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S U M M A R Y
In this study, we extended the boundary integral equation method (BIEM) to include the
effect of free surface, which is crucial for the interpretation of near-field observations of
large earthquakes on dipping faults, which are buried shallower or rupture to the ground. On
the basis of the Green’s function in 3-D half space, the boundary integral equations (BIEs)
for dynamic rupture propagation on a planar fault embedded in 3-D elastic half space are
derived. Since the Green’s function can only be expressed as double integration, rather than
analytic closed form as in full space, computation of the BIEs for rupture dynamics in half
space is rather complicated. Consequently, serious difficulties arise, including the existence of
hypersingularities in the kernels and the computation of rapid oscillatory multiple integrals. To
resolve them, we first systematically presented the effective regularization procedures, which
consists of the generalized Apsel–Luco correction and the regularization algorithm proposed
by Karami & Derakhshan to remove the hypersingularities, then proposed a simple while
efficient algorithm to speed up the computation of integrals involved in the kernels of BIEs.
Finally, the BIEM algorithm proposed in this study for modelling rupture dynamics of a fault
with arbitrary dip angle in 3-D half space becomes exercisable, and provides a powerful tool
for investigating the physics of earthquake dynamics.

Key words: boundary integral equation, Green’s function, half space, planar fault, seismic
source dynamics, spontaneous rupture propagation.

1 I N T RO D U C T I O N

The geometry of dipping faults, which intersect the free surface, is an important origin of complexities of seismic sources (e.g. Nielsen

1998; Oglesby et al. 1998, 2000a,b; Oglesby & Day 2001a,b). Because of strong interaction between the dipping faults and the free surface,

large earthquakes, such as the 1999 Chi-Chi, Taiwan, earthquake, usually cause serious damages (Shin & Teng 2001). It is, therefore, of

great importance to study the dynamic rupture processes occurring on such faults not only for understanding the physics of seismic sources

but also for the efforts in predicting future earthquakes (Oglesby & Day 2001a). However, it is difficult to solve the dynamic rupture

processes on dipping faults. On the one hand, spontaneous propagation itself is a highly non-linear moving-boundary problem, which is

still a difficult problem in mathematical physics to date; on the other hand, the asymmetric fault geometry makes the problem even more

difficult.

To model dynamic rupture of seismic sources, several methods have been applied in the past four decades. Analytic method, first

introduced by Kostrov (1966) and then developed by many authors, is of great significance in theoretical analysis. However, since many

simplifications must be postulated, it is limited to semi-infinite (Kostrov 1966) or finite (Takeuchi & Kikuchi 1973; Knopoff & Chatterjee

1982; Chatterjee & Knopoff 1983; Chen 1985; Chen et al. 1987) 2-D shear crack problems and circular (Kostrov 1964; Burridge & Levy

1974) or elliptic (Burridge & Willis 1969; Richards 1976) 3-D self-similar shear crack problems. To solve a complicated 3-D dynamic rupture

problem, one must fall back on numerical methods. Three methods have been widely used for this purpose: the finite-difference method

(FDM), the finite-element method (FEM) and the boundary integral equation method (BIEM). The FDM is introduced to dynamic rupture

modelling by Madariaga (1976) and Andrews (1976) independently. Since the 1980s, it is developed by many authors (Virieux & Madariaga

1982; Day 1982a,b; Levander 1988; Miyatake 1992; Harris & Day 1993; Mikumo & Miyatake 1995; Madariaga et al. 1998; Cruz-Atienza

& Virieux 2004), and is now one of the most powerful tools to study rupture propagation. However, the FDM seems to be limited in vertical

or horizontal fault geometry owing the regular grid partitioning. Recently, Zhang et al. (2004) attempted to break this limit by assuming a

‘thick’ fault. Unlike the FDM, the FEM is very flexible in treating problems with irregular geometry, and is therefore very popular in many

fields of science and engineering. However, huge computation and limited resolution are the major obstacles for the FEM. Although several
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authors, such as Archuleta & Frazier (1978) and Archuleta & Day (1980), applied the FEM to model 3-D dynamic problem about 20 yr ago, it

is not widely used in dynamic rupture modelling until parallel computing technique is well developed recently (Oglesby et al. 1998, 2000a,b;

Oglesby & Day 2001a,b; Aagaard 1999; Aagaard et al. 2001).

Both the FDM and the FEM belong to the so-called domain method, in which the whole domain under consideration must be discretized

and solved simultaneously. For a 3-D problem, especially a 3-D infinite-domain problem, a large number of elements must be divided, and

therefore the computation is expensive. Besides, the boundary conditions must be treated with great caution. Contrary to the FDM and the

FEM, the BIEM falls into the boundary method. In this method, only equations on the boundary must be established and solved, and then

quantities in the domain can be obtained via integral representation. Compared with the FDM and the FEM, the dimension of the problem to

be solved is reduced by one. This merit, as well as the semi-analytic character, makes the BIEM very suitable for solving dynamic rupture

problem with stress concentration on the tip of the crack. The BIEM for modelling the dynamic rupture of earthquakes can be divided into

two categories, that is, the implicit scheme and the explicit scheme. The implicit BIEM was proposed by Das and her co-workers (Das &

Aki 1977; Das 1980, 1981; Das & Kostrov 1987) on the basis of Kostrov’s pioneered analytical framework (Kostrov 1966). Although without

suffering the hypersingularity difficulty, this method is limited to dynamic rupture problem of a single planar fault embedded in full space.

The explicit BIEM, first introduced by Koller et al. (1992), not only is easy to incorporate the complex non-linear friction laws, but also can

be applied to the problems with complex shaped faults (e.g. curved fault, piecewise planar fault, or step-over faults, etc.). Moreover, it can

achieve a superior performance over other methods in both computational efficiency and accuracy after elaborate mathematical treatment

on the hypersingualrity of the Green’s function. For these reasons, the explicit BIEM is becoming the most favourable tool for studying the

dynamic rupture processes of complex earthquake fault systems (e.g. Cochard & Madariaga 1994; Fukuyama & Madariaga 1995, 1998; Chen

& Aki 1996; Tada et al. 2000; Aochi et al. 2000a,b; Aochi & Fukuyama 2002).

However, the medium models used in current studies based on the BIEM have been restricted to elastic full space, because the BIEM

depends heavily on the Green’s function, and only the Green’s function for full space has closed analytic form, which is crucial for establishing

the exercisable algorithm of BIEM (see, e.g. Fukuyama & Madariaga 1995, 1998; Tada et al. 2000). Full-space model is a good approximation

for cases in which the faults are buried at some depth; however, it is invalid when the ruptures run directly to the free surface because of

the strong interaction between the fault and the free surface (see, e.g. Nielsen 1998). Although Quin (1990) and Aochi & Fukuyama (2002)

attempted to approximately simulate the effect of free surface by introducing imaginary sources for strike-slip faulting, they did not show

how to handle the problem for a dipping fault. As a matter of fact, the properness and applicability of so-called image method are very

limited, because the 3-D elastic waves due to a planar free surface cannot rigorously be represented by any kind of imaginary sources. In

reality, ruptures of most disaster earthquakes run onto the ground, or run up to very shallow sediment layer; consequently, the free surface

effect cannot be ignored in modelling the dynamic faulting of real earthquakes. Moreover, most of seismic faults are orientated with some

dip angle. Therefore, there is an urgent need to develop an accurate and efficient algorithm for modelling the dynamic faulting process of real

earthquakes.

In the present study, we shall extend the explicit BIEM to model the dynamic rupture of a dipping fault with an arbitrary dip angle

embedded in 3-D elastic half space. The key point of such extension is the using of Green’s function for 3-D elastic half space. Although the

importance of using half-space Green’s function is obvious, there are many difficulties in dealing with such problem. Unlike the full-space

case, the Green’s function for 3-D elastic half space cannot be expressed in a simple analytical closed form; it is instead represented by

double integrations (e.g. Kennett 1983; Chen 1999). Another major obstacle in this extension is the hypersingularity appeared in the boundary

integral equations. In this article, we shall systematically present the theoretical development and the detailed methodology of tackling those

mathematical difficulties. In the companion article, we shall present the validations of our new method, and the investigations on effects of

free surface and faulting obliquity on dynamic rupture processes of earthquakes.

