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Abstract In this paper, we formulate a finite element
procedure for approximating the coupled fluid and
mechanics in Biot’s consolidation model of poroelas-
ticity. Here, we approximate the pressure by a mixed
finite element method and the displacements by a
Galerkin method. Theoretical convergence error es-
timates are derived in a discrete-in-time setting. Of
particular interest is the case when the lowest-order
Raviart–Thomas approximating space or cell-centered
finite differences are used in the mixed formulation
and continuous piecewise linear approximations are
used for displacements. This approach appears to be
the one most frequently applied to existing reservoir
engineering simulators.

Keywords Continuous Galerkin · Discrete-in-time
a priori error estimates · Mixed finite elements ·
Poroelasticity

1 Introduction

In part 1 of this two-part paper [11], we provide an
overview of the growing importance of poroelasticity
modeling in a diverse range of fields. Indeed, ideas
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from poroelasticity may have emerged naturally from
concerns in the soil mechanics community, but today,
those same ideas are contributing to important achieve-
ments in reservoir engineering, earthquake engineer-
ing, and biomedicine.

The contribution of the prequel was the novel al-
gorithm based on a coupling of continuous Galerkin
and mixed methods. Therein, we present optimal a
priori continuous-in-time error estimates, and discuss
the mass conservation feature of our algorithm.

Here, we turn to the discrete time setting and present
optimal a priori discrete-in-time error estimates. We
also compare our results against the well-known 1-D
problem of Terzaghi, and we also take a look at the
more recent 2-D problem of Barry and Mercer.

But first, for convenience, we recapitulate the essen-
tial aspects of the Biot’s consolidation model and our
finite element formulation found in part 1.

2 Model formulation

2.1 Derivation of the model

The poroelasticity equations consist of a momentum
and a mass conservation equation and are derived at
the macroscopic scale in the work of Terzaghi [17] and
M. A. Biot [3, 4]. In our discussion of the equations, we
follow the presentation of Showalter [15].

The momentum conservation is similar to that found
in linear elasticity, the exception being the addition
of a fluid pressure term. Because the deformation of
the material is usually much slower than the flow rate,
a quasistatic assumption is made, so that the second
time derivative for displacements is ignored. In order
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to derive the momentum equation, let � ⊂ Rd, and
choose V to be a fixed, arbitrary open subset of �.
Then, for the total stress tensor, σ̃ , and a body force,
f, we have

−
∫

∂V
σ̃ ν ds =

∫
V

f dV,

where ν is the outward normal. Using the divergence
theorem on the left side allows us to conclude:

−
∫

V
∇ · σ̃ dV =

∫
V

f dV.

Because V was chosen arbitrarily, it follows that −∇ ·
σ̃ = f over �.

Turning to the mass conservation equation, we again
let V ⊂ � be a fixed, arbitrary open subset of �. We
refer to η as the fluid content of the medium, v f as its
flux, and h as the volumetric fluid source term. We then
conclude from elementary conservation principles

∂

∂t

∫
V

η dV = −
∫

∂V
v f · ν ds +

∫
V

h dV.

Then, the divergence on the first term on the right side
of the above equation and the fact that V was chosen
arbitrarily imply that

∂η

∂t
= −∇ · v f + h.

In order to close the model, constitutive relations must
be formulated to relate the total stress, σ̃ ; flux, v f ; and
fluid content, η to the primary variables pressure, p,
and deformation, u. The total stress must account for
the usual material stress as in elasticity and for the fluid
pressure; consequently, we set σ̃ = σ − α∇ p. Here, σ

is the standard stress tensor from elasticity (which we
assume to be a linear function of u), and is referred
to as the “effective stress” in the field of poroelastic-
ity. The pressure term measures the effect of fluid of
the material medium; an increase in pressure gener-
ally causes an expansion. The standard assumption of
Darcy’s law from porous media holds for the flux, and
we set v f = − 1

μ f
κ(∇ p − ρ f g). The permeability tensor,

κ , is assumed to be uniformly bounded and uniformly

Table 1 Summary of constitutive relations

σ̃ij(u, p) = σij(u) − αδij p Total stress
σij(u) = λδijεkk(u) + 2μεij(u) Effective stress
η = co p + α∇ · u Fluid content
v f = − 1

μ f
κ(∇ p − ρ f g) Volumetric fluid flux

Table 2 Summary of physical parameters

Parameter Description

λ, μ Positive Lamé constants
co Constrained Specific Storage Coefficient
α Biot–Willis
κ Symmetric permeability tensor
μ f Fluid viscosity

elliptic; that is, there exist positive constants λmin and
λmax such that for all x∈�, the following relation holds:

λmin||ξ ||2 ≤ ξ tκ(x)ξ ≤ λmax||ξ ||2. (2.1)

It is natural to assume that the amount of fluid content,
η, depends on the fluid pressure, p, and the mater-
ial volume, which is measured locally by ∇ · u. More
specifically, we set η = co p + α∇ · u, and observe that
co p measures the amount of fluid that can be injected
into a fixed material volume, and α∇ · u measures
the amount of fluid that can be squeezed out. The
constrained specific storage coefficient, co, may, in gen-
eral, be zero, but in this paper, it is assumed to be
strictly positive:

c0 ≥ γo > 0 (2.2)

for some positive constant γo.
The momentum and mass conservation equations

are coupled through the Biot–Willis constant, α, which
is usually close to unity. The material parameters are
usually found experimentally or through some homog-
enization technique (Tables 1 and 2).

