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ABSTRACT

Microstructural attributes of cracks and fractures, such as
crack density, aspect ratio, and fluid infill, determine the
elastic properties of a medium containing a set of parallel,
vertical fractures. Although the tangential weakness �T of
the fractures does not vary with the fluid content, the normal
weakness �N exhibits significant dependence on fluid in-
fill. Based on linear-slip theory, we used the ratio g�N/
�T — termed the fluid indicator — as a quantitative mea-
sure of the fluid content in the fractures, with g representing
the square of the ratio of S- and P-wave velocity in the un-
fractured medium. We used a Born formalism to derive the
sensitivity to fracture weakness of PP- and PS-reflection co-
efficients for an interface separating an unfractured medium
from a vertically fractured medium. Our formulae reveal
that the PP-reflection coefficient does not depend on the 2D
microcorrugation/surface roughness with ridges and valleys
parallel to the fracture strike, whereas the PS-reflection co-
efficient is sensitive to this microstructural property of the
fractures. Based on this formulation, we developed a
method to compute the fluid indicator from wide-azimuth
PP-AVOA data. Inversion of synthetic data corrupted with
10% random noise reliably estimates the normal and tan-
gential fracture weaknesses and hence the fluid indicator
can be determined accurately when the fractures are liquid-
filled or partially saturated. As the gas saturation in the frac-
tures increases, the quality of inversion becomes poorer. Er-
rors of 15%–20% in g do not affect the estimation of fluid
indicator significantly in case of liquid infill or partial satu-
ration. However, for gas-saturated fractures, incorrect val-
ues of g may have a significant effect on fluid-indicator
estimates.
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INTRODUCTION

Studies on characterization of fractured reservoirs have consid-
red three distinct models to represent cracks and fractures under
ifferent conditions. These include i� linear-slip model �Schoen-
erg, 1980; 1983; Schoenberg and Sayers, 1995�, which is equiva-
ent to thin parallel layers �Wu et al., 2005�; ii� aligned, but isolated
racks �Hudson, 1980; 1981; Schoenberg and Douma, 1988�; and
ii� cracks hydraulically connected with pores �Thomsen, 1995;
udson et al., 1996�. Bakulin et al. �2000� demonstrated that these

hree models of fractures lead to the same anisotropic properties of
he embedding medium. Hsu and Schoenberg �1993� introduced
he dimensionless quantities normal weakness �N and tangential
eakness �T for rotationally invariant fractures in the general

inear-slip model. These weaknesses represent various conditions
f fluid saturation. We further note that for fractures in presence of
quant porosity, frequencies used in seismic exploration for hydro-
arbon are low enough to allow squirting of fluid from cracks to
he equant pores and vice versa, leading to equalization of pressure
s the seismic waves propagate through the medium. This, in ef-
ect, increases the compliance of the fractures. On the contrary, in-
ompressible fluids in isolated cracks decrease the compliance sig-
ificantly. An interesting observation from these previous studies is
hat for weak fracture density, �T does not depend on fluid satura-
ion, whereas �N is significantly affected by fluid infill.

Conventionally, P- and S-wave traveltime data are used to esti-
ate the weak anisotropy parameters that are related to the excess

racture compliances — a combination of fracture dimension, in-
eraction, and fluid properties �Grechka et al., 2003�. Recently,
here has been a growing interest to determine the fracture infill
rom kinematics of seismic-wave propagation in fracture-induced
nisotropic media. Some studies on the characterization of the fluid
aturation in fractured reservoir from observed seismic reflection
raveltimes and amplitudes have shown encouraging results. From
n Oman 3D experiment, van der Kolk et al. �2001� concluded that
he shear-wave splitting in a reservoir containing aligned fractures
s larger for gas-filled fractures than for fluid-filled fractures, in

ovember 4, 2005; published online May 24, 2006.
, India. E-mail: ranjitshaw@yahoo.co.in.
stitute for Geophysics, John A. and Katherine G. Jackson School of Geo-
.utexas.edu.
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harp contrast to the general belief that shear-wave splitting is in-
ependent of the nature of fluid filling the fractures. Angerer et al.
2002� observed that the asymmetry in the time delays of con-
erted PS waves from a reservoir with horizontal interfaces is sen-
itive to the fluid infill if the fractures are oblique. Grechka and
svankin �2004� indicated that for oblique fractures, the shear-
ave splitting parameter becomes dependent on the fracture infill.
eservoir characterization using kinematic attributes, such as azi-
uthal variation in normal moveout �NMO� velocity or traveltime,

equires a substantial reservoir thickness for the observed effects to
ecome appreciable. On the other hand, local variation in physical
roperties of the rocks around an interface separating two different
edia yield observable amplitude attributes such as AVO and
VOA. The potential for using AVOA data to determine fracture
rientation and fracture density has been well established from
oth a theoretical point of view �Rüger and Tsvankin, 1997; Rüger,
998; Zhu et al., 2004; Chen et al., 2005� and application to field
ata �Lynn et al., 1999; Gray and Head, 2000; Hall et al., 2002�.
everal workers investigated the effects of fluid infill on AVOA
Sayers and Rickett, 1997; MacBeth, 1999; Shen et al., 2002�.
owever, AVOA data have not been extensively used to character-