2 F U N DA M E N TA L B O U N DA RY I N T E G R A L E Q UAT I O N S A N D T H E I R

D I S C R E T I Z AT I O N

In this study, we consider the dynamic rupture propagation on a rectangular planar fault, whose length is parallel to the free surface, embedded

in an elastic half space, as illustrated in Fig. 1. The fault plane and the free surface are indicated in dark and light gray, respectively. L, W and

δ (0◦ ≤ δ ≤ 90◦) are the length, the width and the dip angle, respectively. Ox1x 2x 3 and O ′x ′
1x ′

2x ′
3 are coordinate systems built on the free

surface and the fault, where axes x1 and x2 are in the free surface, and axes x ′
1 and x ′

2 are in the fault plane. Origins O and O′ are concurrent,

and axes x1 and x ′
1 are concurrent, which are in consistent with the intersection line of the fault and the free surface. The upper bound of the

fault is parallel to the free surface, and the vertical distance between the two is h (h ≥ 0).

Throughout this study, we suppose only shear slip occurs, that is, the slip is in the fault plane (Mode II and III). Slip is allowed only in

the direction of the stress drop, which is assumed to be parallel to x ′
1 or x ′

2 axis, as usually did in dynamic rupture models (e.g. Fukuyama

& Madariaga 1998; Madariaga et al. 1998; Aochi et al. 2000a,b; Aagaard et al. 2001; Aochi & Fukuyama 2002). In other words, two

special cases are considered in the present study: dip slip and strike slip. Since the focus of this study is not on nucleation of rupture,

we shall initiate the rupture at t = 0 by given an artificial ‘kick’ (see, e.g. Fukuyama & Madariaga 1998; Madariaga et al. 1998). This is

performed by assuming a small patch (i.e. asperity, Kanamori & Stewart 1978), in which the initial stress is slightly higher than the yield

stress.
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Figure 1. Geometry model of this study. The fault is simplified as a dipping rectangular with length L, width W and a dip angle δ (0◦ ≤ δ ≤ 90◦). h ≥ 0 is

the distance between the upper bound of the fault and the free surface. Ox1x 2x 3 and O ′x ′
1x ′

2x ′
3 are coordinate systems built on the free surface and the fault,

where axes x1 and x2 are in the free surface, and axes x ′
1 and x ′

2 are in the fault plane. Origins O and O′ are concurrent, and axes x1 and x ′
1 are concurrent,

which are in consistent with the intersection line of the fault and the free surface.

2.1 Fundamental boundary integral equations

The start point of the explicit BIEM is the representation theorem (see, e.g. Aki & Richards 1980). In frequency domain, the representation

theorem for a fault plane can be written as

ũn(x, ω) =
∫ ∫

�

�ũi (ξ, ω)ci jpqν j G̃np,q (x, ξ, ω) d S(ξ), (1)

where x and ξ are, respectively, the field and source points, � is a fault plane that consist of two opposite surfaces �+ and �−, ω is the circular

frequency, �ũi = ũi |�+ − ũi |�− is the slip on the fault, G̃np is the Green’s function for half space, cijpq and ν j are the elastic constants and the

unit vector normal to the fault. It is noted that ˜(·) denotes quantity in frequency domain. Partial derivatives with respect to xi and ξ i are marked

as ∂ i (·) and (·),i , respectively. Throughout this paper, Roman subscripts are supposed to run over 1, 2 and 3, while Greek subscripts run over

1 and 2, and Einstein’s summation convention over repeated indices is assumed. Quantities in coordinate systems Ox1x 2x 3 and O ′x ′
1x ′

2x ′
3 are

hereafter marked as (·) and (·)′, respectively. Occasionally, the same symbol represents different quantities in different context, for example,

k denotes the horizontal wavenumber in some context while serving as a subscript/superscript elsewhere, and δ stands for both the dip angle

of the fault and the name of Dirac delta function, but we believe no confusion will arise because the meaning of the symbol can be clearly

recognized from the context.

To obtain the explicit BIEs, we take the derivative of ũn with respect to xi

∂mũn(x, ω) =
∫ ∫

�

�ũi (ξ, ω)ci jpqν j∂m G̃np,q (x, ξ, ω) d S(ξ). (2)

Notice that the left-hand side of eq. (2) is the spatial derivative of the unknown ũn , and the right-hand side is the sum of weighted integrals of

slip �ũn , which is also an unknown. It means that the derivatives of displacement on an arbitrary point in a half space V can be expressed as

the weighted integrals of slip on the fault plane, see Fig. 2(a).

Figure 2. Sketch for changing a boundary point to an inner point. (a) Elastic half space with an inner planar fault �. x is an inner point of volume V .

(b) Elastic half space with an inner fault �′, which is composed of the original planar plane without a neighborhood of the original boundary point xP , � −
eε and a half rotary ellipsoid s ε . The original boundary point xP now becomes an inner point. (c) Zoomed figure of neighborhood of xP in 3-D. The region in

white color is an ellipse eε with half major axis ε/cos δ and half minor axis ε.
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Since for a given point x in the region V , as illustrated in Fig. 2(a), the displacement can be expressed as a surface integral on slip on

the fault �, the slip �ũn must be calculated first. It is natureal to put x directly on the boundary. However, since eq. (2) is valid only for x in
the region, we apply the usual manner in BIEM study (e.g. Guiggiani & Gigante 1990; Guiggiani et al. 1992; Karami & Derakhshan 1999;

Frangi & Guiggiani 2001) to establish the BIEs on boundary.

Let the inner point xP locate on the fault �. We define a new fault plane �′ = � − eε + s ε (Fig. 2b), in which � is the original fault

plane, eε is a small ellipse with xP on the center, s ε is a half rotary ellipsoid, as illustrated in Fig. 2(c). The half major axis and half minor axis

of eε are ε/cos δ and ε with ε → 0, such that the projection of eε onto the Ox1x 2 plane is a circle with a radius ε. Since ε → 0, the surface

integral on �′ tends to that on �. In such case as shown in Fig. 2(c), however, the boundary point xP on original fault � now becomes an

inner point of region V with �′. Therefore, let x =xP , eq. (2) gives

∂mũn(xP , ω) = lim
ε→0

∫ ∫
�−eε

�ũi (ξ, ω)Znim(xP , ξ, ω) d S(ξ)

+ lim
ε→0

∫ ∫
sε

�ũi (ξ, ω)Znim(xP , ξ, ω) d S(ξ), (3)

with Znim(xP , ξ, ω) = ci jpqν j∂m G̃np,q (xP , ξ, ω). Substituting the Taylor’s expansion of �ũi (ξ, ω) on s ε

�ũi (ξ, ω) = �ũi (x
P , ω) + �ũi,k(xP , ω)

(
ξk − x P

k

) + O(ε2), for ξ on sε (4)

into eq. (3) yields

∂mũn(xP , ω) = lim
ε→0

∫ ∫
�−eε

�ũi (ξ, ω)Znim(xP , ξ, ω) d S(ξ) + I1(xP , ω) + I2(xP , ω) + I3(xP , ω), (5)

where

I1(xP , ω) = lim
ε→0

∫ ∫
sε

O(ε2)Znim(xP , ξ, ω) d S(ξ),

I2(xP , ω) = �ũi (x
P , ω) lim

ε→0

∫ ∫
sε

Znim(xP , ξ, ω) d S(ξ),

I3(xP , ω) = �ũi,k(xP , ω) lim
ε→0

∫ ∫
sε

(
ξk − x P

k

)
Znim(xP , ξ, ω) d S(ξ).

Since the Green’s function has weak singularity, that is, G̃np(xP , ξ, ω) ∼ O( 1
ε
) as ε → 0, Znim(xP±, ξ, ω) and 1/ε3 are infinities with the

same order. d S ∼ ε2, thus

I1(xP , ω) = lim
ε→0

O

(
ε2 · ε2 · 1

ε3

)
= 0, (6)

Notice that

lim
ε→0

∫ ∫
sε

Znim(xP , ξ, ω) d S(ξ) = lim
ε→0

O

(
1

ε

)
,

we have

I2(xP , ω) = lim
ε→0

Anm

ε
, (7)

where Anm is some bounded quantity. Define

Cikmm
	= lim

ε→0

∫ ∫
sε

(
ξk − x P

k

)
Znim(xP , ξ, ω) d S(ξ),

where Cikmm are the so-called free terms. Since free terms are bounded terms, many efforts have been made to calculate them in the BIEM

studies (e.g. Guiggiani & Gigante 1990; Guiggiani et al. 1992; Guiggiani 1995; Mantic & Paris 1996; Young 1996; Frangi & Guiggiani 2001).

