point variations (i.e., introduce noise) in the centerline trace. Fagherazzi,
Gabet, and Furbish (2004) demonstrated that such errors have a substantial effect
on curvature estimation, also based on derivatives, and recommended applying
multiple times a Savitzky-Golay filter (Hamming, 1983) to the coordinates of the
centerline vertices (Fig. 4B). This filter is essentially a linear combination of data
(coordinate values in this case) within a moving window, with coefficients ob-
tained by least-squares fitting a polynomial to all points in the window; Press and
others (1994) describe the process in greater detail and provide code for efficient
implementation of the filter. Defining the centerline with a Savitzky-Golay filter
is advantageous because it smooths the noisy initial trace while preserving the
length and amplitude of meander bends, whereas achieving a similar degree of
smoothing with a simple moving average filter would result in an altered planform
with longer bends of lower amplitude (Press and others, 1994). The number of
points m included in the filter window must be an odd integer less than the number
Nb of initial centerline vertices and greater than the order p of the polynomial;
the number f of times the filter is applied can also vary to adjust the degree of
smoothing. We examine the sensitivity of curvature estimation and coordinate
transformation to these filter parameters in a later section. Once appropriate pa-
rameter values have been selected, the resulting filter weights ai are applied to



936 Legleiter and Kyriakidis

the Nb original centerline coordinate pairs to obtain a smoothed sequence of Nb

vertices given by

[
xi,filt

yi,filt

]
=

⎡
⎣ 1

m

∑(m−1)/2
j=−(m−1)/2 ai+j xi+j

1
m

∑(m−1)/2
j=−(m−1)/2 ai+j yi+j

⎤
⎦ (2)

Parametric Description of the Centerline Using Cubic Splines

Meandering river channels are well-represented by splines, which pass
through each of the (filtered) centerline points and provide a smooth curve by
ensuring first- and second-order continuity at these points. Recent applications
of spline interpolation in the context of planform dynamics include Fagherazzi,
Gabet, and Furbish (2004), Perucca, Camporeale, and Ridolfi (2005), and
Camporeale and others (2005); Davis (1986), De Boor (2001), and Cohen,
Riesenfeld, and Elber (2001) provide more general background on splines. Fol-
lowing Fagherazzi, Gabet, and Furbish (2004), we fit one spline to the centerline
vertices’ x coordinates and another to their y coordinates. The resulting splines
consist of a series of curved segments connecting adjacent vertices (Fig. 4B), each
of which is defined by a cubic polynomial of an (initially arbitrary) parametric
coordinate t, which takes on integer values indexing the Nb vertices of the filtered
centerline. For a given centerline segment, the two splines take the form

[
x(k)(t)

y(k)(t)

]
=

[
α

(k)
0 + α

(k)
1 t + α

(k)
2 t2 + α

(k)
3 t3

β
(k)
0 + β

(k)
1 t + β

(k)
2 t2 + β

(k)
3 t3

]
(3)

where k indexes the segments of the two splines. Each of the Nb − 1 segments
has a distinct set of αp and βp coefficients (e.g., Davis, 1986), and the pair of
polynomials for that segment constitute a vector-valued function

r(k)(t) = x(k)(t)i + y(k)(t)j (4)

where i and j are the basis vectors of the Cartesian coordinate system; rk(t) can
thus be considered a position vector describing the channel centerline.

Arc Length Calculation

The length of the kth segment of the centerline is then calculated by sub-
stituting the the corresponding polynomials from step 3 into the arc length
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formula:

s(k) =
∫ tk+1

tk

√(
d

dt
x(k)(t)

)2

+
(

d

dt
y(k)(t)

)2

dt =
∫ tk+1

tk

‖r(k)(t)‖dt (5)

where tk and tk+1 are the values of the parametric coordinate at the upper and
lower end points of the curved centerline segment, assuming the centerline has
been digitized from upstream to downstream. As suggested by Fagherazzi, Gabet,
and Furbish (2004), the integration is performed via Simpson’s rule, which is
exact for third-order polynomials (Press and others, 1994). The total streamwise
distance from the origin of the centerline to its k + 1th vertex is given by the
cumulative arc length of the preceding (upstream) segments

sk =
k∑

k′=1

s(k′) (6)

Centerline Resampling

This step involves replacing the integer-valued parameter t with the actual
streamwise distance s from (5) and (6), creating a new set of points that are
regularly spaced along the centerline, and then recomputing a new pair of splines
parameterized by s. Computationally, this process involves normalizing the Nb

values of s by the total arc length S of the centerline and rescaling them to match
the range of the initial parameter t (by multiplying by Nb). Evaluating the initial
splines at the resulting values of t produces a new set of centerline vertices with
a spacing proportional to the fraction of the total arc length accounted for by
each segment of the initial, digitized centerline. These new vertices are then used
to produce a second, intermediate set of splines, which are in turn evaluated at
a specified number Nd of discretization points evenly (linearly) spaced between
0 and S but rescaled to the range of t. The result is a series of Nd vertices that
are approximately regularly spaced along the channel centerline. The final pair
of splines is fit to these coordinates and parameterized in terms of the ‘true’
streamwise distance given by the curvilinear coordinate s:

[
x(l)(s)

y(l)(s)

]
=

⎡
⎣α

(l)
0 + α

(l)
1 s + α

(l)
2 s2 + α

(l)
3 s3

β
(l)
0 + β

(l)
1 s + β

(l)
2 s2 + β

(l)
3 s3

⎤
⎦ (7)

where l indexes the Nd − 1 segments of these new splines. The new position vector
rl(s) is defined as in (4) and now describes the centerline as a parametric function
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of the s coordinate. The arc length of each centerline segment is also re-calculated
from these resampled splines.

