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Abstract Environmental studies require multivariate data such as chemical concen-
trations with space-time coordinates. There are two general conditions related to such
data: the existence of correlations among the coregionalized variables and the differ-
ences in numbers of data which occur because of insufficient data caused by measure-
ment error or bad weather conditions. This study proposes geostatistical techniques
for space-time multivariate modeling that take into consideration these correlations
and data absences. These techniques consist of suitable modeling of semivariograms
and cross-semivariograms for quantifying correlation structures among multivari-
ables and of extending standardized ordinary cokriging. The tensor product cubic
smoothing surface method is used for space-time semivariogram modeling. These
methods are applied to the chemical component data of the Ariake Sea, a typical
closed sea in southwest Japan. In order to clarify environmental changes in the Ari-
ake Sea, the concentration data of four nutritive salts (NO,—N, NO3-N, NH4—N, and
PO4—P) at 38 stations over 25 years are used as environmental indicators. For each of
the kinds of data, there are spaces and times for which there is no data available. The
effectiveness of the modeling of space-time semivariograms and the high estimation
capability of the extended cokriging are demonstrated by cross-validation. Compared
with ordinary kriging for a single variable, multivariate space-time standardized or-
dinary cokriging can provide a more detailed concentration map of nutritive salts
and while elucidating their temporal changes over sparsely spaced data areas. In the
space-time models by ordinary kriging, on the other hand, smooth trends are obvious.
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Introduction

In geochemical, geophysical, and environmental monitoring research on specific tar-
gets such as geothermal reservoirs and water pollution, several kinds of data are sam-
pled in space-time regions. In addition to the existence of the space-time correlation
of one variable, coregionalized variables are generally correlated among each other.
In most cases, all of the variables have not been obtained equally at all of the space-
time coordinates, as bad weather conditions and errors in measurement can cause
some data to be lacking. For example, if there are two variables, v; and vy, at loca-
tion u, there may only be one variable, vy, at location u>.

The purpose of this study is to develop geostatistical techniques that are suitable
for space-time multivariate modeling by considering correlation structures and irreg-
ular absences of data. Multivariate space-time geostatistics is an extension of spatial
geostatistics and has been formulated in different forms by Rouhani and Wackernagel
(1990), Goovaerts and Sonnet (1993), and Christakos and Hristopulos (1998). Its use-
ful applications can be seen in the analyses of groundwater quality (Koike et al. 2002)
and atmospheric pollution (De Iaco et al. 2002a, 2002b). However, these multivariate
space-time kriging methods are just extended forms of traditional ordinary cokriging,
in which all the variables must be present at the same space-time sample points. Thus,
they are not applicable to cases such as those described above with incomplete data.
In this study, a multivariate space-time kriging method is extended from standardized
ordinary cokriging and made applicable to case studies in which the variable numbers
are not necessarily the same.

Variogram modeling is also an indispensable problem in space-time geostatistics.
For a single variable, an integrate model (Cressie and Huang 1999) and a product-
sum model (De Cesare et al. 2001) have been proposed to represent the nonsep-
arable space-time covariance, while the Linear Coregionalization Method (LCM)
(Goovaerts 1993) has been generally accepted for multivariate modeling. However,
a more complicated model is needed for space-time analysis. De laco et al. (2003)
have proposed an extended LCM in which the space-time basic semivariograms are
modeled by the product-sum method. Koike et al. (2002) have shown the applica-
bility of a polynomial method to multivariate semivariograms that fluctuate largely
in the space-time region. This paper improves on this polynomial method by a ten-
sor product cubic smoothing surface for better fitting of the model to experimental
semivariograms.

The proposed techniques are applied to a case study of a closed sea environment
using the monthly concentration data of nutritive salts. The effectiveness of space-
time concentration models are checked by comparisons with single variable models
by ordinary kriging and a sea-color image produced from a color composite of the
visible wavelength band data of the Landsat—5 Thematic Mapper.
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Multivariate Space-Time Semivariogram Matrix

Let {Z(u);u € Rd‘H} be a multivariate space-time random field which has the fol-
lowing form of matrix equation

Z) =[Z1(w), Zo(w), ..., Z,(w)]" ey

where u = (s,t), s = (s;,52,...,84) € D C R4 (generally d = 3) denotes spatial
coordinates, t € T C R is the temporal coordinate, p is the number of variables (gen-
erally p >2),and D x T C R*1,

If Z(u) satisfies the second-order stationarity, then its mean vector, M, is indepen-
dent of (s, 1)

E[Z@)]=M=[M, My,...,M,]" )

In addition, covariance and semivariogram matrices (p x p) can be defined for a pair
of multivariates, Z(u) and Z(u + h), which only depend on the space-time separation
vector, h = (hg, h;).