ze the fracture infill quantitatively. Liu et al. �2001� showed that P-
nd converted S-wave AVO analysis can discriminate pore fluids in
fractured reservoir. In the present work, we show that PP-AVOA
ata can be directly inverted for fluid content in the fractures. To
chieve this objective, we express the approximate �linearized� PP-
nd PS-reflection coefficients in terms of the fracture weaknesses
nstead of Thomsen parameters. We use a Born formalism �Shaw
nd Sen, 2004� to derive the sensitivity of AVOA to fracture weak-
esses. We show that if the fracture weaknesses are small, inver-
ion of PP-AVOA data yields reliable estimates of the �fracture�
eaknesses of a medium with a set of rotationally invariant verti-

al fractures. Our results also show that PP-AVOA is insensitive to
he microcorrugation/roughness on the fracture plane with ridges
nd troughs parallel to fracture strike, whereas the PS-AVOA con-
ains this important information on the fracture microstructure.

The basic requirement for AVOA analysis is true-amplitude 3D
ata with wide azimuthal coverage �Williams and Jenner, 2002�.
hen the azimuth-offset distribution is sparse, a common practice

s to stack amplitude data into azimuth sectors. Jenner �2002� em-
hasized the importance of accounting for NMO velocity in esti-
ating the correct azimuthal AVO response in such cases. Angerer

2003� developed a workflow to isolate the azimuth-dependent
nisotropic signal from the macro-binned and azimuth-sectored
eismic amplitudes observed over wide azimuths. Luo and Evans
2004� put forward a strong argument for using multiazimuth AVO
nstead of narrow-azimuth data for reliable fracture mapping. Shen
t al. �2002� observed that the effects of the elastic properties of the
ackground rocks often mask the AVO responses from fractures.
hus, meaningful fracture characterization using AVOA requires

solation of the contribution from the fractures to the observed am-
litudes.

In this paper, we propose a method that uses full-azimuth AVO
ata. We assume that the orientation of the vertical fractures and
he physical parameters of the unfractured background rocks have
een determined from conventional methods, e.g, well log data,
MO velocity, or conventional AVO analysis. Our numerical ex-
eriments on noise-corrupted synthetic AVOA data for different
ases of fluid-saturated, vertical fractures, viz. gas-, partial-, and
rine-filled, embedded in an isotropic host medium show that both
he normal and the tangential fracture weaknesses can be estimated
eliably. Because g, the square of ratio of S- to P-wave velocity in
he host medium, is a priori information in our procedure, we in-
estigated the effects of error in the assumed value of this ratio.
he results show that 15–20% errors in g do not affect the estimate
f fluid indicator significantly when the fractures are fully or par-
ially saturated with liquid. However, the same is not true for dry or
as-saturated fractures.

THEORY

We follow Grechka et al. �2003� to express the stress-dis-
lacement relationship across a set of equi-spaced, parallel, verti-
al fractures represented by general slip �Schoenberg and Sayers,
995�. Assuming that the traction � across the fracture plane is
ontinuous, the discontinuity of the slip vector is

u = hK� , �1�

here h denotes fracture separation. The excess compliance matrix
has the form

K = � KN KNH KNV

KNH KH KVH

KNV KVH KV
� . �2�

he notation of the components of K indicates the meaning of the
xcess compliances �Bakulin et al., 2000�. For example, KN is the
atio of discontinuity in displacement component �u1� normal to
he fracture plane to the normal stress �11 per unit spacing of the
ractures. Similarly, the tangential compliances KH and KV are re-
ated to the shear stresses �12 and �13, respectively. The off-
iagonal compliance elements represent cross-coupling between
ormal displacement and shear stress, or the tangential component
f displacement and normal stress. KNV represents the coupling be-
ween �u1� and �13, or between �u3� and �11. Nonvanishing KNV im-
lies that the normal and shear slips are coupled, which may arise
rom microcorrugation or roughness of fracture surfaces. For frac-
ures with compliances that are invariant under rotation about an
xis normal to the fracture plane, KNV = KNH = KVH = 0, and KV

KH = KT. The ratio of the normal to the tangential excess com-
liance KN/KT is an indicator of the fluid content �Schoenberg and
ayers, 1995�. This factor tends to zero for fluid-saturated fractures
KN � 0� and is nearly a unity if the fractures are dry or gas-
aturated �KN � KT�.