Normal Vectors and Centerline Curvature

The splines described in the preceding section are then used to compute the
first and second derivatives of the polynomials that define each centerline segment,
denoted by x ′ and x ′′ and similarly for the y coordinate, and hence the unit tangent
vector T(s), unit normal vector N(s), and curvature C(s) at the Nd discretization
points. The relevant formulae for the vectors and their components are (Gray, 1998)

T(s) = r′(s)

‖r′(s)‖ =
[

xT (s)
yT (s)

]
=

⎡
⎣ x ′√

(x ′)2+(y ′)2

y ′√
(x ′)2+(y ′)2

⎤
⎦ (8)

N(s) = T′(s)

‖T′(s)‖ =
[

xN (s)
yN (s)

]
=

⎡
⎣ −y ′√

(x ′)2+(y ′)2

x ′√
(x ′)2+(y ′)2

⎤
⎦ (9)

C(s) = ‖T′(s)‖
‖r′(s)‖ = [x ′y ′′ − y ′x ′′]

[(x ′)2 + (y ′)2]3/2
(10)

where ‖r‖ denotes the length of vector r and the derivatives on the right side refer
to a specific spline segment (i.e., x ′ = dx(l)(s)

ds
and y ′ = dy(l)(s)

ds
). The tangent vector

T(s) describes the channel direction at each location s along the centerline and
points downstream. Similarly, the unit normal vector N(s) defines the orientation of
a channel cross-section (Fig. 4C). To ensure consistency with the sign convention
of Smith and McLean (1984) and ensure a right-handed coordinate system with
s increasing downstream and z vertically upward, N(s) points toward the left side
of the channel (facing downstream). Note that if the centerline is digitized from
downstream to upstream, N(s) will point toward the right bank, so vertices should
be added in an orderly downstream sequence. Although computing the curvature
is not part of the transformation per se, this important geomorphic variable can
be readily obtained at this stage by evaluating the second derivatives of the spline
polynomials, and this approach is increasingly used to characterize planform dy-
namics (e.g., Perucca, Camporeale, and Ridolfi, 2005; Camporeale and others,
2005).

Local Search for In-Channel Data Points

In principle, the (s, n) coordinates of an in-channel observation could be
computed at this stage by calculating the distance from that location to each
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of the Nd vertices of the discretized centerline. The smallest of these distances
would approximate the transverse n coordinate of the observation point and the s
value of the centerline vertex at which this minimum occurred would provide the
corresponding streamwise coordinate. In practice, however, such a global search
strategy would be computationally demanding for large numbers of data and/or
centerline discretization points is large. Even if a more efficient nested search
routine were used (e.g., Goff and Nordfjord, 2004), a more important problem
remains: because only the Nd vertices of the (resampled) centerline are ‘candidate’
s coordinates, the resolution of the transformation depends on the choice of Nd .
A related issue would be positive bias of the n coordinates: the true (minimum)
value of n occurs only when the vector connecting the (x, y) observation point
to the nearest centerline vertex is parallel to N(s) for that location along the
centerline.

To reduce these effects without resorting to a very large Nd , with a cor-
responding decrease in computational efficiency, the search for in-channel data
points can be restricted using a point-in-polygon operation. First, a series of poly-
gons is created as shown in Figure 4D by connecting successive centerline vertices
to points placed a specified distance nmax (set to half the maximum channel width
or greater) from the centerline in the direction specified by the unit normal vec-
tor N(s) for each centerline vertex. These two points are then connected to one
another to define the outside edge of the polygon, relative to the centerline, and
the lines parallel to the normal vectors become the upstream and downstream
edges. Because connecting successive centerline vertices directly would create
a sliver between the true, curved centerline and the straight inside edge of the
resulting polygon, any data points within this region would be missed during
the point-in-polygon search operation. To avoid this situation, the curved inner
edge of the polygon is approximated by adding vertices to the centerline seg-
ment by evaluating the spline functions at evenly spaced s values bracketed by
the segment end points. This refinement, essentially a local sub-discretization of
the centerline, is not computationally demanding and improves the calculation of
s, n coordinates in the next step. Finally, a simple point-in-polygon operation is
used to identify all in-channel data points located within each of the polygons
in turn. To determine if the current point is inside the current polygon, a line
is drawn from the point toward infinity and the number of intersections of this
line with the polygon boundary is recorded; if the number of intersections is odd,
the point is inside the polygon (Longley and others, 2001). Note that this search
procedure could fail in the pathological case of a datum located precisely along
the curved centerline, outside the straight line segments connecting the new set
of vertices. Even in very tight bends, encountering this problem in practice is
highly unlikely as long as the initial discretization of the centerline is sufficiently
fine.
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Obtaining (s, n) Coordinates from Data Point-Centerline Distances

The local resampling of the centerline to produce additional polygon vertices
results in an equivalent number of new, more closely spaced centerline points
for computing refined observation-to-centerline distances. The calculation is per-
formed within a loop over the polygons, and only those data points located within
the current polygon are considered (Fig. 4E). The distances from a particular
datum to each of the resampled centerline vertices on the current segment are
computed: the minimum of these distances defines the absolute value of the n
coordinate, which will be positive for data points on the left side of the channel,
and the value of s at the centerline vertex at which this minimum occurs be-
comes the s coordinate. While this approach does not eliminate the discretization-
related issues mentioned above, the restricted search and local resampling ensure
that these effects will be minimal and also improve the efficiency of the
algorithm.