2.2 Summary of the poroelasticity equations

We summarize the governing equations below, and
complete the model by including the necessary bound-
ary and initial conditions. There are two distinct sets
of boundary conditions, one corresponding to the flow
and one corresponding to the deformation.

−(λ + μ)∇(∇ · u) − μ∇2u + α∇ p = f, (2.3a)

∂

∂t
(co p + α∇ · u) − 1

μ f
∇ · κ(∇ p − ρ f g) = h, (2.3b)

p(t) = po on �p, (2.4a)

− 1

μ f
κ(∇ p − ρ f g) · ν = q on � f , (2.4b)

u(t) = uD on �o, (2.4c)

σ̃ ν = tN on �t, (2.4d)
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p(0) = po, (2.4e)

u(0) = uo, (2.4f)

where ∂� = �p
⋃

� f and ∂� = �t
⋃

�o. Also, ν repre-
sents the outward normal to ∂�.

Remark 2.1 Often in practice, initial conditions are
found by first setting p(0) equal to the hydrostatic
pressure (which amounts to solving ∇ p(0) = ρ f g), and
then using p(0) in Eq. 2.3a to solve for u(0).

3 The coupled formulation

3.1 Bilinear form and function spaces

For the mixed formulation developed herein, the ap-
propriate function space for the pressure is L2(�).
The space used for the flux variable is H(div) ≡
{s ∈ (L2(�))d : ∇ · s ∈ L2(�)}. With H(div), we then
define the following subset:

S0 ≡ {s ∈ H(div) : s · ν|�f = 0}.

The function space relevant to the deformation is

V0 ≡ {v ∈ (H1(�))d : v|�o = 0}.

Associated with this space is the bilinear form de-
fined as

au(u, v) ≡
∫

�

σ (u) : ε(v)dx.

The linearized strain tensor is given by εkl ≡ 1
2 (∂kul +

∂luk), and thus,

au(u, v) =
∫

�

(2μ(ε(u) : ε(v)) + λ(∇ · u)(∇ · v))dx. (3.1)

Here, (σ : τ) = ∑
i

∑
j

σijτij. Clearly au(, ) is symmet-

ric and continuous. Furthermore, given that |�o| > 0,
Korn’s inequality shows that au(, ) is also coercive on
V0 (see Brenner and Scott [5]). With the energy norm
defined as ||u||2au

≡ au(u, u), the following inequalities
hold for some positive real numbers Ccont and Ccoer:

au(u, v) ≤ Ccont||u||H1 ||v||H1, ∀u, v ∈ H1, (3.2)

Ccoer||u||2H1 ≤ ||u||2au
, ∀u ∈ V0. (3.3)

We now provide some definitions important for the
development of our finite element scheme. Our no-
tation follows Rivière and Wheeler [14]. Let Eh =

{E1, E2, ..., EMh} be a nondegenerate subdivision of �,
where E j is a triangle or a convex quadrilateral for
d = 2, or a tetrahedron if d = 3. Let h j = diam(E j);
then, nondegeneracy requires the existence of ρ > 0
such that E j contains a ball of radius ρh j. We also set
h = max{h j : j = 1, ..., Mh}.

The finite dimensional approximating spaces are de-
fined as follows. Let (Wh, Sh) ⊂ (L2×H(div)) denote a
standard mixed finite element space defined on Eh; in
particular, let Sh,0 ≡ {s ∈ Sh : s · ν|� f = 0}. Let k refer
to the order of this space. Additionally, these spaces
are required to be endowed with two linear operators,
�h, H(div) → Sh, and the L2 projection, L2 → Wh,
which satisfy the following properties:

(∇ · (s − �hs), w) = 0, ∀w ∈ Wh, (3.4a)

||s − �hs||L2 ≤ Chr||s||Hr , 1 ≤ r ≤ k + 1, (3.4b)

∇ · �h = Ph∇·, (3.4c)

(∇ · sh, p − Ph p) = 0, ∀sh ∈ Sh, (3.4d)

||p − Ph p||L2 ≤ Chr||p||Hr , 0 ≤ r ≤ k + 1. (3.4e)

The Raviart–Thomas–Nedelec space of order k = 0
(see Raviart and Thomas [12] and Nedelec [10]) is one
example and is used for the numerical examples that
follow. Note that not all mixed-spaces operators satisfy
each of the above properties, in particular, Eq. 3.4b,
where the upper bound for r is sometimes only k.