We consider a homogeneous isotropic medium with Lame’s pa-
ameters � and � in which are embedded a set of parallel, vertical
ractures adequately represented by general slips �equation 1�. Be-
ause of the presence of the fractures, the stiffness matrix is modi-
ed as follows �Schoenberg and Sayers, 1995; Sayers and Rickett,
997�:

C = �� + 2���Cb − Cf� , �3�

ith
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Cb = �
1 � � 0 0 0

1 � 0 0 0

1 0 0 0

g 0 0

g 0

g

� and

Cf = �
�N ��N ��N 0 �g�NV

�g�NH

�2�N �2�N 0 ��g�NV ��g�NH

�2�N 0 ��g�NV ��g�NH

0 0 0

g�V g�g�VH

g�H

� ,

here g = �/�� + 2�� is the square of the ratio of S-wave velocity
and P-wave velocity � in the background medium, X = �/��
2�� = 1 − 2g, and the fracture weaknesses are

�N =
�� + 2��KN

1 + �� + 2��KN
�NV =

���� + 2��KNV

1 + ���� + 2��KNV

�V =
�KV

1 + �KV
�NH =

���� + 2��KNH

1 + ���� + 2��KNH

�H =
�KH

1 + �KH
�VH =

���� + 2��KVH

1 + ���� + 2��KVH

. �4�

s observed earlier, for a set of fractures with properties that are
nvariant under rotation about the normal to the fracture faces,

V = �H = �T, say. Further, if the me-
ium has a very small fracture density,
he factor �N/�V varies proportionally to

N/KV �Table 1� and is a fluid indicator.
In general, the stiffness of the fractured
edium given by equation 3 represents a
onoclinic medium. Assuming that the

ractures can be represented by planar
iscontinuities with no corrugation or sur-
ace roughness, the medium becomes
ransversely isotropic with a horizontal
xis of symmetry �HTI�. The AVOA over
uch media has been investigated exten-
ively �Mallick and Frazer, 1991; Rüger,
997; 1998; Rüger and Tsvankin, 1997�.
onventionally, the anisotropy of such
edia is represented by weak anisotropy

arameters �Thomsen, 1986� that have a
imple relationship to the fracture weak-
esses �Bakulin et al., 2000�. Here, we

Table 1. Relation o
used models for na
fracture density.

Fracture
parameter

Normal
weakness, �N 1
Tangential
weakness, �T

Fluid indicator

�g
�N

�T
xpress the reflection coefficient directly as a function of the frac-
ure weakness:

Robs��,	� = Riso��� + Rani��,	;�� , �5�

here � is the angle of incidence, 	 is the azimuth of the seismic
ine with respect to the symmetry axis of the fracture system, and �
epresents the vector of fracture weakness given by

�T = ��N, �V, �H, �NV, �NH, �VH� . �6�

iso��� and Rani��,	;�� represent the isotropic and anisotropic
arts of the reflection coefficient, respectively. To linearize the re-
ection coefficients, we represented in an earlier work �Shaw and
en, 2004� a weak anisotropic medium as a volume of scatterers
mbedded in a background isotropic medium. We used asymptotic
ay theory and the method of stationary phase to show that the scat-
ering function S�ro� corresponding to the singly scattered wave-
eld relates to the linearized PP-reflection coefficient as

RPP��� =
1

4
o cos2 �
S�ro� , �7�

ith

S�ro� = �
� + �cijkl�ijkl , �8�

� = 	titi�	r=ro
, �9�

�ijkl = 	ti�pj�tkpl	r=ro
, �10�

here 
o is the density of the background medium and �
 and
cijkl represent the perturbation in density and elastic stiffness, re-

pectively. p and t are the slowness and the polarization vectors,
espectively. The prime denotes the scattered wave. The position
ector ro is the point on a horizontal interface separating two weak

ture weaknesses with microfracture properties in commonly
fractures in hydrocarbon reservoirs; e represents the

ar-slip
del,
enberg
ayers,
95�

Thin, penny-shaped,
aligned cracks
�Hudson, 1980�

Aligned cracks in
medium with equant

porosity
�Thomsen, 1995�

Dry/gas-
filled

Liquid-
filled

Dry/gas-
filled Liquid-filled

2��KN

+ 2��KN

4e
3g�1 − g�

�0 4e
3g�1 − g� q 4e

3g�1 − g�
KT

�KT

16e
3�3 − 2g�

N

T

7
8�1 + 5


2�f�
−1

q 3 − 2g
4�1 − g�
f frac
tural

Line
mo

�Scho
and S

19

�� +
+ ��

�
1 +

K
K
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an�isotropic media, where Snell’s law of reflection for a source-
eceiver pair is satisfied. Summation convention applies to equa-
ions 8 and 9. Comparing equations 3, 7, and 8 shows that the de-
endence of the PP-reflection coefficients on fracture weaknesses
an be derived by collecting the coefficients �ijkl corresponding to
ach weakness and simplifying the expression in the desired form
f incidence angle and azimuth �Appendix A�. No approximations,
ther than dilute fracture distribution and weak fracture compli-
nces ��N, etc �1� are required for the validity of equation 3.