Search for Points on the Right Side of the Channel Centerline

The previous two steps assumed a unit normal vector N(s) pointing from
the centerline toward the left bank, and the polygons generated in step 7 thus
encompassed only the left half of the channel. To obtain the s,n coordinates of
observation locations on the right side of the centerline, create polygons with
vertices given by −nmaxN(s) (i.e., oriented opposite the unit normal vector) and
repeat the previous two steps. Note that the n coordinates of points located to the
right of the centerline are negative.

INVERSE TRANSFORMATION FROM CHANNEL-CENTERED
TO GEOGRAPHIC COORDINATES

In situations where working within a channel-fitted coordinate system is most
convenient, an inverse transformation is required to relate this curvilinear system
to a Cartesian frame of reference. For example, although highly efficient (fast)
algorithms for spatial stochastic simulation on regular grids are available (e.g.,
Chiles and Delfiner, 1999), such a grid generated in Cartesian space and then
transformed to s, n coordinates will no longer be regular due to the curvature
of the channel. An alternative approach in this case is to perform the simulation
directly on a regular (s, n) grid and then transform the resulting realizations to the
corresponding Cartesian coordinates. If the (x, y) coordinates of a digitized cen-
terline are provided as input, this transformation can be achieved via the approach
used by Smith and McLean (1984) to relate their fluid mechanical theory, derived
in terms of s and n, to a geographic coordinate system. Included in the appendix of
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their paper are analytical expressions that relate the Cartesian coordinates (x, y) of
a point inside the channel to the known coordinates (xc(s), yc(s)) of the centerline,
the n coordinate, and the derivatives of the Cartesian coordinates of the centerline
with respect to streamwise distance:

[
x

y

]
=

⎡
⎣xc(s) − n

dyc(s)
ds

yc(s) + ndxc(s)
ds

⎤
⎦ (11)

In principle, these functions could be evaluated directly using the polynomials
that comprise the splines fit to the centerline coordinates [Eq. (7)]. Because these
splines are sensitive to the initial digitization of the centerline and to decisions
made during the filtering and discretization process, we adopt a finite difference
approach instead. The inverse transformation proceeds as follows:

1. Define a centerline with Nd approximately regularly spaced vertices as
described in steps 1– 5 above. Because a finite difference approximation
is used in the inverse transformation, a relatively fine discretization (i.e.,
large Nd ) should be used. The spline functions themselves are not required,
but the (x, y) coordinates of the resampled centerline and the cumulative
arc length of each vertex are needed to relate arbitrary (s, n) coordinates
to their Cartesian counterparts.

2. Compute the differences between the s coordinate in question and the
s values at each of the Nd centerline vertices, sort these differences in
ascending order, and retain the first two entries s1 and s2, where the
subscripts denote the order in the sorted array of s coordinate differ-
ences. The Cartesian coordinates of the centerline vertex closest to the s
coordinate to be transformed are given by xc(s1) and yc(s1) and used in
Equation (11). The coordinates of the second closest vertex are also needed
to compute finite difference approximations to the derivatives appearing
in these expressions.

3. The derivatives in Equation (11) are approximated by computing the
change in xc and yc between successive centerline vertices

dxc

ds
≈ xc(s1) − xc(s2)

s1 − s2

dyc

ds
≈ yc(s1) − yc(s2)

s1 − s2
(12)

4. Finally, these differences are inserted into Equation (11) to determine the
x, y coordinates of the s, n point in question.

This algorithm, together with the forward transformation outlined previously,
provides a consistent means of converting observational data, theoretical results,
and/or model outputs back and forth between geographic and channel-centered
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coordinate systems, affording a great deal of flexibility in the representation and
analysis of meandering rivers. Our current MATLAB implementation also indi-
cates that these procedures are computationally efficient, transforming grids of
over 3000 nodes in a matter of seconds on an ordinary desktop computer. The
sensitivity and accuracy of the algorithms are evaluated in the following sections.

RESULTS

We assessed the performance of these coordinate transformation procedures
using both field data from Soda Butte Creek, a gravel-bed river in Yellowstone
National Park, and simulated data derived from analytically-defined centerlines.
The first and most important stage in either transformation is the definition of the
channel centerline. The spline functions fit to the coordinates of the centerline
vertices determine both the arc length of each segment (i.e., the s coordinate) and
the orientation of the unit normal vectors, which affect the n coordinate. In the
following subsection, we use field data to examine two important factors that will
affect centerline definition in natural, gravel-bed rivers: the initial digitization of
centerline vertices and the subsequent filtering of these coordinates. We then use
a series of analytically-defined centerlines and simulated, known coordinates to
evaluate the accuracy of the transformations and assess their sensitivity to channel
geometry and centerline definition.