It is difficult to calculate free terms. Fortunately, however, when a simple box-like discretization scheme is applied (Section 2.2), this difficulty

can be avoided. In the present discretization scheme, �ũi,k(xP , ω) = 0, therefore

I3(xP , ω) = 0. (8)

With eqs (6)–(8), we obtain

∂mũn(xP , ω) = lim
ε→0

∫ ∫
�−eε

�ũi (ξ, ω)Znim(xP , ξ, ω) d S(ξ) + lim
ε→0

Anm

ε
. (9)

The stress–tensor field on the fault can be found as follows:

τ̃kl (x
P , ω) = cklnmci jpgν j I m,q

inp (xP , ω) + lim
ε→0

A′
kl

ε
, (10)

and

I m,q
inp (xP , ω) = lim

ε→0

∫ ∫
�−eε

�ũi (ξ, ω)∂m G̃np,q (x, ξ, ω) d S(ξ).
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The Green’s function is solved in coordinate system Ox1x 2x 3 (see Section 3); therefore, it is convenient to calculate the surface integration in

Ox1x 2x 3, and then calculate the rupture process on coordinate system Ox′
1x ′

2x ′
3. Project the fault plane � − eε on to the free surface, integral

I m,q
inp can be expressed as

I m,q
inp (xP , ω) = w0 lim

ε→0

∫ ∫
�′−e′

ε

{
�ũi (ξ, ω)∂m G̃np,q (xP , ξ, ω)

}
ξ3=pαξα

dξ1 dξ2, (11)

in which �′ − e′
ε is the projection of � − eε on surface Ox1x 2, and e′

ε is a circle with a radius ε. w0 =
√

1 + p2
1 + p2

2, in which pα is

the coefficient of the plane equation of the fault x 3 = pαx α . For the specific case shown in Fig. 1, p1 = 0 and p2 = tan δ. It is noticed

that the twice differentiations on the Green’s function in eq. (11) results in singularities in the order of 1/ε3, that is, the hypersingularities,

which are generally non-removable. However, some of them can be regularized by simply integrating by parts (e.g. Sládek & Sládek 1984;

Nishimura & Kobayashi 1989; Fukuyama & Madariaga 1995, 1998; Tada et al. 2000); the rest remain non-removable that are keys for

processing the regularization later in the Section 4 aiming at accurately evaluating the value of singular sum in eq. (10). As a matter of fact,

the hypersingularities asscociated with derivatives to ξ 1 or ξ 2 can be removed by using the following relations

G̃i j,α = d

dξα

G̃i j − pαG̃i j,3, ∂αG̃i j = −G̃i j,α,

and taking integration by parts. Finally, the integrals defined in eq. (11) are reduced to the followings:

I α,β

inp (xP , ω) = Uiαnpβ (xP , ω) − pαUiβnp3(xP , ω) − pα pβW I
inp(xP , ω), (12.1)

I α,3
inp (xP , ω) = Uiαnpβ (xP , ω) + pαW I

inp(xP , ω), (12.2)

I 3,β

inp (xP , ω) = −Viβnp(xP , ω) − pβW II
inp(xP , ω), (12.3)

I 3,3
inp (xP , ω) = W II

inp(xP , ω), (12.4)

in which,

Uiαnpq (xP , ω) = w0 lim
ε→0

∫ ∫
�′−e′

ε

{
[�ũα,1(ξ, ω) + pα�ũi,3(ξ, ω)]G̃np,q (xP , ξ, ω)

}
ξ3=pβ ξβ

dξ1 dξ2, (13.1)

Viαnp(xP , ω) = w0 lim
ε→0

∫ ∫
�′−e′

ε

{
[�ũα,1(ξ, ω) + pα�ũi,3(ξ, ω)]∂3G̃np(xP , ξ, ω)

}
ξ3=pβ ξβ

dξ1 dξ2, (13.2)

W I
inpj (x

P , ω) = w0 lim
ε→0

∫ ∫
�′−e′

ε

{
�ũi (ξ, ω)G̃np,33(xP , ξ, ω)

}
ξ3=pβ ξβ

dξ1 dξ2, (13.3)

W II
inp(xP , ω) = w0 lim

ε→0

∫ ∫
�′−e′

ε

{
�ũi (ξ, ω)∂3G̃np,3(xP , ξ, ω)

}
ξ3=pβ ξβ

dξ1 dξ2. (13.4)

Substituting eqs (12) and (10) into eq. (10), the stress can be written as

τ̃kl (x
P , ω) = cklnαν j

{
ci jpqUiαnpq (xP , ω) + pαci jp3W I

inp(xP , ω) − pαci jpβ

[
Uiβnp3(xP , ω)

+pβW I
inp(xP , ω)

]} + ckln3ν j

{
ci jp3W II

inp(xP , ω) − ci jpβ

[
Viβnp(xP , ω)

+pβW II
inp(xP , ω)

]} + lim
ε→0

A′
kl

ε
. (14)

And through coordinate transform of tensor, stress in the coordinate system O ′x ′
1x ′

2x ′
3 can be obtained

τ̃ ′
mn(xP , ω) = Mm′k Mn′l τ̃kl (x

P , ω), (15)

where, M m′k is the coefficient of coordinate transform, and for problem illustrated in Fig. 1,⎛⎜⎜⎝
M1′1 M1′2 M1′3

M2′1 M2′2 M2′3

M3′1 M3′2 M3′3

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1 0 0

0 cos δ sin δ

0 − sin δ cos δ

⎞⎟⎟⎠ .

So far, the general BIEs, which are independent of specific forms of the Green’s function, have been established. It should be pointed

out that when the dip angle of the planar fault δ tends to 90◦ (e.g. δ > 60◦), it is convenient to project fault plane onto the Ox1x 3 plane, rather

than the Ox1x 2 plane, to ensure a proper or stable numerical computation. Derivation of the corresponding BIEs is similar to that above, and

is not repeated here for concision.
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ΔsjΔs

iΔs

ξ′2 (x′
2)

ξ′1 (x′
1)

t

kΔt

(k − 1)Δt

Figure 3. Sketch for discretization scheme. The horizontal plane is the fault plane, vertical axis is time. Dots in center of the cells on the fault plane denote the

positions of field point xP . �s is the space step. Slip rate in the box in grey is constant.

2.2 Discretization of the boundary integral equations

To obtain the forms propitious to numerical computation, a proper discretization scheme must be introduced. Here we adopt a simple box-like

discretization scheme (e.g. Cochard & Madariaga 1994; Fukuyama & Madariaga 1998; Aochi et al. 2000a)

�u̇′
α(ξ′, τ ) =

∑
l,m,n

V ′lmn
α

[
H

(
ξ ′

1 − ξ ′l
1

) − H
(
ξ ′

1 − ξ
′(l+1)
1

)]
·[H

(
ξ ′

2 − ξ ′m
2

) − H
(
ξ ′

2 − ξ
′(m+1)
2

)]
Ṡ(τ ; τ n), (l, m = 0, 1, 2, · · ·), (16)

where

Ṡ(τ ; τ n) = H (τ − τ n−1) − H (τ − τ n) (17)

and τ n = n�t . H (·) is the Heaviside function. ˙(·) means the partial derivative with respect to time variable t. V ′lmn
α is the slip rate in a

particular element (l, m, n) to be solved. Throughout this paper, (l, m) and n denote the serial numbers of spatial and temporal grids of

source point, respectively, while (i , j) and k are those of field points. For example, (i + 1
2
, j + 1

2
, k) stands for the field point with coordinate

(i�s + 1
2
�s, j�s + 1

2
�s) in coordinate system O ′x ′

1x ′
2x ′

3 at the instant k�t , in which �s and �t are spatial and temporal step sizes,

respectively. Fig. 3 shows a sketch for the discretization scheme. The horizontal plane is the fault plane, which has been divided into elements

with the center points denoting field points. The vertical axis is time axis. According to eq. (16), for fault plane at the instant k�t , the slip

rate in the cube in gray color in Fig. 3 is constant. For an arbitrary field point, we called the element into which it falls a collocation element,
and all the other elements non-collocation elements.