Regarding the deformation space, we let Vh be the
space of continuous piecewise polynomials of degree
r; set Vh,0 ≡ {v ∈ Vh : v|�o = 0}. The elliptic projection
operator P̃, (H1)d → Vh (see Wheeler [18]), will be
used in the following theorem; P̃ satisfies

au(u − P̃u, vh) = 0 ∀vh ∈ Vh.

The following inequality describes its approximation
properties:

||u − P̃u||au ≤ Chs−1, 1 ≤ s ≤ r + 1. (3.5)

3.2 Coupled algorithm

Corresponding to Eqs. 2.3a and 2.3b, Phillips and
Wheeler [11] (submitted for publication) produce
a continuous-in-time, fully coupled algorithm. They
begin by making the following assumptions on the
problem data:

f ∈ C1([0, T]; (H−1(�))d), (3.6)

h ∈ C0([0, T]; L2(�)), (3.7)
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po ∈ C0([0, T]; L2(�p)), (3.8)

q ∈ C0([0, T]; TrS), (3.9)

uD ∈ C1([0, T]; (H1/2(�o))
d), (3.10)

tN ∈ C1([0, T]; (H−1/2(�t))
d), (3.11)

where TrS ≡ {s · ν|� f : s ∈ H(div)}. As for the initial
time data, they also assume that uo ∈ (H1)d and po ∈
L2. They work in affine spaces because the essen-
tial boundary conditions for the displacement and flux
are allowed to be inhomogeneous. So, for each t ≥ 0,
they select some ud(t, x) ∈ (H1)d such that ud(t, x)|�o =
uD(t, x), and choose some zd(t, x) ∈ H(div) such that
zd(t, x) · ν|� f = q(t, x). Then, they define ūd(t, x) = P̃ud

(t, x) and z̄d(t, x) = �hzd(t, x). Their scheme then
becomes: Find ū ∈ ūd + H1([0, T]; Vh,0), p̄ ∈ H1([0, T];
Wh) and z̄ ∈ z̄d + L2([0, T]; Sh,0) such that

au(ū, v) − α(∇ · v, p̄) = l1(v), (3.12)

(co p̄t, w) + α(∇ · ūt, w) + (∇ · z̄, w) = l2(w), (3.13)

(κ̃−1z̄, s) − ( p̄, ∇ · s) = l3(s), (3.14)

holds for every t ∈ [0, T] and for all (v, w, s) ∈ (Vh,0,

Wh, Sh,0). Additionally, they choose the following ini-
tial conditions for ū and p̄:

au(ū, v)|t=0 = au(uo, v), ∀v ∈ Vh, (3.15)

( p̄, w)|t=0 = (po, w), ∀w ∈ Wh. (3.16)

Here, l1, l2, and l3 are bounded linear functionals de-
fined as lf1

l1(v) =
∫

�

f · v +
∫

�t

tN · v, (3.17)

l2(w) =
∫

�

h w, (3.18)

l3(s) = −
∫

�p

pos · ν +
∫

�

ρ f g · s. (3.19)

We now complete the numerical formulation by dis-
cretizing our algorithm (Eqs. 3.12–3.14) in time. To do
so, we use the theta method from numerical differential

equations. We start with some definitions. Let �t =
T/N where N is a positive integer and let t j = j�t. We
then use the following notation for θ ∈ [0, 1]:

g j = g(x, t j), 0 ≤ j ≤ N, (3.20)

g j,θ = 1

2
(1+θ)g j+1+ 1

2
(1 − θ)g j, 0≤ j≤ N − 1. (3.21)

With this, Eqs. 3.12–3.14 become: Find ū j ∈ ūd, j + Vh,0,
p̄ j ∈ Wh, and z̄ j ∈ z̄d, j + Sh,0, such that

au(ū j,θ , vh) − α(∇ · vh, p̄ j,θ ) = l1 j,θ (vh), (3.22)

co

( p̄ j +1 − p̄ j

�t
, wh

)
+ α

(
∇ ·

( ū j +1 − ū j

�t

)
, wh

)

+ (∇ · z̄ j,θ , wh) = l2 j,θ (wh), (3.23)

(κ̃−1z̄ j,θ , sh) − ( p̄ j,θ , ∇ · sh) = l3 j,θ (sh), (3.24)

for all (vh, wh, sh) ∈ (Vh,0, Wh, Sh,0). The right-hand
sides are determined by Eqs. 3.17–3.19 in accordance
with the notation set forth in Eq. 3.21. We mention that
θ = 1 corresponds to the backward Euler method and
θ = 0 to the Crank–Nicolson (C-N) scheme.