Centerline Definition from Field Data

We used a topographic survey from Soda Butte Creek to: (i) determine
whether a channel centerline could be consistently digitized from typical field data,
and (ii) to select an appropriate set of filter parameters for smoothing the initial
centerline. As part of our ongoing research on spatial patterns of river morphology
and hydraulics, we surveyed the 375-m reach shown in Figures 3 and 4A, obtaining
4081 point measurements of bed elevation using a Leica TCA1105+ robotic total
station. Distinct breaks in slope (i.e., top of bank, bar fronts, etc.) were surveyed
by connecting sequences of points to form explicit topographic breaklines (e.g.,
Lane, 1998; Keim, Skaugset, and Bateman, 1999). The breaklines representing
the channel banks were then used to define vertices along the centerline with the
midpoint method described above. To evaluate the objectivity and reproducibility
of this method, ten independent sets of centerline vertices were digitized by
hand within a GIS. A separate set of bank points was selected for each of these
digitizations, resulting in ten different sets of vertices; the number of points ranged
from 54 to 62 for this ∼25 m-wide channel. Figure 5A indicates that the ten
replicate centerlines were not noticeably different from one another at the reach-
scale; the inset magnifying a segment downstream of the bend apex shows that
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Figure 5. Sensitivity analysis of centerline definition for Soda Butte Creek. (A) ten replicate digi-
tizations of the centerline, with the location of the inset indicated by the small box; (B) streamwise
curvature series for the ten replicate centerlines, each filtered and discretized with the parameters
listed; (C) mean forward transformation errors (symbols) and centerline curvature values (solid curve)
for the ten replicates.

none of the replicates diverge by more than a meter. The curvature series in
Figure 5B provides a more sensitive test of the consistency of centerline definition
because curvature estimates involve first- and second-order derivatives and are
thus strongly influenced by the selection of centerline vertices. This plot indicates
that, after applying the same filter to each set of initial vertices, the ten replicates
are in fairly close agreement for the first 145 m but then diverge through the bend
apex in the area of highest curvature. Agreement improves coming out of the bend
from 225–300 m and then deteriorates at the lower end of the reach, most likely
due to the difficulty of extrapolating the centerline beyond the area for which bank
breaklines were surveyed.
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To investigate the effect of centerline digitization error on the forward trans-
formation from geographic to channel-centered coordinates, we transformed our
survey data using each of the ten replicate centerlines in turn, computed the vari-
ances of the resulting s and n coordinates for each point, and combined these
into a composite (x, y) to (s, n) transformation error by taking the square root
of the sum of the variances. These errors are plotted as a function of streamwise
distance (the mean s coordinate for the ten replicates) in Figure 5C, along with
the mean curvature of the ten centerlines. The transformation error remains steady
at about 0.25 m down to about 150 m and then increases abruptly to 0.75 m in
the area of higher curvature at the bend apex. The error declines again past the
apex and remains steady at about 0.4 m before increasing again at the lower end
of the reach. The higher error of this second plateau from 250–325 m downstream
is a consequence of the discrepancy among centerlines in the bend apex, which
causes the s coordinate to vary among replicates even if the centerlines converge
again downstream and are associated with similar n coordinates for a given point.
Nevertheless, these results suggest that, for this reach of Soda Butte Creek, the
centerline definition procedure was fairly robust, and forward transformation er-
rors were on the order of 2–4% of the mean channel width. Curvature estimates,
however, were much more sensitive to the initial digitization of vertices in areas
of high curvature.

Once an initial sequence of centerline points has been identified, the sec-
ond factor influencing centerline definition and coordinate transformation is the
filtering of the coordinates of these centerline points (Fagherazzi, Gabet, and
Furbish, 2004). Figure 6 illustrates the effects of the three parameters used with
the Savitzky-Golay filter: the number f of times the filter is applied, the order
p of the filtering polynomial, and the number m of points included within the
filter window; the number Nd of points used to discretize the centerline is fixed
at 300. The filtering process is critical because vertex-to-vertex oscillations in the
centerline trace will affect the calculation of derivatives used to define normal
vectors and estimate curvature: if filtering is insufficient, these results will reflect
the noise inherent to the initial digitization; if filtering is excessive, arc length and
curvature will tend to be underestimated. Figure 6A and B indicate that a single
application of the filter fails to provide adequate smoothing of the centerline and
results in a noisy curvature series, but applying the filter a second time eliminates
most of these high-frequency fluctuations; additional filter applications appear to
have little effect. Similarly, whereas a higher-order (p = 4) filtering polynomial
follows the trace of the initial vertices too closely and produces several curvature
artifacts, the desired smoothing of the centerline (i.e., removal of spikes and/or
abrupt reversals in the sign of the curvature) can be achieved by using cubic or
quadratic functions. The inset of Figure 6E suggests that window size m can have
a moderate effect on the location of the filtered centerline, and Figure 6F indicates
that using a filter window that is too small will result in a noisy curvature series.
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Figure 6. Sensitivity of centerline definition (left column) and curvature estimation (right column)
to filter parameters for Soda Butte Creek. f denotes the number of filter applications, p the order
of the polynomial used in the Savitzky-Golay filter, and m the number of points included in the
filter window; Nd is the number of discretization points. Each curve in the left column represents a
different filtered centerline produced from the same input vertices but using different values of the
indicated filter parameter, and the corresponding curvature series for these centerlines are displayed
in the right column.
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On the basis of these analyses, we selected f = 3, p = 3, and m = 7 as the
optimal set of parameters for this reach of Soda Butte Creek, whereas Fagherazzi,
Gabet, and Furbish (2004) used a larger window and a higher-order polynomial
to define the centerline of a smaller tidal channel. Determining an appropriate
degree of filtering is thus a subjective exercise, and the choice of filter parameters
is likely to be site-specific, depending on the sinuosity and width of the channel,
the method of initial digitization, and the data requirements of the particular study.
One useful criterion is the number of zero-crossings (i.e., inflection points) in
the curvature series, which should equal the number of bends along the channel
because the curvature changes sign only once for each bend. Comparing the
original and filtered centerlines can serve as another check on the filtering process,
which should seek to achieve “a reasonable balance between reduction of the high
frequency noise and preservation of curvature peaks” (Fagherazzi, Gabet, and
Furbish, 2004, p. 301). In any case, the results summarized in Figure 6 indicate
that the filtering process is an important step in both curvature estimation and
coordinate transformation, and we recommend performing this type of sensitivity
analysis to guide the selection of a suitable filtering procedure.