C[Z(u), Z(u +h)] = E{[Z(w) — M][Z(u +h) —M]T} = C(h) = [C** ()] (3)
T[Z(u), Z(u + h)] = E{[Z(u) — Z(u + h)][Z(u) — Z(u + h)]T} = T(h)
=[y*(h)] 4

where « and g denote the kind of variable (a, 8 = 1,2, ..., p). C*¥(h) and y*# (h)
are the cross-covariance and cross-semivariogram, respectively, between a pair of
variables, Z%(u) and Z# (u+h), if « # 8, and are the direct covariance and semivar-
iogram if @ = .

In order to model the experimental multivariate space-time semivariogram, De
Iaco et al. (2002a, 2002b) have proposed the following two integrated product and
product-sum models by extending the models of Cressie and Huang (1999) and De
Cesare et al. (2001).

1. The integrated product model is formulated under the assumption that
Cs(hg;a)Cs(hy; a) is integrable with respect to a measure w over V for each
h and A, with an arbitrary coefficient k > 0.

oo (hy, hy) = /V K[C,(0; @)y (hy: @) + Cy (0 @)y (hy: )
by @)y (e @)l () )

where w(a) is a positive measure over U C R for each choice of a € V C U,
ys(hg; a) and y;(h;; a) are valid spatial and temporal semivariograms, respec-
tively, in D C R" and T C Ry, and C(0; a) and C;(0; a) are the corresponding
sill values.

2. The integrated product-sum model assumes that kCg(hg;a)Ci(hs;a) +
koCg(hg; a) + k3C;(hy; a) is integrable with respect to the measure p over V
for each hg and &, with coefficients k1 > 0, k» > 0, and k3 > 0.

@ Springer



292 Math Geol (2007) 39: 289-305

Vs (hg, hy) = /V[(kz + k1C1(0; @) ys (hy: a) + (k3 + k1 Cy(0; @) y: (he; a)

— kiys(hg; @)yi (he; a)ldu(a) Q)

The superiority of the product-sum model for the product model was proved by
De Iaco et al. (2002a, 2002b). Alternative modeling has been based on a polynomial

expression for nested structures (Koike et al. 2002), in which the space-time model is

expressed directly by the sum of a series of functions, fiaﬂ , with the coefficient, rl.aﬂ s

for (y2F, y,“ﬁ ) at different locations (hy, &;) by

vl (g n) =7 £ (g, hy) %)

In practice, this polynomial expression holds the same characteristics as the summa-
tion of different types of elementary semivariograms.

We improve the polynomial form by applying a tensor product cubic smoothing
surface to the model’s experimental space-time semivariogram. The tensor product
function, S(hy, h;), is the weighted sum of the products of two elementary indepen-
dent functions, f (hy) multiplied by g(h;) with coefficients by,

K L

Sthe, k) =YY bu felho)gi(h) ®)

k=0 1=0

where K and L are the orders of f and g, respectively. In the case of a cubic spline
function, K and L are 3, with 16 unknown by;. Considering that the first and second
derivatives of S must be continuous at all the lags (hy, /;), 15 independent conditions
are necessary to determine the function. The remaining condition is the balance of the
two criteria between (1) the closeness of the function to the experimental semivari-
ogram data, and (2) its smoothness as defined by small curvature. For simplification,
we shall let the weights for this balance be equal to all of the (hy, /;).

1. The closeness is measured by the summation of squared residuals

E(S) =) ISty hyj) — vij | ©)

i=1 j=I

where m and n are the numbers of hy and /;, respectively, and the amount of
experiment semivariogram data is m X n.

2. The smoothness is defined by the summation of the squared second derivative of
S, S//

hsm hm

F(8") = / Ahy, h)|S” (hy, hy)|*dhgdh, (10)
hst Jhy

where S” is the second derivative of S.