Substituting eq. (16) into eq. (10) and applying coordinate transform and discretization for field points, we get

U i j
sαr pq (ω) = w0 Mζ ′s

∑
l,m,n

V ′lmn
ζ Di j ;lm

αr pq (ω)S̃n(ω), (18.1)

V i j
sαr p(ω) = w0 Mζ ′s

∑
l,m,n

V ′lmn
ζ E i j ;lm

αr p (ω)S̃n(ω), (18.2)

Wα:i j
sr p (ω) = w0 Mζ ′s

∑
l,m,n

V ′lmn
ζ Fα:i j ;lm

r p (ω)S̃n(ω), (18.3)

with

Di j ;lm
αr pq (ω) =

∑
η

(Mη′α + pα Mη′3) lim
ε→0

∫ ∫
�′−e′

ε

Nlm
η (ξ1, ξ2)G̃i j

r p,q (ξ1, ξ2, ω) dξ1 dξ2, (19.1)

E i j ;lm
αr p (ω) =

∑
η

(Mη′α + pα Mη′3) lim
ε→0

∫ ∫
�′−e′

ε

Nlm
η (ξ1, ξ2)∂3G̃i j

r p(ξ1, ξ2, ω) dξ1 dξ2, (19.2)

F I:i j ;lm
r p (ω) = lim

ε→0

∫ ∫
�′−e′

ε

Nlm
3 (ξ1, ξ2)G̃i j

r p,33(ξ1, ξ2, ω) dξ1 dξ2, (19.3)

F II:i j ;lm
r p (ω) = lim

ε→0

∫ ∫
�′−e′

ε

Nlm
3 (ξ1, ξ2)∂3G̃i j

r p,3(ξ1, ξ2, ω) dξ1 dξ2, (19.4)
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and

Nlm
1 (ξ1, ξ2) = [

δ
(
D1αξα − D1αζ

lm
α

) − δ
(
D1αξα − D1αζ

(l+1)(m+1)
α

) ]
·[H

(
D2αξα − D2αζ

lm
α

) − H
(
D2αξα − D2αζ

(l+1)(m+1)
α

) ]
,

Nlm
2 (ξ1, ξ2) = [

H
(
D1αξα − D1αζ

lm
α

) − H
(
D1αξα − D1αζ

(l+1)(m+1)
α

) ]
·[δ (

D2αξα − D2αζ
lm
α

) − δ
(
D2αξα − D2αζ

(l+1)(m+1)
α

) ]
,

Nlm
3 (ξ1, ξ2) = [

H
(
D1αξα − D1αζ

lm
α

) − H
(
D1αξα − D1αζ

(l+1)(m+1)
α

) ]
·[H

(
D2αξα − D2αζ

lm
α

) − H
(
D2αξα − D2αζ

(l+1)(m+1)
α

) ]
,

G̃i j
r p(ξ1, ξ2, ω) = G̃r p

(
x

i+ 1
2

1 , x
j+ 1

2
2 , p1x

i+ 1
2

1 + p2x
j+ 1

2
2 , ξ1, ξ2, p1ξ1 + p2ξ2, ω

)
,

S̃n(ω) = 1

ω2
(1 − eiω�t )e−iωn�t ,

where

Dβα = Mβ ′α + Mβ ′3 pα, ζ lm
α = (2 − α)ξ ′l

1 + (α − 1)ξ ′m
2 ,

and δ(·) is the Delta function.

With eqs (14), (18) and (19), we can obtain the discrete BIEs on fault plane according to eq. (15)

τ
′i jk
st =

∑
l,m,n

Ci jk; lmn
stζ V ′lmn

ζ , (20)

where

Ci jk; lmn
stζ = F−1

{
Ms′a Mt ′b Mζ ′gνe

[
cabdα

(
cgepqDi j ;lm

αdpq (ω) + pαcgep3F I: i j ;lm
dp (ω)

−pαcgepβ

(
Di j ;lm

βdp3(ω) + pβF I: i j ;lm
dp (ω)

)) + cabd3

(
cgep3F II: i j ;lm

dp (ω)

−cgepβ

(
E i j ;lm

βdp (ω) + pβF I: i j ;lm
dp (ω)

))] · S̃n(ω)
}

t=k�t
+ lim

ε→0

Ai jk; lmn
stζ

ε
,

(21)

F−1(·) stands for inverse Fourier transform, and Ai jk; lmn
stζ is some bounded quantity. We call Ci jk; lmn

stζ the kernel of the BIEs. Notice that eq. (20)

is the same as that of Aochi et al. (2000a) in form, but the kernels are completely different. On the one hand, the kernels are defined by singular

eq. (21), in which there are not only explicit singular terms with order of 1/ε (the last term), but also hypersingular terms in the sum within

bracket {· · ·}. Detailed investigation reveals that the collocation elements of F I: i j ;lm
r p and F II: i j ;lm

r p contain the singular terms with order of

1/ε. On the other hand, kernels Ci jk; lmn
stζ are physically well-behaved normal quantities, accordingly, their values should be finite, or bounded.

Therefore, the parts associated with hypersingularities in the sum within bracket {· · ·} must be cancelled by the last explicit infinite term.

This will be explored in detail in Section 4.

3 G R E E N ’ S F U N C T I O N F O R E L A S T I C H A L F S PA C E

In the previous section, we have established the BIEs, which are independent of the special form of Green’s function. To calculate dynamic

rupture on planar fault in half space, the Green’s function for half space in specific forms is required. This is the subject of the present section.

3.1 Green’s function for half space

Since the pioneering work of Lamb (1904), numerous authors have studied the Green’s functions for different media (e.g. Cagniard 1939;

Pekeris 1955a,b; Helmberger 1968; Fuchs & Müller 1971; Johnson 1974; Luco & Apsel 1983; Yao & Harkrider 1983; Chen 1999). The

methods can be roughly divided into two categories, the Cagniard–de Hoop method based on Laplace transform, and the wavenumber

integration method based on Fourier–Bessel transform. Although solutions in time domain can be directly obtained by Caginard–de Hoop

method (Johnson 1974), the spatial derivative of the Green’s function involves two-order temporal derivatives, which is inconvenient to

numerical computation. In this study, we adopt the Green’s function given by the wavenumber integration method. According to Chen’s (1999)

derivation, the Green’s function for half space in frequency domain can be expressed as

G̃11(x, ξ, ω) = 1

4πμ

{
γ 2

1

[
I (0)

1 + I (0)
2

] + γ 2
2

[
I (0)

3 + I (0)
4

]}
, (22.1)

G̃12(x, ξ, ω) = G̃21(x, ξ, ω) = 1

4πμ
γ1γ2

{
I (0)

1 + I (0)
2 − I (0)

3 − I (0)
4

}
, (22.2)

G̃13(x, ξ, ω) = − 1

4πμ
γ1 I (0)

5 , (22.3)

G̃22(x, ξ, ω) = 1

4πμ

{
γ 2

2

[
I (0)

1 + I (0)
2

] + γ 2
1

[
I (0)

3 + I (0)
4

]}
, (22.4)
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G̃23(x, ξ, ω) = − 1

4πμ
γ2 I (0)

5 , (22.5)

G̃31(x, ξ, ω) = − 1

4πμ
γ1 I (0)

6 , (22.6)

G̃32(x, ξ, ω) = − 1

4πμ
γ2 I (0)

6 , (22.7)

G̃33(x, ξ, ω) = − 1

4πμ
I (0)

7 , (22.8)

where γ 1 = (x 1 − ξ 1)/r and γ 2 = (x 2 − ξ 2)/r are direction factors,{
I (0)

1

I (0)
3

}
= 1

2

∫ +∞

0

A(1)
S1 (x3, ξ3, k, ω)

[
J0(kr ) ∓ J2(kr )

]1

k
dk, (23.1)

{
I (0)

2

I (0)
4

}
= 1

2

∫ +∞

0

A(1)
T (x3, ξ3, k, ω)

[
J0(kr ) ± J2(kr )

]1

k
dk, (23.2)

I (0)
5 =

∫ +∞

0

A(1)
S0 (x3, ξ3, k, ω)J1(kr )

1

k
dk, (23.3)

I (0)
6 =

∫ +∞

0

A(1)
R1(x3, ξ3, k, ω)J1(kr )

1

k
dk, (23.4)

I (0)
7 =

∫ +∞

0

A(1)
R0(x3, ξ3, k, ω)J0(kr )

1

k
dk, (23.5)

and

A(1)
S1 (x3, ξ3, k, ω) = k2β2

ω2

{(k2

γ
eP − νeS

)
− R̄(k)

R(k)

(k2

γ
ePP + νeSS

)
+ 4k2νχ

R(k)
(eSP + ePS)

}
, (24.1)

A(1)
S0 (x3, ξ3, k, ω) = k3β2

ω2

{
sgn(x3 − ξ3)(eP − eS) + R̄(k)

R(k)
(ePP + eSS) − 4χ

R(k)
(k2eSP + νγ ePS)

}
, (24.2)