We now write, for each time t = j�t, the functions
ū j(x), p̄ j(x), and z̄ j(x) as components in their respective
finite element basis functions, Nu = [Nu,1, . . . , Nu,nu ],
Np = [Np,1, . . . , Np,np], and Nz = [Nz,1, . . . , Nz,nz ]:

ū j(x) =
∑

k

u j,k Nu,k(x) +
∑

k

ud, j,k(t)Nu,k(x)

= uh, j(x) · Nu(x) + udh, j(t) · Nu(x),

p̄ j(x) =
∑

k

p j,k Np,k(x)

= ph, j · Np(x),

z̄ j(x) =
∑

k

z j,k Nz,k(x) +
∑

k

zd, j,k Nz,k(x)

= zh, j · Nz(x) + zdh, j · Nz(x).

Here, the vectors uh, j = [u j,1, . . . , u j,nu ]T , ph, j =
[pj,1, . . . , pj,np]T , and zh, j = [z j,1, . . . , z j,nz ]T . The vec-
tors udh, j = [ud, j,1, . . . , ud, j,nu ]T and zdh, j =
[zd, j,1, . . . , zd, j,nu ]T are the time t = j�t components
of known functions ūd and z̄d, respectively, that come
from the inhomogeneous essential conditions.
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Rearranging Eqs. 3.22–3.24 and reverting to matrix
form yields

⎛
⎜⎜⎜⎜⎜⎝

1

2
(1 + θ)Auu −α

1

2
(1 + θ)AT

up 0

αAup co App
�t
2

(1 + θ)AT
pz

0 −1

2
(1 + θ)Apz

1

2
(1 + θ)Azz

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎝uh, j+1

ph, j+1

zh, j+1

⎞
⎠ 0 =

⎛
⎝b 1, j

b 2, j

b 3, j

⎞
⎠ ,

where the right-hand side
(
b 1, j b 2, j b 3, j

)T
satisfies:

⎛
⎝b 1, j

b 2, j

b 3, j

⎞
⎠ =

⎛
⎝ l1 j,θ (vh)

(�t)l2 j,θ (wh)

l3 j,θ (sh)

⎞
⎠ −

⎛
⎜⎜⎜⎜⎜⎝

1

2
(1 + θ)Auu −α

1

2
(1 + θ)AT

up 0

αAup co App
�t
2

(1+θ)AT
pz

0 −1

2
(1 + θ)Apz

1

2
(1+θ)Azz

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎝udh, j+1

0
zdh, j+1

⎞
⎠

−

⎛
⎜⎜⎜⎜⎜⎝

1

2
(1 − θ)Auu −α

1

2
(1 − θ)AT

up 0

−αAup −co App
�t
2

(1−θ)AT
pz

0 −1

2
(1 − θ)Apz

1

2
(1−θ)Azz

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎝uh, j + udh, j

ph, j

zh, j + zdh, j

⎞
⎠.

We remark that the matrix Auu can be found by using
existing linear elasticity software. Likewise, the matri-
ces Azz and Apz can be obtained using existing software
for mixed formulations of elliptic equations. The only
matrices that must be independently assembled are App

and the coupling matrix, Aup.
We also comment on existence and uniqueness. Part

1 of our paper proved the existence and uniqueness
of the continuous-in-time scheme (Eqs. 3.12–3.14). For
existence and uniqueness of Eqs. 3.22–3.24, one exam-
ines at the existence and uniqueness at each time step
and proceeds by induction. In particular, assume that
all of the data are zero and solve for the first time
step. We see from the first and third rows of the matrix
formulation that

uh,1 = c1 A−1
uu AT

upph,1, (3.25)

zh,1 = c2 A−1
zz Apzph,1. (3.26)

Here, c1 and c2 are constants related to the physical
parameters and θ . Plugging in these values for uh,1 and
zh,1 into the second row of the matrix and solving for
ph,1 leads to
(
co App+c3 Aup A−1

uu AT
up+c4 AT

pz A−1
zz Apz

)
ph,1 =0, (3.27)

where we make the same comments regarding the con-
stants c3 and c4. Now, the matrix multiplying ph,1 in
Eq. 3.27 is the sum of three symmetric matrices. In
addition, the first matrix is positive definite (recall also
co is assumed to be positive), and the second and third
matrices in the sum are nonnegative definite. Thus,
the matrix multiplying ph,1 is symmetric and positive
definite, and thus invertible. Hence, we conclude that
ph,1 = 0. This establishes uniqueness for ph,1, and be-
cause we are dealing with a finite-dimensional square
system, the existence of ph,1 also follows. Likewise,
from Eqs. 3.25 and 3.26, the uniqueness and existence
of uh,1 and zh,1, respectively, also follow.