The two criteria can be balanced with a parameter, p € [0, 1], that determines
which criterion is considered important

PE(f)+ 1 —p)F(S") (11)
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In this study, p is defined as 0.9 in order to moderately fit the model to the experi-
mental semivariogram data.

Standardized Ordinary Cokriging

Multivariate space-time ordinary cokriging modeling can be accomplished by extend-
ing ordinary cokriging. Let % (u®) be the kriged estimate of variable ¢ (¢ =1, ..., p)
for the true value z%(u®) at location u®. The u is changeable depending on the kind
of variable and should therefore be rearranged because patterns of insufficient data
differ. The general form of ordinary cokriging, which is a weighted mean method
performed by assigning suitable weights to sample data around u®, is

p Mg
Fay=Y Y M) @=1.2...p (12)

p=1w=1

where z8 (u’g)), Aﬁ, and Ng denote the sample data of variable 8 at location u’S}, the

kriging weight, and the data number of variable 8, respectively.
The kriging weights in multivariate space-time ordinary cokriging can be derived
through the following two conditions that should be satisfied in cokriging.

1. The unbiased condition
E[Z*(u%) —z%(u*)] =0 (13)

which derives the following two different equations

Ny p Ng

D OER* @)+ Y Y AMER )] —E*W*)]=0 and (14)
w=1 B=1,B#a w=1

p Ng
>0 MERP )] - El2*@)]=0 (15)
B=1w=1

Equation (14) is the same form as that of traditional ordinary cokriging based on
the following unbiased condition

Ny Ng
> a%=1 and Y =0 (B=1.2.....p.f#)
w=1

w=l1

This restricts severely the influence of the other variables (Deutsch and Journel
1998), and allows the formation of the kriging weight matrix of (19) only when
all the variables are present at each sample point.

On the other hand, (15) expresses the standardized ordinary cokriging that re-

places the sample value 2P (uﬁ) with z# (u’g,) + My — Mg under the condition of
Zf;:] Zzﬁ: , A =1. M, and M s are the means of z% and z”, respectively. This
paper adopts the second unbiased condition for utilizing the influence from the

other variables and considering the above absences of data.
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2. The least estimation variance condition
[0%]* = Var[* (u®) — z% (u*)]
= E{[z*(@*)]*} — 2E[2* (u*)z* (u®)] + E{[2* (u*)]*}

p Ng
=C@*u)—2) > b cwml u)
p=1w=1
p Ng P No
+2 D MDY rCwl, u)) (16)
p=lw=1  0=1v=I
The minimization of objective function F = [02]% — ZM(ZZ=1 Z]u\fﬂ: , YA
with Lagrange multiplier u is accomplished by
oF L
— =20, u) +2Y Y alcwl ul) — 21 =0
O 9=1v=1
N (17)
9F p Np 5
@Z—z Yo M -1)=0
p=1w=1
which derives the linear equation system
P No
DY Ml uf) - p=C@f u*)
0=1v=1
b N (18)
PP
p=1w=1

Consequently, the kriging weights can be determined by solving the matrix

o)< [-[9] <@

[ ¢y M) Clhyy) Py CPhyy) C2(hyy,)
Chy) by Chpy)  C2hy)  CP(hyp) C2(hyy,)
by CUihypo) Chyyy)  CPy ) CPhyp) C2(hy,ny)
'y by Chyy)  C2hy)  CEhyp) C2(hyy,)
CHhy)  CH(hy) Clhyy) €2y CZ(hy) C2(hyy,)

C= : : : : : :
C?'(hy, ) CH(hy,2) C?lhy,n)  CPE(hy) CP(hy o) C2(hy, N,)
CPl(hyy)  CPlhyp) CPl(hyy)  CPX(hy)  CP2(hyp) CP2(hyy,)
CPlhy)  CPl(hy) CPl(hay,)  CPX(hpy)  CP2(hy) CP (hyy,)

| CPl(hy,1) CPl(hy,2) CPlhy,y,)  CPi(hy,) CPl(hy) CP2(hy, n,)
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Py €y o CPy,) T
C'P(hy)  C'P(hy) - C'P(y,)
'y, ) C'PMypn) o CP(hyN,)
CPhy)  C¥(hyy) - CF(hyy,)
C¥(hy))  C¥(hy) - CP(hy,)
C¥(y,) C¥(hyp) - CP(hy,N,)
CPP(hyy)  CPP(hip) -+ CPP(hyy,)
. CPP(hyy)  CPP(hyy) -+ CPP(hyy,)
CPP(hy,1) CPP(hyp) -+ CPP(hyyn,) |