A(1)
R1(x3, ξ3, k, ω) = k3β2

ω2

{
sgn(x3 − ξ3)(eP − eS) − R̄(k)

R(k)
(ePP + eSS) + 4χ

R(k)
(νγ eSP + k2ePS)

}
, (24.3)

A(1)
R0(x3, ξ3, k, ω) = k2β2

ω2

{(
γ eP − k2

ν
eS

)
+ R̄(k)

R(k)

(
γ ePP + k2

ν
eSS

)
− 4k2γχ

R(k)
(eSP + ePS)

}
, (24.4)

A(1)
T (x3, ξ3, k, ω) = k2

ν
(eS + eSS), (24.5)

with

eP = e−γ |x3−ξ3|, eS = e−ν|x3−ξ3|, ePP = e−γ (x3+ξ3), eSS = e−ν(x3+ξ3),

eSP = e−(γ x3+νξ3), ePS = e−(γ ξ3+νx3),

γ = √
k2 − (ω/α)2 (Re(γ ) > 0), ν = √

k2 − (ω/β)2 (Re(ν) > 0), χ = 2k2 − (ω/β)2,R(k) = χ2 − 4k2νγ is the Rayleigh function

R̄(k) = χ2 + 4k2νγ, α and β are the P and S velocity, respectively, k is the horizontal wavenumber, ω is the circular frequency, r =√
(x1 − ξ1)2 + (x2 − ξ2)2, sgn(·) is the sign function and Jm(x) is the m-th order Bessel function.

It is worth noticing that in ω − k domain, the contributions from the free surface are separated from those of direct waves. It can be

proved in mathematics that if the terms corresponding to the contributions from the free surface are removed, the Green’s function above is

exactly the same as those for full space.

3.2 Spatial derivatives of the Green’s function

The following terms must be solved before returning to the discrete BIEs in eq. (20)

G̃i j,k, ∂3G̃i j , G̃i j,33, ∂3G̃i j,3. (i, j, k = 1, 2, 3)

We can see from eqs (22)–(24) that the terms involving x3 and ξ 3 are separated from those involving other spatial coordinates, and x3 and

ξ 3 appear only in the powers of exponential terms. Therefore, it is very convenient to calculate the derivatives with respect to x3 or/and ξ 3
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(Appendix A). However, it is rather more complicated to calculate G̃i j,α , because both the Bessel functions and the direction factors γ 1 and

γ 2 are functions of ξ 1 and ξ 2. Notice that

r,α = −γα, γβ,α = γαγβ − δαβ

r
,

and

J0(kr ) − J2(kr ) = 2J ′
1(kr ), J0(kr ) + J2(kr ) = 2

kr
J1(kr ), J ′′

1 (kr ) = 1

kr
J2(kr ) − J1(kr ).

G̃i j,α can be obtained as

G̃11,1(x, ξ, ω) = γ1

4πμ

{
2
(
γ 2

1 − 1
)

r

[
I (0)

1 + I (0)
2

]
+ 2γ 2

2

r

[
I (0)

3 + I (0)
4

]
− γ 2

1

[
I (1)

1 + I (1)
2

]
− γ 2

2

[
I (1)

3 + I (1)
4

]}
, (25.1)

G̃12,1(x, ξ, ω) = G̃21,1(x, ξ, ω) = γ2

4πμ

{
2γ 2

1 − 1

r

[
I (0)

1 + I (0)
2 − I (0)

3 − I (0)
4

]
− γ 2

1

[
I (1)

1 + I (1)
2 − I (1)

3 − I (1)
4

] }
, (25.2)

G̃13,1(x, ξ, ω) = 1

4πμ

{
1 − γ 2

1

r
I (0)

5 + γ 2
1 I (1)

5

}
, (25.3)

G̃22,1(x, ξ, ω) = γ1

4πμ

{
2

(
γ 2

1 − 1
)

r

[
I (0)

3 + I (0)
4

]
+ 2γ 2

2

r

[
I (0)

1 + I (0)
2

]
− γ 2

1

[
I (1)

3 + I (1)
4

]
− γ 2

2

[
I (1)

1 + I (1)
2

] }
, (25.4)

G̃23,1(x, ξ, ω) = − γ1γ2

4πμ

{
1

r
I (0)

5 − I (1)
5

}
, (25.5)

G̃31,1(x, ξ, ω) = 1

4πμ

{
1 − γ 2

1

r
I (0)

6 + γ 2
1 I (1)

6

}
, (25.6)

G̃32,1(x, ξ, ω) = − γ1γ2

4πμ

{
1

r
I (0)

6 − I (1)
6

}
, (25.7)

G̃33,1(x, ξ, ω) = γ1

4πμ
I (1)

7 , (25.8)

G̃11,2(x, ξ, ω) = γ2

4πμ

{
2

(
γ 2

2 − 1
)

r

[
I (0)

3 + I (0)
4

]
+ 2γ 2

1

r

[
I (0)

1 + I (0)
2

]
− γ 2

1

[
I (1)

1 + I (1)
2

]
− γ 2

2

[
I (1)

3 + I (1)
4

] }
, (25.9)

G̃12,2(x, ξ, ω) = G̃21,1(x, ξ, ω) = γ1

4πμ

{
γ 2

2 − 1

r

[
I (0)

1 + I (0)
2 − I (0)

3 − I (0)
4

]
− γ 2

2

[
I (1)

1 + I (1)
2 − I (1)

3 − I (1)
4

] }
, (25.10)

G̃13,2(x, ξ, ω) = G̃23,1(x, ξ, ω), (25.11)

G̃22,2(x, ξ, ω) = γ2

4πμ

{
2

(
γ 2

2 − 1
)

r

[
I (0)

1 + I (0)
2

]
+ 2γ 2

1

r

[
I (0)

3 + I (0)
4

]
− γ 2

1

[
I (1)

3 + I (1)
4

]
− γ 2

2

[
I (1)

1 + I (1)
2

] }
, (25.12)

G̃23,2(x, ξ, ω) = 1

4πμ

{
1 − γ 2

2

r
I (0)

5 + γ 2
2 I (1)

5

}
, (25.13)

G̃31,2(x, ξ, ω) = G̃32,1(x, ξ, ω), (25.14)

G̃32,2(x, ξ, ω) = 1

4πμ

{
1 − γ 2

2

r
I (0)

6 + γ 2
2 I (1)

6

}
, (25.15)

G̃33,2(x, ξ, ω) = γ2

4πμ
I (1)

7 , (25.16)

where{
I (1)

1

I (1)
4

}
=

∫ +∞

0

[
A(1)

S1

A(1)
T

]
(x3, ξ3, k, ω)

[
1

kr
J2(kr ) − J1(kr )

]
dk, (26.1)
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{
I (1)

2

I (1)
3

}
= −

∫ +∞

0

1

kr

{
A(1)

T

A(1)
S1

}
(x3, ξ3, k, ω)J2(kr ) dk, (26.2)

I (1)
5 =

∫ +∞

0

A(1)
S0 (x3, ξ3, k, ω)J ′

1(kr ) dk, (26.3)

I (1)
6 =

∫ +∞

0

A(1)
R1(x3, ξ3, k, ω)J ′

1(kr ) dk, (26.4)

I (1)
7 = −

∫ +∞

0

A(1)
R0(x3, ξ3, k, ω)J1(kr ) dk. (26.5)

4 R E G U L A R I Z AT I O N O F T H E I N T E G R A L K E R N E L S

So far we have obtained the discrete BIEs and the specific Green’s function for half space. It is obvious that to calculate the dynamic rupture

process, one must calculate the integral kernels by substituting the Green’s function into the BIEs that are in singular form as mentioned

previously. We shall regularize the singular equations by a regularization procedure. Our regularization procedure consists of two steps: first,

efficiently separate the singular parts from the Green’s function by taking generalized Apsel-Luco corrections; then, precisely separate the

hypersingularities in the BIEs, and impose them to be exactly cancelled out with the explicit singular term.

4.1 Generalized Apsel-Luco corrections

The aim in this part is to separate the singular parts from I (q)
p (p = 1, 2, . . . , 7; q = 0, 1, . . . , 5) in eqs (23), (26) and (A3). According to

eqs (23), (24), (A3)–(A7), the power of k increases with the increase of orders of spatial derivatives with respect to x3 or ξ 3. This will lead the

integrands to be infinity at k → +∞ when x 3 → ξ 3, which is difficult to compute numerically. If the parts involving powers of k, which can

be carried out analytically, are separated from the integrals, such that the remaining parts are transformed to proper integrals, then the problem

is solved. Fortunately, this can be realized by applying the Taylor’s expansions at k → + ∞ and the integrals involving the Bessel functions.