Now, for the inductive step, assume that, for any
time t = j�t, all data are zero and uh, j = ph, j = zh, j = 0.
Then, the exact same argument as above proves the
uniqueness and existence of uh, j+1, ph, j+1, and zh, j+1.

Alternatively, Lipnikov [8] proves the unique solv-
ability of Eqs. 3.22–3.24 at each time step by show-
ing that certain bilinear operators satisfy Brezzi’s first
stability condition and the Ladyshenskaya–Babuska–
Brezzi inf − sup condition. He also demonstrates that
our choice of finite-dimensional spaces satisfies the
discrete forms of the above conditions, and thus, our
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problem has a unique solution. His results are of special
interest because they incorporate the case where co→0.

3.3 Error estimates

We first recall here some notation and the continuous-
in-time error estimates found in the prequel to
this paper:

EA
p = Ph p − p̄, EI

p = p − Ph p,

EA
z = �z − z̄, EI

z = z − �z,

EA
u = P̃u − ū, EI

u = u − P̃u.

Theorem 3.1 (Continuous-in-time auxiliary error esti-
mate) Let r1 be associated with the degree of the poly-
nomials used in the mixed space (Wh, Sh) satisfying
Eqs. 3.4a–3.4e, and let r2 be the degree of the polynomi-
als used in the displacement space Vh satisfying Eq. 3.5.
Then, assuming Eqs. 2.1 and 2.2 and sufficient regularity
in the true solution,

||EA
u ||2L∞(H1) + ||EA

p ||2L∞(L2)+||EA
z ||2L2(L2)

≤C(h2r1+2 + h2r2)b (3.28)

where C = C(T, κ, co, Ccoer, p, p,t, z, u,t).

The importance of auxiliary error estimates is found
when coupled with the triangle inequality, which is
summarized in the following corollary:

Corollary 3.2 (Continuous-in-time finite element error
estimate) With the same conditions as in the preced-
ing theorem, the following finite element error estimate
holds:

||u − ū||2L∞(H1) + ||p − p̄||2L∞(L2) + ||z − z̄||2L2(L2)

≤ C(T, κ, co, Ccoer, p, p,t, z, u,t)(h2r1+2 + h2r2) (3.29)

Discrete-in-time error estimates

For convenience, we now make the following
definitions:

||g||l∞(L2)= max
j=0,...,N

||g j||L2, ||g||l2(Hs)=
(∑

N−1
j=0 ||g j,θ||2Hs�t

)
1
2.

For any sufficiently smooth function g(t), by using
the Taylor series expansion about t = t j,θ , we find:

g j+1 = g|t=t j,θ + 1

2
(1 − θ)�t

∂g
∂t

|t=t j,θ

+ 1

8
(1 − θ)2(�t)2 ∂2g

∂t2
|t=t j,θ + O(�t3),

g j = g|t=t j,θ − 1

2
(1 + θ)�t

∂g
∂t

|t=t j,θ

+ 1

8
(1 + θ)2(�t)2 ∂2g

∂t2
|t=t j,θ + O(�t3).

Therefore, if we multiply the first equation by 1
2 (1 +

θ) and the second equation by 1
2 (1 − θ) and then sum,

we arrive at

g j,θ = g|t=t j,θ + 1

8
(�t)2(1 − θ)(1 + θ)

∂2g
∂t2

|t=t j,θ + O(�t3),

with the obvious exception that, for θ = 1, g j,θ = g|t=t j,θ .
The above expression allows us to approximate to order
O(�t2), u(x, t j,θ ) ≈ u j,θ , p(x, t j,θ ) ≈ pj,θ , and z(x, t j,θ ) ≈
z(x, t j,θ ).

We also remark that the following relationships
hold as a result of Taylor expansion (see Rivière and
Wheeler [13]):

pj +1 − pj

�t
= pt(x, t j,θ ) + �t ρp, j,θ , ∀x ∈ �, (3.30)

u j +1 − u j

�t
= ut(x, t j,θ ) + �t ρu, j,θ , ∀x ∈ �, (3.31)

where ρp, j,θ and ρu, j,θ depend on time-derivatives of p
and u, respectively.

Theorem 3.3 (Auxiliary discrete time error estimate)
Let r1 be associated with the degree of the polynomials
used in the mixed space (Wh, Sh) satisfying Eqs. 3.4a–
3.4e, and let r2 be the degree of the polynomials used in
the displacement space Vh satisfying Eq. 3.5. Let �t > 0
be a sufficiently small, given time-step. Then, assuming
Eqs. 2.1 and 2.2 and sufficient regularity of the true
solution,

||EA
u ||2l∞(H1) + ||EA

p ||2l∞(L2) + ||EA
z ||2l2(L2)

≤ C(h2r1+2 + h2r2) + O(�t2), (3.32)

where C = C(T, α, co, κ, Ccoer, p, p,t, z, u,t).