If information on the isotropic medium in which the fractures
re embedded is known a priori, or estimated by established meth-
ds, equation 5 can be written, under the assumption of weak frac-
ure weakness, as

�R = RPP
obs�i,�� − RPP

iso��� = A� , �11�

here the sensitivity matrix A is given by

A =
1

4
�aN, aV, aH, aNV, aNH, aVH� , �12�

nd for a given incidence angle and azimuth, the row elements of
are given by

aN = �1 − 2g�2 + ��1 − 2g� + 2g�1 − 2g�cos 2	�sin2 �

+ 
�1 − 2g +
3

2
g2� + 2g�1 − g�cos 2	

+
1

2
g2 cos 4	
sin2 � tan2 �

aV = − 2g�1 + cos 2	�sin2 �

aH =
g

2
�1 − cos 4	�sin2 � tan2 �

aNV = 0

aNH = 2�g�1 − g�sin 2	 sin2 � + �g�2�1 − g�sin 2	

+ g sin 4	�sin2 � tan2 �

aVH = 0. �13�

he linearized PP-reflection coefficients are insensitive to the mi-
rocorrugation or roughness in the fracture surface, because aNV

0. For rotationally invariant fractures, substituting equation 13
nto 11 and rearranging the terms results in an expression for lin-
arized plane-wave PP-reflection coefficient in the form of equa-
ion 1 of Rüger and Tsvankin �1997�, which has been extensively
sed for azimuthal AVO analysis. We further observed that the dif-
erence of the P-wave reflection coefficient along and perpendicu-
ar to the fracture symmetry axes is

�R��� = RPP
obs��,	 = 0°� − RPP

obs��,	 = 90°�

= g���1 − 2g��N − �T�sin2 �

+ �1 − g��N sin2 � tan2 �� , �14�

hich reduces to equation 16 of Sayers and Rickett �1997�, for nor-
alized excess compliances �� + 2��KN and �KT much smaller
han unity.

The following differences exist between our work and that of
ayers and Rickett �1997�. We obtained expressions for both PP
nd mode-converted �PS� linearized plane-wave reflection coeffi-
ients in terms of fracture weaknesses. To accomplish this, we used
general-slip model to express the elastic coefficients of the frac-

ured medium in terms of fracture weaknesses and scattering
heory �Shaw and Sen, 2004� to linearize the reflection coefficient.
n the other hand, Sayers and Rickett �1997� defined the Thomsen
arameters in terms of the fracture compliances normalized with
espect to the isotropic background-rock elastic parameters, and
ubstituted these values in the expressions for linearized PP-
eflection coefficients only over HTI media �Rüger, 1998�. These
wo expressions are equivalent for a fractured medium with rota-
ionally invariant fractures. However, because our representation
f fractures is more general, the effects of microcorrugation on PP-
nd PS-AVOA become apparent.

For mode-converted waves �PS�, an equation equivalent to
quation 11 can be written as

�RPS = RPS
obs��,	� − RPS

iso��� = B� , �15�

here the sensitivity matrix B is given by

B =
sin �

2�g cos � sin�� + ��
�bN,bV,bH,bNV,bNH,bVH� ,

�16�

ith

bN = g�1 − 2g��1 + cos 2	�sin � cos � +
1

2
g2�3

+ 4 cos 2	 + cos 4	�sin2 � sin � cos �

bV = −
g

2
�1 + cos 2	�sin 2� cos 2�

bH =
g

2
�1 − cos 4	�sin2 � sin � cos �

bNV = �g cos 	���1 − g� + g cos 2	�sin � sin�2� − ��

− �1 − 2g�cos � cos�2� − ���

bNH = �g sin 2	��1 − 2g�sin � cos �

+ 2g�1 + cos 2	�sin2 � sin � cos ��

bVH = g�g sin 2	 sin � sin�2� − �� . �17�

ere, tan � = tan � cot 	, and � represents the angle of reflection
or the converted SV wave.

Because, in general, bNV is not zero, the linearized PS-reflection
oefficient �equation 17� is sensitive to the 2D microcorrugation or
oughness in the fracture surfaces with ridges and troughs parallel
o the fracture strike direction.
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RESULTS

We first investigated how the incompressibility of the fluid fill-
ng cracks affects the fluid indicator in a fractured reservoir with
solated, penny-shaped cracks or with cracks hydraulically con-
ected to equant pores. The expressions for the normal weakness,
he tangential weakness, and the fluid indicator are summarized in
able 1.
In the linear-slip model for fractures, the fluid indicator is given

y Schoenberg and Sayers �1995� as

fluid indicator =
KN

KT
� g

�N

�T
. �18�

or aligned, penny-shaped cracks, the expression for the fluid indi-
ator simplifies to �Hudson, 1980�

fluid indicator =
7

8

1 +

5


2�f

−1

, �19�

here f is the aspect ratio of the cracks, i.e., the ratio of the crack
perture to crack diameter, and 
 = ��/� with � and �� represent-
ng the incompressibility of the rock matrix and the inclusion fluid,
espectively.