Take the simplest I = I (4)
2 +I (4)

4 (see, eq. A3.2) for an example

I = I full + I surf =
∫ +∞

0

Afull(4)
T (x3, ξ3, k, ω)J0(kr ) dk +

∫ +∞

0

Asurf(4)
T (x3, ξ3, k, ω)J0(kr ) dk, (27)

where, Afull(4)
T = kν exp(−ν|x 3 − ξ 3|) and Asurf(4)

T = kν exp(−ν(x 3 + ξ 3)) are terms due to full space and the free surface, respectively. Notice

that I is singular only in the case of R = |x −ξ| → 0, therefore singularity arises only from I full, and I surf is a proper integral amenable to

numerical computation. The singular I full can be written as

I full =
∫ +∞

0

[
Afull(4)

T (x3, ξ3, k, ω) − Aasy(4)
T (x3, ξ3, k, ω)

]
J0(kr ) dk

+
∫ +∞

0

Aasy(4)
T (x3, ξ3, k, ω)J0(kr ) dk, (28)

where

Aasy(4)
T (x3, ξ3, k, ω) =

[
k2 + ω2

2β2
|x3 − ξ3| k − ω2

2β2
+ ω4

8β4
(x3 − ξ3)2

]
e−k|x3−ξ3| (29)

is the Taylor’s expansion of Afull(4)
T . After subtracting Aasy(4)

T , the first integral in eq. (28) becomes a proper integral, and singularity is transformed

into the second integral, which has analytic results. It is worth mentioning that although the first integral is proper, the integrand converges

slowly as x 3 → ξ 3. The peak and trough averaging method (Zhang et al. 2003) can be applied to overcome this difficulty. If we define Qmn

(r , x 3 − ξ 3) by

Qmn(r, x3 − ξ3) =
∫ +∞

0

e−k|x3−ξ3| Jm(kr )kn dk, (m = 0, 1, 2; n = 0, 1, 2, 3)

then the second term in eq. (28) can be expressed as∫ +∞

0

Aasy(4)
T (x3, ξ3, k, ω)J0(kr ) dk = Q02(r, x3 − ξ3) + ω2

2β2
|x3 − ξ3| Q01(r, x3 − ξ3)

−
[

ω2

2β2
− ω4

8β4
(x3 − ξ3)2

]
Q00(r, x3 − ξ3), (30)

where

Q00(r, x3 − ξ3) = 1

R
, Q01(r, x3 − ξ3) = |x3 − ξ3|

R3
, Q02(r, x3 − ξ3) = 2 (x3 − ξ3)2 − r 2

R5
. (31)
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Figure 4. Comparisons of the integrands before and after applying the generalized Aspel-Luco coorection. (a) Real part of Afull(4)
T before correction. (b)

Comparison of real parts of Afull(4)
T − Aasy(4)

T after correction with Aasy(4)
T being the Taylor’s expansion (solid line) and the static solution (dashed line). |x 3 −

ξ 3| = 0.005 km, ω = 30.4 − 0.5 i and β = 3.16 km s−1.

According to the specific expressions of Qmn in eq. (31), the integral in eq. (30) has a singularity up to three order, that is, hypersingularity,

as R → 0. The technique described above can be applied to all the integrals I (q)
p (p = 1, 2, . . . , 7; q = 0, 1, . . . , 5). Complete expressions

for all Qmn (m = 0, 1, 2; n = 0, 1, 2, 3) needed and the Taylor’s expansions Aasy(i)
S1 , Aasy(i)

S0 , Aasy(i)
R1 , Aasy(i)

R0 , Aasy(i)
T (i = 1, 2, . . . , 5) are listed in

Appendix B.

Such idea was originally proposed by Apsel & Luco (1983) for efficiently computing Green’s function in multilayered media. In their

study, the static Green’s functions in half space were adopted as asymptotic expressions. Although this can speed up the convergence, it is

still very slow due to the difference of models. This technique then was improved by Hisada (1994, 1995) by using static Green’s functions

for multilayered media as asymptotic expressions. Instead of the static Green’s functions, we here have taken the Taylor’s expansions of

Green’s functions as asymptotic expressions, and archived better performance. Take the above Afull(4)
T (x 3, ξ 3, k, ω) for an example. As shown

in Fig. 4(a), Afull(4)
T (x 3, ξ 3, k, ω) converges very slowly to zero with the increase of wavenumber k as |x 3 − ξ 3| = 0.005 km. However,

Afull(4)
T (x 3, ξ 3, k, ω) − Aasy(4)

T (x 3, ξ 3, k, ω) after the generalized Apsel-Luco correction (solid line) converges to zero very quickly (Fig. 4b).

For comparison, we also show the result of taking the static solution (dashed line) Aasy(4)
T (x 3, ξ 3, k, ω) as asymptotic expressions, as Apsel

& Luco (1983) did. It is clear that the Taylor’s expansion is a better choice. It is interesting that asymptotic expressions, given in eq. (B1),

degenerate to static solutions as ω → 0. For this reason, the technique used here can be regarded as a generalized version of the method of

Apsel & Luco (1983), and called the generalized Apsel-Luco correction.

4.2 Separation of hypersingular parts in surface integrals

After the Apsel-Luco correction, singular parts in the wavenumber k integrals of Green’s function for half space are separated with an analytical

expressions. Consequently, the singular parts of the integrals given in eq. (19) are separated analytically. It is noticed that the pure singular

terms plus any terms with finite values are still singular. We are facing such situation in singular eq. (21), only the pure singular terms are

needed to be exactly cancelled out, and the remained terms are just the kernels we wanted. In what follows we shall describe how to exactly

separate, from eq. (19), the pure singular terms that are explicitly with the order of 1/ε by applying an efficient method proposed by Karami

& Derakhshan (1999).

It is noticed that all singularities arise from Fα: i j ;lm
rs (ω) in eqs (19.3) and (19.4) for collocation element. Surface integrals involving Qmn

for collocation element can be written as

Pcol
pqsmn = lim

ε→0

∫ ∫
Rcol−e′

ε

u p
1 |u2|q

r s
Qmn(u1, u2) du1du2, (32)

where u1 = x 1 − ξ 1, u2 = x 2 − ξ 2 and Rcol denotes the region of [− 1
2
�s, 1

2
�s] × [− 1

2
�s cos δ, 1

2
�s cos δ]. In our problem, (p, q, s) runs

over (0, 2, 2), (2, 0, 2), (0, 1, 1) and (0, 0, 0). According to eq. (B2), Qmn has an (n + 1)-order singularity as R → 0. Therefore, the singularity

in eq. (32) has an order of n + s − p − q + 1 = 1 (weak singularity) or 3 (hypersingularity).

Rewrite the integral in eq. (32) in local cooridnates ξ i , then the region under consideration Rcol − e′
ε will be transformed into Runit −

e′′
ε , in which Runit is a rectangular domain of [−1, 1] × [−1, 1] (Fig. 5). In Fig. 5, the gray region represents the region of integral. e′

ε , a circle

with radius ε, is transformed into an ellipse e′′
ε .

Let ξ 1 = ρ cosφ and ξ 2 = ρ sinφ, then Pcol
pqsmn can be written in a polar coordinate as

Pcol
pqsmn =

(
�s

2

)p+q+1−s−n

η
q+1
1 lim

ε→0

∫ 2π

0

[∫ ρM (φ)

ρε (φ)

ρ p+q−s−n dρ

]
cosp φ |sin φ|q

[M(φ)]s Q ′
mn(φ) dφ, (33)

where M(φ) =
√

cos2φ + η2
1 sin2φ, η1 = cos δ, and ρε(φ) and ρ M (φ) are the upper and lower bound, respectively (Fig. 5b),

Q ′
00(φ) = 1, Q ′

01(φ) = η2| sin φ|,
Q ′

02(φ) = (
2η2

2 − η2
1

)
sin2φ − cos2φ, Q ′

03(φ) = 3η2| sin φ| [(2η2
2 − 3η2

1

)
sin2φ − 3 cos2φ

]
,
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644 H. Zhang and X. Chen

Figure 5. Transformation of the region for collocation element. (a) Projection of Collocation element on the free surface. e′
ε is a circle with a radius ε (ε → 0).