Accuracy Assessment with Analytically-Defined Centerlines
and Simulated Coordinates

We evaluated the performance of the coordinate transformation procedures
by applying them to analytically-defined centerlines and simulated data for which
both the (x, y) and (s, n) coordinates were known. Comparing these coordinates to
those produced by our algorithms allowed us to assess the accuracy of the trans-
formations and examine the effects of channel geometry, centerline digitization,
and discretization. To conduct these tests, we used Langbein and Leopold’s (1966)
classic model for the planform of meander bends as a sine-generated curve, given
by:

φ = ω sin(2πs/λ) (13)

where φ is the angle between the tangent to the centerline and the valley axis,
ω is the maximum value of φ (at the point where the channel crosses the valley
axis and begins to curve in the opposite direction), s is the streamwise distance
along the centerline, and λ is the meander wavelength measured along the the
centerline. Although the sine-generated curve does not adequately describe long
series of meander bends (Ferguson, 1976), Equation (13) provides a reasonable
approximation for individual bends and is widely used in fluid mechanical models
of meandering channels (e.g., Johannesson and Parker, 1989). In the present
context, the sine-generated curve is appealing because centerlines of varying
dimensions and sinuosities can be generated by varying the scale (λ) and shape (φ)
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parameters. The Cartesian coordinates of vertices along a sine-generated centerline
are given by:

[
x(k+1)(s)
y(k+1)(s)

]
=

[
x(k)(s) + ds cos(φ(s))

y(k)(s) + ds sin(φ(s))

]
(14)

where ds denotes an arc length increment between successive vertices and the
centerline begins at an arbitrary origin (x(0), y(0)).

We generated points with known x, y and s, n coordinates for each s incre-
ment along the sine-generated curve by: (i) defining the absolute value of the n
coordinate by drawing a random number from ∼ U [0,w/2], where w is the spec-
ified channel width and ∼U [a, b] denotes a uniform distribution in the closed
interval [a, b]; (ii)assigning approximately half of the simulated points to the right
side of the channel by multiplying the initial n coordinate by −1 if a second
random number drawn from ∼ U [0, 1] was less than 0.5; and (iii) calculating the
corresponding Cartesian coordinates as:

[
x

y

]
=

[
x(k)(s) − n sin(φ(s))

y(k)(s) + n cos(φ(s))

]
(15)

This expression is analogous to Equation (A2) from the appendix of Smith
and McLean (1984), but φ is the complement of the angle appearing in their
relations.

To summarize the accuracy of our coordinate transformation algorithms, we
calculated the Euclidean distance between the simulated (true) and transformed
coordinates for each point for both the forward ((x, y) to (s, n)) and inverse ((s,
n) to (x, y)) transformations. The three primary factors influencing transformation
accuracy are the geometry of the channel (i.e., the ω and λ parameters of the
sine-generated curve, along with the channel width w), the initial sampling (i.e.,
digitization) of the centerline, and the number Nd of discretization points used to
parameterize the centerline splines. Because the sine-generated curve repeats after
one period, we examined a single bend with a fixed arc length λ of 400 m and a
constant width w of 20 m. By varying ω, we produced centerlines with varying
degrees of curvature; the curvature at any location s along the centerline is given
by:

C(s) = dφ

ds
= 2πω

λ
cos

(
2πs

λ

)
(16)

which takes on a maximum value of C(s) = 2πω/λ. We used ω values from 0
to 90◦ in steps of 15◦, corresponding to maximum curvatures of 0–0.0247 m−1
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for λ = 400 m. The vertices of these simulated centerlines were generated at
streamwise increments �s ranging from 1 to 10 m in steps of 1 m. The number
of discretization points used in the transformation algorithms varied from 100 to
1000 in steps of 50.