For fractures that are hydraulically connected to equant pores,
e follow Thomsen �1995� and Bakulin et al. �2000� to write the

xpression for fluid indicator as

fluid indicator = q
3 − 2g

4�1 − g�
, �20�

here

q =
1 − 


1 − 
�1 − �Ap	̄p + Ac	̄c��
. �21�

ere, 	̄p and 	̄c represent the fractional primary �equant� porosity
nd the crack porosity, respectively. Although both the coefficients
p = �3 − 2g�/2g and Ac = �2 − 3g�/3�f�1 − g� depend on the
ackground-medium properties, the latter depends, additionally, on
he fracture-aspect ratio. Note that Bakulin et al. �2000� identified
he factor q as the fluid indicator, which is simply the fluid influ-
nce factor of Thomsen �1995� scaled by �1 − 
�, under the low-
requency approximation. For gas-saturated fractures, �� � 0, im-
lying q � 1 from equation 21. Under this condition, equation 20
educes to

fluid indicator = 1 −
�

2
, �22�

here � is the Poisson’s ratio of the background medium. Equation
2 is a very simple and well-known result �Bakulin et al., 2000�
hat has far-reaching implications for estimating fluid content.

It is generally believed that the interaction of fractures with
quant pores decreases the fluid indicator. In other words, if frac-
ures are dry or gas-saturated, but are isolated, the fluid indicator
pproaches unity. On the other hand, the same set of fractures with
he same state of fluid saturation behaves as though partially filled
hen the fractures and equant pores in the host medium are hy-
raulically connected. To understand the interplay of the roles of
uid, matrix, and fracture geometry, we designed a numerical ex-
eriment based on a set of aligned, penny-shaped cracks with crack
ensity 0.05 and aspect ratio 0.01 embedded in an isotropic chalk
ith P- and S-wave velocities 3620 m/s and 1810 m/s, respec-

ively. We computed the fluid indicator using equation 20 for val-
es of 
, the ratio of the incompressibility of the fluid infill and
ock matrix between 0 �dry/gas� and 0.3, for fractional crack poros-
ty varying between 0 �no cracks, all equant pores� to 1 �all cracks,
o equant pores� at an interval of 0.2. The solid lines in Figure 1
epict the variation of fluid indicator with 
, which shows that the
uid indicator increases, for a specific case of crack-pore interac-

ion, as the fluid becomes more and more compressible. On the
ther hand, for any fixed value of 
, an increase in crack porosity
ecreases the fluid indicator, because of fluid flow between the
racks and pores.

Next, we selected four sets of isolated cracks with aspect ratios,
.1, 0.8, 0.5, and 0.3, and computed the fluid indicator from equa-
ion 19 for the same range of 
. These results are depicted in Figure
. The fluid indicator computed from equations 19 and 20 are
early the same over the entire range of selected 
 for appropriate
ombinations of fracture-aspect ratio and fractional porosity, indi-
ating that the fluid indicator depends on a complex combination
f microstructural properties of fractures and the elastic properties
f the solid matrix and the fluid infill. However, if the fractures are
ry or gas-saturated, the value of the fluid indicator approaches
nity whether or not the fractures interact with pores. From these
esults, it appears that characterizing gas-saturated fractures should
e easy and unambiguous. We discuss the practical difficulties in
stimating the fluid indicator in gas-saturated fractures in the fol-
owing section.

To understand how the normal and fracture weaknesses affect
he PP-reflection coefficients at different incidence angles and azi-

uths, we selected an isotropic host medium with P-wave velocity
equal to twice the S-wave velocity �, corresponding to g

0.25, common for sedimentary rocks. We used equation 13 to
ompute the coefficients aN and aT = aV + aH for incidence angles
arying between 0° and 40° at intervals of 2° and for azimuths
arying between 0° and 90° at intervals of 5°. The results �Figure

igure 1. Variation of fluid indicator with the ratio of incompress-
bilty of fluid and solid matrix. Solid lines refer to fractures hy-
raulically connected to equant pores with fractional crack poros-
ty shown at an interval of 20% computed by using equation 20.
he discrete symbols refer to aligned, but isolated, penny-shaped
racks with aspect ratio indicated in the legend.
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� show that the PP-reflection coefficients have greater sensitivity
o �N than �T. Note that the reflection coefficients along the frac-
ure strike direction �azimuth = 90°� are independent of the tan-
ential weakness. Further, �N affects the reflection coefficients at
ost incidence angles. On the other hand, the effect of �T on PP-

eflection coefficients is prominent at large angles of incidence
nly — a behavior similar to the effect of S-wave velocity on the
P-reflection coefficient from an interface separating two isotropic
edia. The reason can be found in the structure of equation 3,
hich shows that the tangential weakness �T of the fractures modi-
es the shear modulus of the background isotropic medium only,
nd does not affect the P-wave velocity in the unfractured medium.