�s is the space step. δ is the dip angle of the fault. (b) Transformation of the collocation element into a local coordinate. e′
ε now becomes an ellipse e′′

ε , ρε (φ)

is the polar axis of the ellipse and ρ M (φ) is the polar ellipse of the boundary of the collocation element.

Q ′
10(φ) = 1 − η2| sin φ|

M(φ)
, Q ′

11(φ) = M(φ),

Q ′
12(φ) = 3η2| sin φ|M(φ), Q ′

13(φ) = 3M(φ)
[(

4η2
2 − η2

1

)
sin2φ − cos2φ

]
,

Q ′
20(φ) = [Q ′

10(φ)]2, Q ′
21(φ) = 2Q ′

10(φ)

M(φ)
− Q ′

01(φ),

Q ′
22(φ) = 3[M(φ)]2, Q ′

23(φ) = 15η2| sin φ|[M(φ)]2,

with η2 = sin δ.

For weak singular integrals (p + q − s − n = 0), the integrals in polar coordinate are transformed into proper integrals naturally.

Therefore, according to eq. (33),

Pcol
pqsmn =

(
�s

2

)p+q+1−s−n
η

q+1
1

p + q − s − n + 1

∫ 2π

0

[ρM (φ)]p+q−s−n+1 cosp φ| sin φ|q
[M(φ)]s

Q ′
mn(φ) dφ.

for p + q − s − n ≥ 0

While for hypersingular integrals (p + q − s − n = −2), the integrals in polar coordinate are still strong ones with factor of 1/ρ2. We can

obtain from eq. (33) that

Pcol
pqsmn = lim

ε→0

∫ 2π

0

f (φ)

ρ
ε
(φ)

dφ −
∫ 2π

0

f (φ)

ρM (φ)
dφ, (34)

where

f (φ) =
(

2

�s

)
η

q+1
1

cosp φ| sin φ|q
[M(φ)]s

Q ′
mn(φ). (35)

Substituting r = ε = ρε(φ)M(φ) (Karami & Derakhshan 1999) into eq. (34) yields

Pcol
pqsmn = lim

ε→0

1

ε

∫ 2π

0

f (φ)M(φ) dφ −
∫ 2π

0

f (φ)

ρM (φ)
dφ. (36)

In eq. (36), the first term with factor 1/ε is isolated explicitly, which are imposed to be cancelled out by the last terms with the same order in

eq. (21).

5 N U M E R I C A L T E C H N I Q U E S F O R C A L C U L AT I N G T H E K E R N E L S

After the above regularization procedures, all the singularities are removed, and the integrals in the kernels are transformed into proper

integrals, which can be directly applied to numerical computation in principle. However, these are rapid oscillatory multiple integrals,

including a wavenumber k integral and a surface integral. If an ordinary integration scheme is used, it will be too time-consuming and can

hardly be applied in practical computation. Therefore, we developed an efficient numerical technique to speed up the computation of these

integrals based on detailed analysis on the integrands, and it is summarized as follows.

C© 2006 The Authors, GJI, 164, 633–652

Journal compilation C© 2006 RAS

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/164/3/633/2132872 by guest on 15 February 2025



Dynamic rupture on planar fault in 3-D half space 645

Since the integrands vary more complicated with wavenumber k than the coordinates on the fault surface ξ α , it is convenient to change

the integration order, that is, to integrate on ξ α firstly, and then on k. The rapid oscillatory integrals on space variable involved in the kernels

are the following two kinds

BI
pqm

(
k, u1, uL

2 , uU
2 , κ

) =
∫ uU

2

uL
2

u p
2

rq
e−κ|u2| Jm(kr ) du2, (37)

BII
pqnm

(
k, uL

1 , uU
1 , uL

2 , uU
2 , κ

) =
∫ uU

2

uL
2

∫ uU
1

uL
1

u p
1 uq

2

rn
e−κ|u2| Jm(kr ) du1 du2, (38)

where u1 = x1 − ξ1, u2 = x2 − ξ2, uL
1 = (i − l − 1

2
)�s, uU

1 = (i − l + 1
2
)�s, uL

2 = ( j − m − 1
2
)�s, uU

2 = ( j − m + 1
2
)�s, κ =

√
k2 − ω2

c2 ,

with c being the P or S velocity. Notice that κ is a complex as k < | ω

c |, therefore the exponential factor e−κ|u2| is oscillatory with k. Combined

with the Bessel function, the integrands become complicated oscillatory functions. It is difficult to calculate the integrals, especially when

the imaginary part of κ is large, because according to ordinary integration scheme, the integration step over the whole range must be small

enough to ensure a given precision, which is obviously inefficient. We will introduce an efficient integration scheme, which is a combination

of self-adaptive sampling based on proximate period estimation and the standard Gaussian integration, to speed up the computation of these

multiple integrals. In following, we take BI
pqm for an example to describe the algorithm.

Note that the part with non-periodic variation can be neglected when we estimate the proximate period. Let κ = κ R + i κ I, in which

κ
R
, κ

I
∈ R are real and imaginary part of κ , respectively. Since the period of Bessel function over whole definition domain is similar to that

of asymptotic solution as the argument is large enough,

f (k, u1, u2, κ) = u p
2

rq
e−κ|u2| Jm(kr )

∼ e−κR |u2|[cos(κ
I
|u2|) − i sin(κ

I
|u2|)]

√
2

πkr
cos

(
kr − mπ

2
− π

4

)
∼ cos

(
|κ

I
u2| + k

√
u2

1 + u2
2

)
+ cos

(
κ

I
u2| − k

√
u2

1 + u2
2

)
,

(39)

where ‘∼’ connects two functions with similar periods. It can be seen that the period varies with u2. Strict instant period should be calculated

by Hilbert transformation (e.g. David 1996). Since only the approximate period rather than a strict one is needed, we use a simple algorithm

to estimate the period. If the instant period for a given u2 is marked as T (u2), then T (u2) satisfies

|κ
I
|(|u2| + T (u2)) + k

√
u2

1 + (|u2| + T (u2))2 = |κ
I
| · |u2| + k

√
u2

1 + u2
2 + 2π.

Solving the above equation, we obtain

T (u2) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
|κI |A+u2

(
k2−κ2

I

)
−k

√
A2+

(
κ2

I
−k2

)
u2

1

κ2
I
−k2 , k 
= |κ

I
|

2π (π+kr )

k A , k = |κ
I
| 
= 0

∞, k = |κ
I
| = 0

(40)

where we define

A = |κ
I
| · |u2| + k

√
u2

1 + u2
2 + 2π.

For a given u2, take the period calculated according to eq. (40) as step size and get the next u2. A series of subintervals can be obtained in the

same way. Then on each subinterval, the variation of integration is gentle enough to apply the standard Gauss integration scheme. Fig. 6(a)

shows the division of subintervals for oscillatory f (k, u1, u2, κ) according to the algorithm based on approximate period estimation described

above. T (u2) calculated by eq. (40) is showed in Fig. 6(b). It can be seen that subinterval division can well describe the variation of the

oscillatory integrand. Accordingly, the efficiency of computation can be greatly enhanced.

After the computation of BI
pqm, we must continue to compute the integrals on wavenumber k in the form of∫ +∞

0
F(k)BI

pqm(k, u1, uL
2 , uU

2 , ω) dk,

in which F(k) is a smooth function of variable k. This is also an oscillatory integral. Although we do not know the exact analytic forms of

BI
pqm, we can roughly estimate the vibration period. Notice that F(k) does not influence the period of whole integrand, we have

F(k)BI
pqm(k) ∼ e

−
√

k2− ω2

c2 umax
2 cos (k�)

∼

⎧⎪⎨⎪⎩
cos (k�) , k ≥ ∣∣ ω

c

∣∣
cos

(
k� + umax

2

√
ω2

c2 − k2

)
+ cos

(
k� − umax

2

√
ω2

c2 − k2

)
, k <

∣∣ ω

c

∣∣ (41)

C© 2006 The Authors, GJI, 164, 633–652

Journal compilation C© 2006 RAS

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/164/3/633/2132872 by guest on 15 February 2025



646 H. Zhang and X. Chen

Figure 6. (a) Real part of the oscillatory integrand f (k, u1, u2, κ) against u2 (see text, for more details). Vertical dashed lines indicate the subintervals divided

on the basis of the approximate period estimation. (b) Approximate period T (u2) calculated by eq. (40). Parameters for computation are: k = 50, u1 = 3, κ =
0.3 + 5 i, p = q = m = 1.

where umax
2 = max (|uL

2 |, |uU
2 |) and � =

√
u2

1 + (umax
2 )2. Let T(k) be the instant period at a given k, then T (k) = 2π

�
as k ≥ | ω

c |. When k < | ω

c |,
since the expression in eq. (41) is similar to that in eq. (39) except that the variable is now k, we can solve T(k) in a similar procedure and

obtain

T (k) =
P� − kV + umax

2

√
ω2

c2 V − P2

V
, as k <

∣∣∣ω
c

∣∣∣
in which V = (umax

2 )2 + �2, and P = k� + umax
2

√
ω2

c2 − k2 + 2π . Once the approximate period is determined, we can apply the scheme

described in the preceding paragraph to compute the integrals on k.