Proof Here, for simplicity, we assume homogeneous
essential conditions for the displacement and flux. Note
that this assumption affects only the value of C in
Eq. 3.32, but not the rate of convergence.
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We plug the true solution (u, z, p) at time t = t j,θ into
the continuous-in-time, spatially discrete scheme (Eqs.
3.12–3.14). If we utilize Eqs. 3.30 and 3.31 and the other
remarks concerning the Taylor series expansion, the
following holds up to order O(�t):

au(u j,θ , vh)−α(∇ · vh, pj,θ )= l1 j,θ (vh), co

(pj +1 − pj

�t
,wh

)

+ α
(
∇ ·

(u j +1 − u j

�t

)
, wh

)
+ (∇ · z j,θ , wh) (3.33)

= l2 jθ (wh) + co�t(ρp, j,θ , wh) + α�t(∇ · ρu, j,θ , wh),

(3.34)

(κ̃−1z j,θ , sh) − (pj,θ , ∇ · sh) = l3 j,θ (sh). (3.35)

Next, subtracting Eqs. 3.22–3.24 from Eqs. 3.33–3.35,
we have a set of equations reminiscent of Galerkin
orthogonality (except for the time-derivative errors):

au(u j,θ − ū j,θ , vh) − α(∇ · vh, pj,θ − p̄ j,θ ) = 0,

co

(
(pj +1− p̄ j +1)−(pj− p̄ j)

�t , wh

)

+ α
(
∇ ·

(
(u j +1−ū j +1)−(u j−ū j)

�t

)
, wh

)

+ (∇ · (z j,θ − z̄ j,θ ), wh) (3.36)

= co�t(ρp, j,θ , wh) + α�t(∇ · ρu, j,θ , wh), (3.37)

(κ̃−1(z j,θ − z̄ j,θ ), sh) − (pj,θ − p̄ j,θ , ∇ · sh) = 0. (3.38)

To continue, we set wh = EA
p j,θ

and sh = EA
z j,θ in Eqs.

3.37 and 3.38. Then, after adding and subtracting the
appropriate projection operators, Eqs. 3.37 and 3.38
become

co

⎛
⎝

(
EI

p j +1
+ EA

p j+1

)
−

(
EI

p j
+ EA

p j

)

�t
, EA

pj,θ

⎞
⎠

+ α

⎛
⎝∇·

⎛
⎝

(
EI

u j +1 + EA
u j +1

)
−

(
EI

u j + EA
u j

)

�t

⎞
⎠,EA

p j,θ

⎞
⎠

+
(
∇ ·

(
EI

z j,θ + EA
z j,θ

)
, EA

pj,θ

)

= co�t
(
ρp, j,θ ,EA

p j,θ

)
(3.39)

(
κ̃−1

(
EI

z j,θ + EA
z j,θ

)
, EA

z j,θ

)

−
(

EI
p j,θ

+ EA
p j,θ

, ∇ · EA
z j,θ

)
= 0. (3.40)

By noting orthogonality relationships of the projec-
tion operators Eqs. 3.4a and 3.4d, we may then sum
Eqs. 3.39 and 3.40 to get

co

⎛
⎝

(
EA

p j+1 − EA
p j

)

�t
, EA

p j,θ

⎞
⎠

+ α

⎛
⎝∇ ·

⎛
⎝

(
EI

u j+1 + EA
u j+1

)
−

(
EI

u j + EA
u j

)

�t

⎞
⎠,EA

p j,θ

⎞
⎠

+
(
κ̃−1

(
EI

z j,θ + EA
z j,θ

)
, EA

z j,θ

)
= co�t

(
ρp, j,θ , EA

p j,θ

)

+ α�t
(
∇ · ρu, j,θ , EA

p j,θ

)
. (3.41)

Similarly, if we let vh = EA
u j+1−EA

u j

�t , and use the proper-
ties of the elliptic projection, Eq. 3.36 becomes

au

(
EA

u j,θ ,
EA

u j+1−EA
u j

�t

)
−α

(
∇ ·

(EA
u j+1−EA

u j

�t

)
, EI

p j,θ

)

−α

(
∇ ·

( EA
u j+1 − EA

u j

�t

)
, EA

p j,θ

)
= 0. (3.42)

Summing Eqs. 3.41 and 3.42 and rearranging, we find
an equation for the auxiliary error:

[
au

(
EA

u j,θ ,
EA

u j+1 − EA
u j

�t

)
+co

(
EA

p j,θ ,
EA

p j+1
− EA

p j

�t

)

×
(
κ̃− 1

2 EA
z j,θ , κ̃

− 1
2 EA

z j,θ

)]

= α

(
∇ ·

(
EA

u j+1 − EA
u j

�t

)
, EI

p j,θ

)

− α

(
∇ ·

( EI
u j+1 − EI

u j

�t

)
, EA

p j,θ

)

−
(
κ̃−1 EI

z j,θ , EA
z j,θ

)
+ co�t

(
ρp, j,θ , EA

p j,θ

)

+ α�t
(
∇ · ρu, j,θ , EA

p j,θ

)
.