To determine the accuracy of the linearized reflection coeffi-
ients expressed in terms of normal and tangential fracture weak-
esses, we considered a set of rotationally invariant vertical frac-
ures with normal and tangential weaknesses 0.20 and 0.05, re-
pectively, embedded in an isotropic chalk �Shen et al., 2002� char-
cterized by P-wave velocity, S-wave velocity, and density of
620 m/s, 1810 m/s, and 2420 kg/m3, respectively. We further as-
umed that the fracture density is so weak that the density of the
ractured chalk is the same as that of the isotropic chalk in which
he fractures are embedded. We used equation 3 to compute the
lastic coefficients of the fractured medium and the reflectivity
ethod �Fryer and Frazer, 1984� to compute the exact PP-re-
ection coefficients from an interface separating the fractured me-
ium from the isotropic background. We considered a range of in-
idence angles 0–40° and azimuths 0–90° for this purpose. We also
omputed the linearized PP-reflection coefficients from equation 7
or the same range of incidence angles and azimuths. Figure 3
ompares the exact and the linerarized PP-reflection coefficients.

igure 2. Dependence of linearized PP-reflection coefficient on �a�
ormal weakness � and �b� tangential weakness � .
N T
he linearized PP-reflection coefficients match the exact reflection
oefficients over a wide range of incidence angles and azimuths.
he discrepancies between the two are largest for incidence angles
xceeding 30°, but are limited to 5–6% for this example.

stimation of fluid indicator

Because our method requires the knowledge of the orientation of
he vertical fractures as well as information about the physical pa-
ameters of the overlying and unfractured background rocks, we
ssume that these parameters have been determined from conven-
ional methods, e.g., well log data, NMO velocity, or conventional
VO analysis. To estimate the fluid indicator, we first compute the
xact reflection coefficient RPP

bgd��� for the interface separating the
verlying medium from the isotropic medium in which fractures
re embedded, and subtract this from the observed amplitude data

igure 3. Variation of reflection coefficients with angles of inci-
ence and azimuth: �a� exact reflection coefficients, �b� linearized
eflection coefficients, and �c� difference between linearized and
xact reflection coefficients.
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o isolate the effects of fractures on the AVOA. These data, �R
RPP

obs��,	� − RPP
bgd���, form the input to a linear least-squares in-

ersion to estimate the fracture weaknesses �N and �T:

�1 = �ATA�−1AT�R , �23�

here �1
T = ��N�T�.

Then, we use equation 18 to estimate the fluid indicator.
We used the exact formulation to generate PP-AVOA data for an

nterface separating a shale from an isotropic chalk described in
able 2 for four different fluid saturations, viz. 100% gas-saturated
nd 10%, 30%, and 100% brine-saturated fractures. We varied the
ncidence angle between 0° and 40° at intervals of 5° and consid-
red azimuths varying between 0° and 90° at intervals of 15°. Us-
ng known parameters for the background medium, we isolated the
ffects of the fractures on the observed PP-AVOA and added ran-
om noise �Press et al., 1989� of 10% of the maximum amplitude
ver the entire range of incidence angles and azimuths. We in-
erted these data for the fracture weaknesses �N and �T, and com-
uted the fluid indicator using a priori knowledge of g of the un-
ractured medium. Figure 4a shows the estimated fluid indicators
nd their scatter for different fluid-infill models. The partial-
aturation cases �brine/gas� with fluid indicators 0.248 and 0.487
orrespond to fractures having aspect ratio 0.01 and fracture den-
ity 0.023, with brine saturation of 30% and 10%, respectively. The
esults are also tabulated in Table 3 for a quantitative appraisal.
he results show that inversion of P-wave AVOA data yields satis-

actory estimates of fracture weaknesses and fluid infill when the
ractures are brine-filled or partially saturated. For gas-saturated
ractures, the fluid indicator is underestimated.

Because there is uncertainty in g, we investigated the effect of
rror in g on the estimation of fluid indicator. We repeated the ex-
eriment described above for values of g varying between 0.2 and
.3 at intervals of 0.01. For each value of g, we computed the fluid
ndicator and the error estimates �Figure 4b�. We observed that for
ractures that are partially or fully saturated with brine, an error up
o 15%–20% in the value of assumed g does not affect the accuracy
f fluid indicator significantly. However, for dry or gas-saturated
ractures, an error in g may affect the fluid-indicator estimate to a
arge extent if g is underestimated.

CONCLUSIONS

Because previous studies showed an
quivalence in the elastic properties of
ommonly used models, we selected the
inear-slip theory to represent the macro-
roperties of the fractures. To quantita-
ively estimate the fluid content in a verti-
ally fractured reservoir, we selected the
atio of the normal weakness to the tan-
ential weakness of the incipient frac-
ures, defined by linear-slip theory as a

easure of the fluid indicator. We showed
hat for a wide range of the ratio of in-
ompressibility of the fluid infill to the
ackground solid matrix, the two models,
iz. �i� isolated cracks and �ii� cracks in-

Table 3. Inversion
indicator.