Similar algorithm can be applied to BII
pqnm and the subsequent computation of integrals on k, which is more complicated. To show the

accuracy and efficiency of the above algorithm, Table 1 lists the comparison of results of BII
pqnm calculated by the present study and those by

MATLAB software. As we know, MATLAB is a powerful tool for numerical computation, therefore we take the results provided by MATLAB

as references. The computation parameters are k = 10.0, uL
1 = 1.5, uU

1 = 2.5, uL
2 = 2.4749, uU

2 = 3.1820, and κ = 0.3318 + 15.0266 i.

Since MATLAB uses an ordinary integration scheme, while the algorithm above is based on detailed analysis on the properties of integrands,

the computation time required in the algorithm described above is only about 1 per cent of that in MATLAB for a given precision (∼10−6).

Therefore, the computation of integral kernels of BIEs can be greatly enhanced by the new algorithm.

It is worth mentioning that, although no singularity arises when calculating BII
pqnm for non-collocation elements according to eq. (38), a

numerical difficulty with the type ‘ 0
0
’ will be encountered. To overcome such a difficulty in numerical computation and ensure the stability,

the integral is transformed to the following proper form by taking a similar procedure as did in Section 4.2

BII
pqmn =

(
�s

2

)p+q+2−n

(cos δ)q+1

∫ 2π

0

∫ ρM (φ)

0

ρ p+q+1−n cosp φ |sin φ|q
[M(φ)]n e−κ �s

2 η1ρ| sin φ|

·Jm

(
�s

2
kρM(φ)

)
dρ dφ.

Table 1. Comparisons of results of BII
pqnm calculated by this study and those by MATLAB software.

As can be seen, for a give precision 10−6, the CPU time required in this study is much smaller than

that in Matlab. For computation, we take the following parameters: k = 10.0, uL
1 = 1.5, uU

1 = 2.5,

uL
2 = 2.4749, uU

2 = 3.1820 and κ = 0.3318 + 15.0266 i.

Present study Matlab

BII
0000 − 0.0009483 + 0.0000266 i − 0.0009483 + 0.0000266 i

BII
0220 − 0.0007605 + 0.0002138 i − 0.0007605 + 0.0002138 i

BII
2020 − 0.0001878 − 0.0001871 i − 0.0001878 − 0.0001870 i

BII
0111 0.0002584 + 0.0011493 i 0.0002583 + 0.0011493 i

BII
0222 0.0007731 − 0.0001433 i 0.0007732 − 0.0001433 i

BII
2022 0.0001837 + 0.0001978 i 0.0001837 + 0.0001977 i

Precision ∼10−6 10−6

CPU time ∼0.016 s 1.688 s
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Dynamic rupture on planar fault in 3-D half space 647

6 C O N C L U S I O N S A N D D I S C U S S I O N S

As a first step to the goal of extending the BIEM, which is a powerful tool to study earthquake rupture dynamics on complicated fault

systems but limited to full space medium model to date, to a more realistic medium model, we systematically derived the BIEs for modelling

earthquake rupture dynamics on a planar fault embedded in half space medium based on the Green’s function for half space. Starting from the

representation theorem for seismic fault, we derived the BIEs in general form based on elaborate limit analysis. With box-like discretization

scheme and the specific forms of Green’s function for half space, the corresponding discrete BIEs are obtained. Although they are in the same

form as those for modelling rupture dynamics in full space (e.g. Fukuyama & Madariaga 1998; Aochi et al. 2000a), the kernels, which are the

key factors for dynamic rupture computation, are completely different. Our kernels for half-space problem are given via a singular equation

that consists of both explicit and implicit singular terms. Regularization procedures are then applied to exactly extract the implicit singular

terms from hypersingular integrals, and finally both explicit and implicit terms are imposed to be cancelled out each other to return physically

meaningful bounded kernels in eq. (21). Although the singularities have been removed after regularization, most of the integrals in the kernels

are the rapid oscillatory multiple integrals that converge very slowly if an ordinary integration algorithm is taken. Such difficulty is overcome

by an effective technique we proposed, and the corresponding computation has been accelerated up to 100 times.

With these techniques, computation time of kernels become acceptable if parallel computation is performed. For example, to compute

all the kernels for the dynamic model of a planar fault, which is divided into 80 × 20 elements, it will take about 4.8 h by using a 16 nodes PC

Cluster (each node consists of a single Intel P4 CPU with 2 GHz clock rate and 1 GB RAM). Our BIEM has two important advantages. First,

the resolution is higher than pure numerical methods, such as FDM and FEM. For example, in the computation of kernels for very near-field

case, the maximum frequency is up to 5 Hz, which is difficult to achieve in FEM and FDM. One example of the maximum frequency in FEM

is 0.6 Hz (Oglesby & Day 2001a). Therefore more details of the rupture processes can be revealed by BIEM. Second, in our scheme, the

computation of kernels and dynamic rupture process is separated. The former is time-consuming, while the latter is efficient. Fortunately, no

physical parameter is required in the computation of kernels. Once the geometry of the fault is known, the kernels can be computed without

any knowledge of the physical process of rupture. Therefore, it is possible to build a database in advance for a given fault. Once a database is

built, it can be used for dynamic model repeatedly. Therefore, it is obvious that for large amount of dynamic simulation, our scheme is more

efficient than FDM and FEM. For example, for an fault divided into 80 × 20 elements, it will take about 1 h to compute 450 time steps on

a single processor PC (with 2 GHz clock rate and 1 GB RAM). If a fast convolution algorithm is applied, the computation time will even

remarkably reduced (Aochi et al. 2000a).

In summary, the new BIEM for modelling rupture dynamics of fault with an arbitrary dip angle in 3-D half space is exercisable and

provides a powerful tool for investigating the physics of earthquake dynamics, though it is still more time-consuming than algorithm for

full-space problem (e.g. Fukuyama & Madariaga 1995, 1998; Aochi et al. 2000a; Tada et al. 2000). The validity and applicability of our new

BIEM algorithm will be presented in the companion paper.
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8β2
(1 − p2)(x3 − ξ3)2k2

−1 − 3p

2
k2 − ω2

8β2
(1 − 5p2) |x3 − ξ3| k + ω4

48β4
(1 − p3) |x3 − ξ3|3 k − ω2

8β2
(1 + 3p2)

+ ω4

8α4
p (x3 − ξ3)2 + ω6

384β6
(1 − p4) (x3 − ξ3)4

]
e−k|x3−ξ3|, (B1.14)

Aasy(4)
T (x3, ξ3, k, ω) = −Aasy(5)

T (x3, ξ3, k, ω) =
[

k2 + ω2

2β2
|x3 − ξ3| k − ω2

2β2
+ ω4

8β4
(x3 − ξ3)2

]
× e−k|x3−ξ3|, (B1.15)

where p = μ

λ + 2μ
, λ and μ being the Lamé’s constants and

Q00(r, x3 − ξ3) = 1
R , Q01(r, x3 − ξ3) = |x3−ξ3|

R3 ,

Q02(r, x3 − ξ3) = 2(x3−ξ3)2−r2

R5 , Q03(r, x3 − ξ3) = 3|x3−ξ3|[2(x3−ξ3)2−3r2]
R7 ,

Q10(r, x3 − ξ3) = R−|x3−ξ3|
r R , Q11(r, x3 − ξ3) = r

R3 ,

Q12(r, x3 − ξ3) = 3r |x3−ξ3|
R5 , Q13(r, x3 − ξ3) = 3r[4(x3−ξ3)2−r2]

R7 ,

Q20(r, x3 − ξ3) = (R−|x3−ξ3|)2

r2 R
, Q21(r, x3 − ξ3) = 2

r Q10(r, x3 − ξ3) − Q01(r, x3 − ξ3),

Q22(r, x3 − ξ3) = 3r2

R5 , Q23(r, x3 − ξ3) = 15r2|x3−ξ3|
R7 .

(B2)
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