_ -

)‘l — lo -

N C%(hyu)

2 C'% (hau)

)\i 10(:

o C**(hy,u)

Ay C* (hyu)

2 C** (how)

A= ], CY = :

M, C%* (hy,u)

AL CP%(hpy)

A2 CP(hoy)

/\;;v L CP*(hy,u) |

- p -

where C*#(h,,,) denotes the cross-covariance of variables « and 8 between two
space-time locations, u$, and u’g , and I is the unit column vector with the same di-
mension of C as 2221 Ng. For the cross-semivariogram form, C*(h,,) can be

replaced by y*# (h,,).

A Case Study
Data Sets and Variogram Modeling

The proposed methods are tested for a sea environmental change problem on Ari-
ake Sea in central Kyusyu, southwest Japan, which is typical closed sea with only
one narrow channel to the outer sea in the west (Fig. 1). This is shallow sea with
an average water depth of 20 m, and especially shallow in the northern part under
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33°20°’N

Pacific Ocean

A e
130°E m 130°50°F

Fig. 1 Location of study area and 38 stations for monthly measuring physical and chemical properties of
sea water. The rectangle is the calculation area for kriging shown in Figs. 6 and 7

5 m depth. The exchange cycle of sea water is about two months generally, but it
is faster in the channel and river mouths (Takikawa et al. 2003). Its environment is
known to have been worse recently due to many factors such as urban developments
near the sea. There are 38 stations for periodically measuring (at intervals of nearly
one month) the physical and chemical properties of the sea water in the study area
with about 40 km x 80 km extent. The stations were set by three marine resources
laboratories in the three prefectures (Kumamoto, Saga, and Fukuoka) surrounding
the sea to monitor the water quality. Investigation items include: vertical profiles of
water temperature and salinity, water clarity, amount of plankton sediments, pH, dis-
solved oxygen (DO), chemical oxygen demand (COD); and concentration of NO,-N,
NO3-N, NH4-N, PO4—P, SiO,-Si, and dissolved inorganic nitride (DIN) (Takikawa
etal. 2003). Among the data, four nutritive salts (NO2—N, NO3—-N, NH4—N, and PO4—
P), which had been sampled monthly near the sea surface from 1975 to 2000, were
selected for the analysis by multivariate space-time geostatistics. This is because of
relatively high data quality and their importance as environmental indicator.
Because the four nutritive salts are compositional volume data, the methods pro-
posed by Aitchison et al. (2000), Pawlowsky-Glahn and Egozcue (2002), and Martin-
Fernandez et al. (2003), which consider the specific characters of this type of data,
may be necessary. However, the four nutritive salts are minor elements and the con-
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Fig. 2 Histograms of the
concentration data of four
nutritive salts, NO—N, NO3-N,
NH4-N, and PO4-P, that are
transformed into logarithm and
zero means by subtracting their
logarithmic averages. Gaussian
curves are overlaid with the
histograms to examine
lognormality

Frequency

5-4-3-2-1012 34 5-4-3-2-101 2 34

Concentration transformed into logarithm (log z mol//)

centrations are much smaller than the data examined in those references. This re-
quires no constraint conditions that relate the nutritive salts concentrations. Thus, the
present data are applicable to cokriging as usual multivariate.

Figure 2 shows the histograms of the concentration data of the four nutritive salts
transformed into logarithm, whereby they can be approximated by a normal distri-
bution that is suitable to geostatistical application. The average values are removed
from the log-transformed data to make zero-mean data sets. The following analyses
use these data sets, and the results are transformed inversely into the original scale.

The experimental space-time semivariograms, cross-semivariograms, and the ten-
sor product cubic smoothing surface models of the nutritive salt concentrations are
drawn in Fig. 3, in which the lag along space is 2 km with 1 km tolerance and the
lag along time is one month with half a month tolerance. Considering the shape of
the Ariake Sea and the arrangement of the 38 stations (Fig. 1), the anisotropic be-
haviors of variograms should be checked along the two directions of the long axis,
NE-SW, and the short axis, NW-SE, of the arrangement. However, their directional
variograms are almost the same, and for this reason we used omni-directional vari-
ograms only.