The results of these sensitivity analyses are summarized in Figure 7. Both
the mean (x, y) to (s, n) transformation error and the variance of these errors
increase steadily with curvature (i.e., higher ω for a fixed λ in Equation( 13)), but
remain small (0.04 m relative to a channel width of 20 m) even for the sharpest
bend that can be produced from a sine-generated curve (Fig. 7A). Similarly, the
forward transformation error and its variance are directly proportional to �s, the
spacing between digitized centerline vertices. As �s increases from 5 to 50% of
the channel width, the initial vertices provide a coarser approximation to the true
geometry of the sine-generated curve, which adversely affects spline interpolation
of the centerline and subsequent arc length and normal vector calculations. For
a moderately curved channel (ω = 45◦), the discretization of the centerline has a
relatively minor impact on the forward transformation, with mean errors decreas-
ing from 0.03 m to 0.02 m as d increases from 50 to 350 and remaining at about
0.02 m for greater d.

Figure 7D indicates that the inverse transformation is relatively insensitive to
curvature, with mean errors increasing only slightly above 0.1 m as ω increases
from 0 to 90◦. Even for the limiting case of a straight channel (ω = 0), the in-
verse transformation is subject to error due to the discrete nature of the inverse
transformation algorithm. The second step in this procedure involves calculating
the differences between the s coordinate (point B in Figure 8A) of the point (A)
to be transformed and the s values of each vertex of the discretized centerline
(points C and D). For a straight channel, the s coordinate of the nearest vertex
(point G in Figure 8B) will be smaller than that of the point (E) to be transformed
in some cases and larger in others (such as that shown in Fig. 8B), biasing the
transformed (x, y) coordinates upstream or downstream, respectively. This effect
is also evident in Figures 7E and F, which show that the mean (s, n) to (x, y)
transformation error generally increases with �s and decreases exponentially as
Nd increases. In both of these plots, the errors are conspicuously lower at specific
values of �s (2, 4, and to a lesser degree 8) and Nd (400 and 800) that are re-
lated to the meander wavelength λ, which was fixed at 400 m in these analyses.
When the spacing of initial vertices is an even factor of the meander wavelength,
more of the final, discretized vertices of the centerline correspond to the simu-
lated s coordinates and the mean transformation error is lower. Similarly, when
the number of discretization points used to describe the centerline is an even mul-
tiple of the meander wavelength, the s coordinates of these vertices match those of
the simulated data points being transformed and errors are very small. The oppo-
site occurs when Nd is 200 or 600 for λ = 400: the variance of the transformation
error is noticeably greater because the vertices of the centerline are out of phase
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Figure 7. Coordinate system transformation sensitivity analysis using sine-generated centerlines and
simulated geographic and channel-centered coordinates. Forward and inverse transformation errors
are plotted in the top and bottom rows, respectively. From left to right, the columns illustrate the effects
of channel geometry (curvature), initial digitization of the centerline, and centerline discretization,
respectively. The values of the two parameters held constant in each column are shown in the top
row, and the vertical bars represent the variance of the transformation errors and correspond to ± one
standard deviation.

with the simulated coordinates to be transformed, such that approximately half
of these points will be assigned to vertices upstream of their true positions and
half to vertices downstream. The extreme case is shown in Figure 8A, where the s
coordinate of point A is equidistant between the centerline vertices at points C and
D such that ¯BC = ¯CD. For intermediate Nd (e.g., 250), the mean transformation
error is similar, but the variance of the errors is reduced because more points will
be assigned to either the upstream or the downstream centerline vertex rather than
being approximately evenly distributed between the two. This effect could only
be discerned because the s coordinates we simulated were regularly spaced and
integer-valued, but more typical, irregularly distributed data will still be subject to
some degree of discretization-related transformation error.

The forward and inverse transformation errors for individual points are shown
in Figure 9, which illustrates the effect of curvature on transformation accuracy.
Both the (x, y) to (s, n) and (s, n) to (x, y) transformation errors are greatest in
the bend apex and at the upper and lower limits of the simulated reach, which
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Figure 8. Schematic illustration of the effect of discretization on inverse transformation error. (A)
transformation of point A is ambiguous because the two nearest vertices, C and D, of the discretized
centerline are equidistant from the point, B, with the true s coordinate; (B) when the point E to be
transformed is closer to a vertex G, the transformation error is reduced.

are in turn the apices of the next bends upstream and downstream. Conversely,
the coordinate transformations are most accurate in the straight segments between
bends of opposite curvature, and errors decrease steadily from the apex of one bend
downstream to the inflection point before increasing again toward the next bend
along the channel. The strong, direct relationship between curvature and transfor-
mation error is again a consequence of discretization. Although the centerline in
Figure 9 is defined by a smoothly-varying, continuous function, approximating
this sine-generated curve with splines evaluated at discrete points limits the ac-
curacy with which locations can be defined relative to the true centerline. Even
if each spline segment is re-evaluated at a finer discretization (step 7) before cal-
culating distances from data points to centerline vertices (step 8), the accuracy
and precision that can be achieved remains limited because the s values of these
vertices are the only potential s coordinates that the points to be transformed can
be assigned. A secondary effect involves the n coordinates, which will tend to be
biased upward in absolute value (i.e., away from the centerline) because the dis-
tance from a datum to the centerline achieves its true, minimum value only when
the point in question lies upon one of the normal vectors drawn from the centerline
vertices—the farther a point is from a normal (i.e., the coarser the discretization
of the centerline), the larger the bias. This source of error is relatively minor in
comparison to that of the s coordinate: for the bend in Figure 9, the s component
of the forward transformation error vector is two orders of magnitude greater than
the n component.