Brine/gas
saturation Tru

100% gas-
saturated

0.17

10% brine-
saturated

0.10

30% brine-
saturated

0.05

100% brine-
saturated

0.02
able 2. Parameters of an interface separating an isotropic
edium from a fractured medium (after Shen et al., 2002;
acBeth, 1999).

edium Density, kg/m3 �, m/s �, m/s

hale 2300 2460 1230

halk 2420 3620 1810

rine 1100 1710 —
of PP-AVOA data to estimate fracture weakness and fluid

Normal
weakness, �N

Tangential
weakness, �T

Fluid indicator =
g�N/�T

e Estimated True Estimated True Estimated

8 0.181 ± 0.002 0.053 0.071 ± 0.006 0.840 0.640 ± 0.053

3 0.104 ± 0.001 0.053 0.060 ± 0.003 0.487 0.436 ± 0.021

4 0.054 ± 0.001 0.053 0.055 ± 0.001 0.248 0.245 ± 0.005

1 0.019 ± 0.001 0.053 0.037 ± 0.001 0.099 0.131 ± 0.001
igure 4. �a� Fluid-indicator estimates from noisy synthetic AVOA
ata for different conditions of fluid saturation, and �b� the effect of
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eracting with pores, are practically indistinguishable. From this,
e conclude that interpretation of a fluid indicator would lead to

mbiguity in models of crack porosity.
We investigated the sensitivity of the linearized PP- and PS-

eflection coefficients to the normal and tangential weaknesses. We
epresented the elastic properties of a set of vertical, parallel frac-
ures embedded in an otherwise isotropic medium by general slips.
he simple relationship of the linearized reflection coefficients

rom a weak anisotropic media to the singly scattered wavefield al-
owed us to derive expressions for the sensitivity of PP- and PS —
eflection coefficients to fracture weakness. We observed that the
P-AVOA does not contain information on the weakness �NV that
efines 2D microcorrugation or fracture roughness with ridges and
alleys parallel to the fracture strike direction. On the other hand,
S-AVOA is sensitive to this parameter. Furthermore, the tangen-

ial weakness does not contribute to either the PP — or the PS-
eflection coefficients along the direction of the fracture strike. Our
ethod for estimating fluid indicator uses full-azimuth AVO data

rom which the contributions of the fractures have been isolated.
east-squares inversion of synthetic data corrupted with 10% ran-
om noise for different cases of fluid saturation in the fractures
hows that the estimated fluid indicators agree reasonably with the
ssumed values. For dry or gas-saturated fractures, there is a sys-
ematic over-estimation of the tangential weakness that results in
n underestimate of the fluid indicator. We conclude that errors up
o 20% in g for the unfractured host medium, which is a priori in
ur method, do not affect the fluid-indicator estimate significantly
f the fractures are fluid-filled or partially saturated. As the gas
aturation of the fracture increases, inaccuracy in g affects the
uid-indicator estimate significantly.
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APPENDIX A

SENSITIVITY OF LINEARIZED REFLECTION
COEFFICIENTS TO FRACTURE WEAKNESS

To derive the expressions for sensitivity of linearized PP and PS-
eflection coefficients to the fracture weaknesses, we rewrite the
econd term in the right hand side of equation 8 as �I = 1

6 �J = 1
6 CIJ�EIJ,

here the elements of the two 6 � 6 matrices C� and E� are given
y

CIJ� = �cijkl �A-1�

nd

EIJ� = �ijkl �A-2�

ith

I = i�ij + �9 − i − j��1 − �ij� �A-3�

nd
J = k�kl + �9 − k − l��1 − �kl� . �A-4�

�ij and �kl are Kronecker delta.
We explain the procedure through an example. From equations

, 4, 7, 8, and A-2, the sensitivity of the normal weakness of the
ractures to the linearized PP-reflection coefficients is given by

� + 2�

4
o cos2 �
�E11� + ��E12� + E21� + E13� + E31� �

+ �2�E22� + E33� + E23� + E32� �� . �A-5�

The polarization vectors corresponding to the incident and the
eflected waves are given by

t = �sin � cos 	,sin � sin 	,cos �� �A-6�

nd

t� = �− sin � cos 	,− sin � sin 	,cos �� , �A-7�

espectively. Similarly, the corresponding slowness vectors are

p =
1

�
�sin � cos 	,sin � sin 	,cos �� �A-8�

nd

p� =
1

�
�− sin � cos 	,− sin � sin 	,cos �� . �A-9�

hus,

E21� = �2211 = 	t2�p2�t1p1	r=ro
=

1

�2 sin4 � sin2 	 cos2 	 .

�A-10�

n a similar way, we write the expressions for EIJ� corresponding to
P reflections from a horizontal interface as

E11 = sin4 � cos4 	 E41 = − E14

E12 = sin4 � sin2 	 cos2 	 E42 = − E24

E13 = sin2 � cos2 � cos2 	 E43 = − E34

E14 = 2 sin3 � cos � sin 	 cos2 	

E44 = − 4 sin2 � cos2 � sin2 	

E15 = − 2 sin3 � cos � cos3 	

E45 = − 4 sin2 � cos2 � sin 	 cos 	

E16 = 2 sin4 � sin 	 cos3 	

E46 = − 4 sin3 � cos � sin2 	 cos 	

E = E E = − E
21 12 51 15
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E22 = sin4 � sin4 	 E52 = − E25