Cross-Validation

The effectiveness of the variogram models and the multivariate space-time standard-
ized cokriging was evaluated by cross-validation that clarified the relationships be-
tween the observation and estimation values. The estimations were calculated by the
sample data around the sample point but excluding the data at the point. Kriging esti-
mation requires at least 3 and 1 data along the space and time, and in this evaluation
these values at most grid points were 4 and 2, respectively, taking into consideration
the search ranges and minimizing estimation errors. Accordingly, in order to estimate
the value at each space-time grid point, we used 3 to 8 sample data generally, consist-
ing of 1 to 4 variables around the grid point. The largest spatial search range of the
data was 15 km, and the longest temporal search range was 4 months for kriging.
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Fig.4 Scattergrams for the cross-validation between the observation and estimation values by multivariate
standardized space-time ordinary cokriging. The 45 degree lines are included to check the degree of the
smoothing effect

The correlation coefficients obtained in the cross-validation were: NO>,—-N = 0.79,
NO3-N = 0.80, NH4—N = 0.70, and PO4—P = 0.77. The 45 degree lines are overlaid
with the scattergrams of Fig. 4 to understand the degree of the smoothing effect.
In all the nutritive salts, the clusters are found to be elongated along the lines. Fur-
thermore, two space-time semivariogram models of NH4—N and two cross semivari-
ogram models of NO3—N and PO4-P, which were produced by the above product-sum
and tensor product cubic smoothing surface methods, are compared in Fig. 5. Obvi-
ously, the product-sum models are almost flat, and the nugget effects are too large
for the sills, signifying weaknesses in the correlation structures. The tensor product
cubic smoothing surface models fit the complicated changes of the experimental var-
iograms much better. The flat variogram models obtained by the product-sum method
resulted in a decrease of estimation accuracy, shown by lower correlation coeffi-
cients for the cross-validation: NO>—N = 0.74, NO3-N = 0.55, NH4;—N = 0.62, and
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NH,-N NO,-N and PO,-P
Tensor product cubic smoothing model Tensor product cubic smoothing model
Product-sum model § Product-sum model
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Fig. 5 Comparison of two space-time semivariogram models for NH4—N and cross-semivariogram mod-
els for NO3—N and PO4—P by the product-sum method and the tensor product cubic smoothing surface
method

PO4—P = 0.77. Therefore, it could be confirmed that the tensor product cubic smooth-
ing method is more suitable.

Space-time Concentration Model

Space-time concentrations were estimated at a space interval of 1 km x 1 km over
the study area and at a time interval of 3 months from 1975 to 2000. Therefore, the
40 x 80 x 104 space-time points in total were targeted for the calculation. Figure 6
illustrates examples of the estimation results of NO3—N and NH4—N in June and
NO>-N and PO4—P in September. These months were chosen because their concen-
trations had characteristic distributions in that the concentrations have large spatial
variations over the Ariake Sea. In these figures, the black areas are the land and the
white areas in the sea are where the concentrations could not be estimated because of
a lack of sufficient data.

The results are compared with those obtained from single variable space-time or-
dinary kriging (Liu et al. 2004; Koike et al. 2005), as shown in the lower column.
General trends with respect to the locations of high and low concentrations are sim-
ilar between the multivariate and single variable kriging models. However, it is con-
spicuous that the multivariate model can express local changes of the concentrations
while overcoming the smoothing effect shown in the single variable models. Another
advantage of the model is that it can fill in the blank areas that the single variable
models can not estimate because of the lack of data regarding the target component.
This can be confirmed well from the northern parts of the concentration maps of
NO>-N in September 1996 and September 1999, NH4—H in June 1995, and PO4—P
in September 1999.

Common to the four components and for all years, the concentrations are relatively
high in the northern sea and near the land, and in particular near large cities such as
Kumamoto (Fig. 1). It is noteworthy that the concentrations of NO3—N and NH4-N
increased in the northern sea after 1995 and 1994, respectively, as such trends signify
that the concentrations of nutritive salts can be influenced by urban development.
Another interesting characteristic is found in the maps for 1996 and 1997, in which
the concentrations of NO>—N and PO4—P occasionally became the highest or second
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2000 (#mol/l)

1982 1986 1990 1992 1994 1995 1996 1997 1998 1999

1978

B

Fig. 6 Estimated distributions of the concentrations of four nutritive salts over the Ariake Sea. MCK and
SK denote space-time models by multivariate standardized ordinary cokriging and single variable ordinary
kriging
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highest in the middle sea near Kumamoto City. This trend was not observed for the
other components.