The relationships between curvature, discretization, and the resulting forward
transformation errors are illustrated schematically in Figure 10. In Figure 10A, the
true s coordinate for point A is that of point B, and the magnitude of vector �AB,
which is normal to the centerline, is the correct n coordinate. In the discrete setting,
however, the assignment of an s coordinate is based on the distances from point A to
centerline vertices—points C and D and points E and F represent finer and coarser
(by a factor of two) discretizations of the centerline, respectively. For a given
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Figure 9. Coordinate system transformation error in relation to chan-
nel curvature for a sine-generated curve with ω = 90◦, λ = 400 m,
�s = 1 m, and Nd = 400. (A) planform geometry; (B) centerline
curvature; (C) forward transformation error; and (D) inverse transfor-
mation error.

curvature, finer discretization results in a more accurate transformation because,
for example, the s value of point C is closer to that of point B and ĀC < ĀD,
resulting in a less biased n coordinate relative to its true value given by ĀB. In
Figure 10B the centerline curvature is half that of the bend in Figure 10A, but
the discretization is the same – that is, the arc length between vertices I and J is
equal to that between vertices C and D and likewise for the coarser discretization.
The n coordinate bias is less in Figure 10B because the curvature is smaller, but
the s component of the transformation error is the same because the two bends
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Figure 10. Schematic illustration of the effects of curvature and discretization on forward trans-
formation error. (A) the true s coordinate of point A is that of point B, but the nearest centerline
vertices are C and E for fine and coarse discretizations, respectively; note that the positive bias of the
n coordinate is greater for the coarser discretization. (B) as in A, but in a bend of smaller curvature
with the same discretization.

were discretized with vertices spaced at equal arc length intervals. Note that if the
total length of the bends were equal and the same number of discretization points
were used for each, the arc length between vertices, and thus the s component
of the transformation error, would be smaller in the bend of lower curvature.
This geometric explanation accounts for the observed direct (inverse) relationship
between transformation error and curvature (number of discretization points).

DISCUSSION AND CONCLUSION

The algorithms presented herein provide an explicit, theoretically-grounded
means of relating geographic and channel-centered coordinate systems for mean-
dering river channels. These methods are specifically intended for application to
reach-scale studies in modern rivers, filling a gap between the coordinate trans-
formations used in theoretical fluid mechanics (Smith and McLean, 1984) and
small-scale field studies (Dietrich and Smith, 1983, 1984) and those described
in the application-oriented geostatistical literature (Deutsch and Wang, 1996;
Goff and Nordfjord, 2004). Merwade, Maidment, and Hodges (2005) have also
developed a GIS-based procedure for transforming coordinates from a Cartesian
to an orthogonal curvilinear frame of reference, but our approach is not associated
with a particular software package and thus offers greater flexibility. Similarly,
while our inverse transformation algorithm uses equations presented by Smith
and McLean (1984), we build upon their work by explicitly describing how a
digitized centerline can be used to transform (s, n) coordinates to their geographic
equivalents. Taken together, our forward and inverse coordinate transformations
thus provide a robust, general framework for the spatial referencing of meandering
rivers. The transformations allow for conversion between the Cartesian system,
within which data are collected and results are visualized, and the channel-centered
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system for which fluid mechanical theories have been developed and within which
methods of spatial analysis can be more readily applied.

Because such a framework is only useful if the coordinate transformations are
of sufficient accuracy and precision for specific applications, we have evaluated the
performance of our algorithms using both field and simulated data. The sensitivity
analysis and accuracy assessment presented above indicate that the most important
source of error for both the forward and inverse transformations is the definition
of the centerline itself. Digitization, filtering, and discretization all influence cen-
terline definition and hence transformation accuracy to an extent that also depends
on the planform geometry of the channel. For our field example from Soda Butte
Creek, replicate centerlines digitized using the bankfull mid-point method were in
close agreement with one another and (x, y) to (s, n) transformation errors ranged
from 0.2 m to 0.8 m for this 25-m wide channel, with the largest errors occurring
in the area of greatest curvature. Curvature series for the replicate centerlines
confirmed that initial digitization was least certain through the apex of the bend
and indicated that curvature estimates in this area were sensitive to the selection
of centerline vertices. Obtaining a smoothed representation of the centerline that
reduces these point-to-point oscillations is thus an important step, and we have
shown how sensitivity analyses can be used to select suitable (i.e., site-specific)
parameters for filtering the initial digitized vertices. Greater smoothing can be
achieved by increasing the number of filter applications, using a lower-order poly-
nomial, and/or including more points within the filter window. Determining an
appropriate degree of centerline smoothing remains a subjective exercise, how-
ever, and in practice this decision will depend on channel characteristics, such as
width and sinuosity, and the scale and objectives of the study.