To provide bounds for the above, we start with the
following easily proved inequalities:

au

(
EA

u j,θ ,
EA

u j+1 − EA
u j

�t

)

= au

(
1 + θ

2
EA

u j+1 + 1 − θ

2
EA

u j,
EA

u j+1 − EA
u j

�t

)

= 1 + θ

2�t
au

(
EA

u j+1, EA
u j+1

)
− 1 + θ

2�t
au

(
EA

u j+1, EA
u j

)

+ 1 − θ

2�t
au

(
EA

u j, EA
u j+1

)
− 1 − θ

2�t
a
(

EA
u j, EA

u j

)
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= 1

2�t
||EA

u j+1||2au
− 1

2�t
||EA

u j||2au

+ 1

2�t
θ
(
||EA

u j+1||2au
− 2a

(
EA

u j+1, EA
u j

)

+ ||EA
u j||2au

)

= 1

2�t
||EA

u j+1||2au
− 1

2�t
||EA

u j||2au

+ 1

2�t
θ ||EA

u j+1 − EA
u j||2au

≥ 1

2�t

(
||EA

u j+1||2au
− ||EA

u j||2au

)
.

Likewise,
(

EA
p j,θ

,
EA

p j +1
−EA

p j

�t

)
≥ 1

2�t

(
||EA

p j+1||20 − ||EA
p j

||20
)
.

With the above identities, we may multiply the auxiliary
error by 2�t and then sum from 0 to N − 1 to get:

(
|| EA

u N||2au
−

=0by Eq.(3.15)︷ ︸︸ ︷
||EA

u 0||2au
+co(||EA

p N
||20 −

= 0by Eq.(3.16)︷ ︸︸ ︷
||EA

p 0
||20

)

+ 2
N−1∑
j=0

||κ̃− 1
2 EA

z j,θ ||20�t ≤ �1 + �2 + �3

+ �4 + �5, (3.43)

where

�1 = 2α

N−1∑
j=0

(
∇ ·

(
EA

u j+1 − EA
u j

�t

)
, EI

pj,θ

)
�t, (3.44)

�2 = −2α

N−1∑
j=0

(
∇ ·

( EI
u j+1 − EI

u j

�t

)
, EA

p j, θ
)

�t, (3.45)

�3 = −2
N−1∑
j=0

(
κ̃−1 EI

z j,θ , EA
z j,θ

)
�t, (3.46)

�4 = 2co

N−1∑
j=0

(
�tρp, j,θ , EA

p j,θ

)
�t, (3.47)

�5 = 2α

N−1∑
j=0

(
�t∇ · ρu, j,θ , EA

p j,θ

)
�t, (3.48)

In order to bound �1, we utilize discrete integra-
tion by parts formula for grid functions f j and g j,∑N−1

j=0 g j
f j+1− f j

�t �t=( fNgN − f0g0)− ∑N−1
j=0 f j+1

g j+1−g j

�t �t.

We also use the approximation
EI

p j+1,θ
−EI

p j,θ

�t ≈ (EI
p j,θ

)t +
O(�t).

�1 = 2α

N−1∑
j=0

(
∇ ·

(
EA

u j+1 − EA
u j

�t

)
, EI

pj,θ

)
�t

= 2α
[(

∇ · EA
u N, EI

p N,θ

)
−

( = 0︷ ︸︸ ︷
∇ · EA

u 0, EI
p0,θ

)]

− 2α

N−1∑
j=0

(
∇ · EA

u j+1,
EI

pj+1,θ − EI
pj,θ

�t

)
�t

≤ 2α||∇ · EA
u N||0||EI

p N.θ
||0

+ 2α

N−1∑
j=0

||∇ · EA
u j+1||0||(EI

pj,θ )t||0�t + O(�t2)

≤ ε||EA
u N||21 + C||EI

p N,θ
||20

+ α

N∑
j=0

||EA
u j||21�t+ α

N−1∑
j=0

||(EI
pj,θ

)t||20�t+O(�t2)

≤ ε||EA
u N||21 + C||EI

p N,θ
||20

+ α

N∑
j=0

||EA
u j||21�t + α

N∑
j=0

||(EI
pj)t||20�t + O(�t2),

For Eq. 3.45, we likewise approximate the difference
with a derivative to discover the bound

�2 = −2α

N−1∑
j=0

(
∇ ·

( EI
u j+1 − EI

u j

�t

)
, EA

p j,θ

)
�t

×2α

N−1∑
j=0

||(∇ · EI
u j)t||0||EA

p j,θ ||0�t + O(�t2)

≤ α

N∑
j=0

||(EI
u j)t||21�t + α

N−1∑
j=0

||EA
p j,θ ||20�t + O(�t2)

≤ α

N∑
j=0

||(EI
u j)t||21�t + α

N∑
j=0

||EA
p j||20�t + O(�t2)

To bound Eq. 3.46, we use the assumption that κ is
bounded below.