E23 = sin2 � cos2 � sin2 	

E53 = − E35

E24 = − 2 sin3 � cos � sin3 	

E54 = E45

E25 = − 2 sin3 � cos � sin2 	 cos 	

E55 = − 4 sin2 � cos2 � cos2 	

E26 = 2 sin4 � sin3 	 cos 	

E56 = 4 sin3 � cos � sin 	 cos 	

E31 = E13 E61 = E16

E32 = E23 E62 = E26

E33 = cos4 � E63 = E36

E34 = 2 cos3 � sin � sin 	 E64 = − E46

E35 = − 2 cos3 � sin � cos 	 E65 = − E56

E36 = 2 sin2 � cos2 � sin 	 cos 	

E66 = 4 sin4 � sin2 	 cos2 	 ,

here

EIJ� =
EIJ

�2 , I,J = 1, 2, . . . ,6. �A-11�

or mode-converted P-SV reflection, the coefficients EIJ� = EIJ/��,
,J = 1, 2, ¼, 6 are

E11 = sin2 � sin � cos � cos4 	

E41 = − sin2 � cos 2� sin 	 cos2 	

E12 = sin2 � sin � cos � sin2 	 cos2 	

E42 = − sin2 � cos 2� sin3 	

13 = cos2 � sin � cos � cos2 	 E43 = − cos2 � cos 2� sin 	

E14 = sin � cos � sin 2� sin 	 cos2 	

E44 = − sin 2� cos 2� sin2 	

E15 = sin � cos � sin 2� cos3 	

E45 = − sin 2� cos 2� sin 	 cos 	

E16 = sin2 � sin 2� sin 	 cos3 	

E46 = − 2 sin2 � cos 2� sin2 	 cos 	

E21 = E12 E51 = − sin2 � cos 2� cos3 	

E22 = sin2 � sin � cos � sin4 	

E = − sin2 � cos 2� sin2 	 cos 	
52
E23 = cos � sin � cos � sin 	 E53 = − cos � cos 2� cos 	

E24 = sin � cos � sin 2� sin3 	 E54 = E45

E25 = sin � cos � sin 2� sin2 	 cos 	

E55 = − sin 2� cos 2� cos2 	

E26 = sin2 � sin 2� sin3 	 cos 	

E56 = − 2 sin2 � cos 2� sin 	 cos2 	

E31 = − sin2 � sin � cos � cos2 	 E61 = E16

E32 = − sin2 � sin � cos � sin2 	 E62 = E26

E33 = − cos2 � sin � cos � E63 = cos2 � sin 2� sin 	 cos 	

E34 = − sin � cos � sin 2� sin 	

E64 = sin 2� sin 2� sin 	 cos2 	

E35 = − sin � cos � sin 2� cos 	

E65 = sin 2� sin 2� sin2 	 cos 	

E36 = − sin2 � sin 2� sin 	 cos 	

E66 = 2 sin2 � sin 2� sin2 	 cos2 	 .

APPENDIX B

NOTATIONS

Symbol�s� Description

u � Displacement discontinuity vector across a
fracture plane, also called slip vector

u1, u2, u3 � Components of the slip along 1, 2, and 3
directions

h � Separation between two fractures
K � Compliance matrix

N, KV, KH ¼
etc � Elements of excess compliance matrix
� � Traction acting on the fracture plane

�12, �13, �23 � Elements of stress tensor
�, � � Lame’s parameters

C, Cb, Cf � Elastic stiffness matrices of fractured
medium, background, and fractures,
respectively

g � Square of the ratio of S- and P-wave
velocities in the background medium

� � 1 − 2g
�, �1 � Fracture weakness vectors

N, �V, �H etc. � Elements of �
R��,	� � Reflection coefficient at incidence angle �

and azimuth 	
RPP

iso, RPP
ani, RPP

bgd � PP-reflection coefficients
RPS

iso � PS-reflection coefficients
�R, �R � Difference of reflection coefficients between

two cases/two azimuths
S�.� � Scattering function

r � Position vector of an arbitrary point
r � Position vector of a specific point
o
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o � Density of background medium
�
 � Perturbation in density
�C � Perturbations in elastic stiffness parameters

t � Polarization vector
p � Slowness vector
� � Factor showing dependence of scattering

function on density perturbation
�, E, E� � Factors showing dependence of scattering

function on perturbations in elastic
coefficients

A � Sensitivity �matrix� of PP-reflection
coefficients on fracture weakness

aN, aV, aH etc. � Elements of the sensitivity matrix A
B � Sensitivity �matrix� of PS-reflection

coefficients on fracture weakness
bN, bV, bH etc. � Elements of the sensitivity matrix B

c, a � Aperture and diameter of penny-shaped
cracks, respectively

f � �=c/a�, aspect ratio of cracks
e � Fracture density

�, �� � Incompressibility of rock matrix and fluid
infill


 � �=��/��
q � Fluid indicator in case of cracks interacting

with equant porosity
�̄P, �̄c � Fraction of primary �equant� porosity/crack

porosity of total porosity
Ap, Ac � Factors governing the relative dominance of

primary and crack porosities in fluid indicator
� � P-wave velocity in isotropic host rock
� � S-wave velocity in isotropic host rock
� � Poisson’s ratio of isotropic host rock
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