Once the centerline has been defined, the accuracy and precision of the
coordinate transformations is primarily a function of curvature and discretization.
Our investigation of analytically-defined centerlines and simulated coordinates
indicates that, even for highly sinuous channels, transformation errors are on the
order of cm or tens of cm, within the precision of typical field survey methods and
thus adequate for most practical applications. The locational error that does exist
stems from the discrete nature of the algorithms: an (x, y) point can only be assigned
an s coordinate that corresponds to a vertex of the discretized centerline, and an (s,
n) point must be associated with a specific pair of centerline vertices to compute
the finite differences in Equation (12) and transform the point’s coordinates to
a geographic frame of reference. For the forward transformation, most of this
discretization-related transformation error is associated with the s coordinate, but
the n coordinate is also slightly positively biased because the normal vectors
emanating from the discretized vertices of the centerline will seldom, if ever,
pass exactly through the (x, y) point to be transformed. These effects are most
pronounced where curvature is greatest, implying that transformation accuracy
varies spatially as a function of channel morphology: errors will be minimal in
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relatively straight riffles and greatest in pools located along the concave bank
of tight bends where the radius of curvature (R, defined as the inverse of the
curvature) approaches the channel width w. For most rivers, R/w is between 2
and 3 (Williams, 1986), and Smith and McLean (1984) point out that the (s, n)
coordinate system is guaranteed to be single-valued within the channel as long as
R > w/2, which will always be the case in natural channels. For points outside the
channel on the convex bank, the transformation can no longer be assumed to be
unique once the distance from the centerline exceeds the local radius of curvature.
Conversely, on the concave bank the resolution of the transformation will become
increasingly coarse as the distance from the centerline increases and the normal
vectors diverge.

The adverse effects of curvature on transformation accuracy can be partially
compensated for by using a finer discretization (higher Nd ) for the centerline, or
by implementing an adaptive discretization based on local centerline curvature.
The algorithm’s polygon-based search strategy ensures that adding discretization
points need not be computationally prohibitive because distances from data points
to (resampled) centerline vertices are only computed for points located within
polygons defined by normal vectors originating from successive vertices. For the
inverse transformation of a regular (s, n) grid to (x, y) coordinates, transformation
error can be minimized by adjusting the discretization of the centerline to match
the streamwise spacing between grid nodes. For a given centerline, most of the
transformation error results from the association of an arbitrary (s, n) point with a
pair of centerline vertices, with the worst-case scenario occurring when the point
is approximately halfway between two vertices. To minimize these discretization-
related errors, one can either select a grid node spacing based on the length and
discretization of the centerline or select Nd such that S/Nd is equal to the grid
node spacing, where S is the total length of the centerline.

An (s, n) grid transformed in this manner will, however, have a variable,
curvature-dependent resolution in the Cartesian frame of reference, with more
closely spaced nodes on the convex than the concave side of the centerline
(Fig. 11). In terms of channel morphology, this implies that resolution will be
coarser in pools located near the outer bank of a meander than over the point
bar along the inside of the bend. An alternative approach, analogous to that of
Deutsch and Wang (1996), would be to generate a regular grid in the geographic
space, transform the grid nodes to (irregular) (s, n) coordinates, perform the anal-
ysis within the curvilinear reference frame, and then back-transform the results
to the original (x, y) coordinates. The choice between performing the analysis
on a regular (s, n) grid or working with a Cartesian grid that is irregular in the
curvilinear space depends on the nature of the problem and the computational
methods used to address such problems. In any case, the forward and inverse coor-
dinate transformation algorithms ensure that either route is possible, if not entirely
feasible.
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Figure 11. Contrast between a regular geographic grid (A and C) transformed to orthogonal curvi-
linear coordinates (B and D) and a regular (s, n) grid (E and G) transformed to (x, y) coordinates (F
and H).

The approach to spatial referencing in fluvial systems presented herein could
be used to address interdisciplinary scientific issues spanning a range of spa-
tial scales. Aquatic ecologists, for example, have recently begun to explore the
application of geostatistical methods to stream ecosystems, using along-channel
distances as a more natural, “as-the-fish-swims” metric (Ganio, Torgersen, and
Gresswell, 2005). Gardner, Sullivan, and Lembo (2003, 2004) also found that in-
corporating information on the structure of the drainage network improved spatial
prediction of stream temperatures. In a hydrological context, Monestiez and others
(2005) have developed more sophisticated, topology-based methods of describing
network connectivity and calculating distances within networks, and a similar
topological-kriging system has been proposed for prediction in ungauged basins
(Skoein, Merz, and Bloschl, 2005). Whereas these studies have emphasized
one-dimensional, catchment-scale models of the fluvial system, more detailed,
reach-scale studies require a two-dimensional approach. The coordinate transfor-
mations described in this paper allow geomorphic and ecological processes to
be examined in a logical, channel-centered frame of reference, and our ongo-
ing research involves quantifying spatial patterns of hydraulic and sedimentary
variables. Watershed- and channel-scale processes are, of course, linked, and ap-
plying the spatial referencing framework presented herein to a network of digitized
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centerlines would allow these different scales of inquiry to be integrated by adding
a second, lateral dimension to current one-dimensional representations.
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channels: Bulletin de la Société géologique de France, v. 175, no. 1, p. 11–20.

Whiting, P.J., and Dietrich, W.E., 1991, Convective accelerations and boundary shear-stress over a
channel bar: Water Resour. Res., v. 27, no. 5, p. 783–796.

Williams, G.P., 1986, River meanders and channel size: J. Hydrol., v. 88, no. 1–2, p. 147–164.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