Discussion

The validity of complicated distributions of nutritive salt concentrations by multivari-
ate cokriging must be examined. To this end, we focused on the sea color as obtained
through Landsat-5 Thematic Mapper (TM) images because color trends are corre-
lated with water turbidity and quality. Three sources of visible band data (bands 1,
2, and 3) were used to make a true color composite image on 10 November 2000.
The blue, green, and red colors are assigned to bands 1, 2, and 3, respectively. The
turbidity is shown by the unclearness of the blue color. The image was compared
with the estimated concentrations of NH4—N in November 2000 by the cokriging and
kriging models (Fig. 7). Because these visible blue, green, and red band data have
relatively high correlations with the NH4—N concentrations at the measurement sta-
tions, as shown in the correlation coefficients of 0.80, 0.79, and 0.76, respectively,
the color composite image soft data was chosen for the check. This correlation may
originate from the fact that large water turbidity is associated partly with dense sand
and clay particles that are poured into the sea through rivers along with nutritive salts.

Two points of difference between the two models are noticeable in the northern
sea. The cokriging model could clearly separate the area into two zones, the eastern
side with the highest concentrations and the western side subordinate to the east-
ern side. In the kriging model, on the other hand, the concentrations in the area are

Nov.10, 2000 Nov. 2000 Nov. 2000 (emolll)
3 3

+25

0.5

Fig. 7 Comparison of (a) true color composite image of band 1 (blue), 2 (green), and 3 (red) data of
the Landsat-5 TM on 10 November 2000, with two estimation maps of the concentration of NH4-N by
(b) multivariate standardized ordinary cokriging and (c) single variable ordinary kriging in November
2000. The turbidity of the sea water, shown by the unclearness of the blue color, was found to have a
correlation with the NH4—N concentration at the stations shown in Fig. 1. (Colour figure online)
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almost uniformly high. The other point of difference is that the concentrations ob-
tained by the cokriging model are uniformly low except for the high concentration
zones noted above, while the concentrations adjacent to the high zones obtained by
the kriging model are higher than those of the cokriging model. This trend may result
from the smoothing effect, in which the high concentration data influence the krig-
ing estimates more strongly and widely. Those two characteristics in the cokriging
model correspond with the turbidity trends that appeared in the color composite im-
age. Consequently, it can be said that multivariate cokriging can produce estimations
better than single variable ordinary kriging.

Conclusions

In this paper, variogram modeling by tensor product cubic smoothing surface and
multivariate space-time standardized ordinary cokriging were proposed for improv-
ing the availability of multivariate geostatistics. The main results obtained are sum-
marized as follows:

1. The tensor product cubic smoothing surface method is effective in modeling ex-
perimental space-time semivariograms because this method can balance between
the closeness of the experimental data and the smoothness of the model. Further,
when compared with the product-sum method, it can follow reasonably compli-
cated space-time correlation structures.

2. Multivariate space-time standardized ordinary cokriging was formulated to con-
sider irregular absences of data where patterns may change depending on the type
of data. The advantages of this method over single variable ordinary kriging were
demonstrated by a case study of a closed sea environment. The cokriging model
expressed local changes of the concentrations of nutritive salts while overcoming
the smoothing effect and filled in the blank areas where the ordinary kriging could
not estimate because of the lack of data regarding the target component.

3. The validity of the cokriging model was confirmed because the correlation coeffi-
cients in the cross-validation were relatively high: NO,-N = 0.79,
NO3-N = 0.80, NH4—N = 0.70, and PO4—P = 0.77. Furthermore, the sea color
shown by the color composite image from the three visible band data of the
Landsat—-5 TM corresponded well with the NH4—N concentration model, which
may be related to the water turbidity. From the cokriging models, environmental
changes, such as the recent increases observed in June in the northern sea for the
NO3;-N and NH4—N concentrations, were clarified.
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