�3 = −2
N−1∑
j=0

(
κ̃−1 EI

z j,θ , EA
z j,θ

)
�t

≤ 2
N−1∑
j=0

||κ̃−1 EI
z j,θ ||0||EA

z j,θ ||0�t

≤ C

λ2
min

N∑
j=0

||EI
z j||20�t + ε

N−1∑
j=0

||EA
z j,θ ||20�t,
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The bounds for Eqs. 3.47 and 3.48 are found by sim-
ple use of the Cauchy–Schwarz and Young inequalities.

�4 = 2co

N−1∑
j=0

(�tρp, j,θ , EA
p j,θ )�t

≤ 2co

N−1∑
j=0

||�tρp, j,θ ||0||EA
p j,θ ||0�t

≤ co

N−1∑
j=0

||ρp, j,θ ||20�t2 + co

N∑
j=0

||EA
p j||20�t,

�5 = 2α

N−1∑
j=0

(�t∇ · ρu, j,θ , EA
p j,θ )�t

≤ 2α

N−1∑
j=0

||�t∇ · ρu, j,θ ||0||EA
p j,θ ||0�t

≤ α

N−1∑
j=0

||ρu, j,θ ||21�t2 + α

N∑
j=0

||EA
p j||20�t.

Utilizing this inequality in conjunction with the
bounds for �1 − �5, the coercivity of au and the bound-
edness of κ allows us to rewrite Eq. 3.43 as

(Ccoer − ε)||EA
u N||21 + co||EA

p N
||20

+
( 1

λmax
− ε

) N∑
j=0

||EA
z j,θ ||20�t

≤ C�t
( N∑

j=0

||EA
u j||21 +

N∑
j=0

||EA
p j

||20
)

+ C
(

||EI
p N,θ

||20 +
N∑

j=0

||(EI
p j

)t||20�t

+
N∑

j=0

||(EI
u j)t||21�t

+
N∑

j=0

||EI
z j,θ ||20�t

)
+ O(�t2).

where C = C(T, α, co, κ). Then, if ε is small enough, all
terms on the left-hand side of the above equation are
positive. We let cmin to be the minimum value of the
left-side coefficients and set the value of each left-side

coefficient to cmin; the inequality is then preserved. If
we then divide both sides by cmin, we find

||EA
u N||21 + ||EA

p N
||20 +

N∑
j=0

||EA
z j,θ ||20�t

≤ C�t
( N∑

j=0

||EA
u j||21 +

N∑
j=0

||EA
p j

||20
)

+ C
(

||EI
p N,θ

||20 +
N∑

j=0

||(EI
p j

)t||20�t

+
N∑

j=0

||(EI
u j)t||21�t+

N∑
j=0

||EI
z j,θ ||20�t

)
+O(�t2).

Thus, for �t that is sufficiently small, we may ap-
ply the discrete version of Gronwall’s lemma (see
Gautschi [7]) to find

||EA
u N||21 + ||EA

p N
||20 +

N∑
j=0

||EA
z j||20�t

≤ C(T, α, co, κ, Ccoer)

(
||EI

p N,θ
||20 +

N∑
j=0

||(EI
p j

)t||20�t

+
N∑

j=0

||(EI
u j)t||21�t

+
N∑

j=0

||EI
z j,θ ||20�t

)

+ O(�t2).

Because the above holds for all j = 0, 1, ..., N, an ap-
plication of approximation results yields the theorem.

�


The auxiliary discrete-in-time error estimate and the
triangle inequality allow us to conclude:

Corollary 3.4 (Discrete time finite element error esti-
mate) With the same conditions as in the preceeding
theorem, to leading order in time the following estimate
holds:

||u − ū||2l∞(H1) + ||p − p̄||2l∞(L2) + ||z − z̄||2l2(L2)

≤ C(h2r1+2 + h2r2) + O(�t2),

where C = C(T, κ, co, Ccoer, p, p,t, z, u,t).
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Proof By the triangle inequality, the following holds:

||u − ū||2l∞(H1) + ||p − p̄||2l∞(L2) + ||z − z̄||2t2(L2)

≤
Auxiliary error︷ ︸︸ ︷

||EA
u ||2l∞(H1) + ||EA

p ||2l∞(L2) + ||EA
z ||2l2(L2)

Interpolation error︷ ︸︸ ︷
||EI

u||2l∞(H1) + ||EI
p||2t∞(L2) + ||EI

z ||2l2(L2) . (3.49)

The preceding theorem and interpolation error esti-
mates complete the corollary. �


4 Numerical results

In this section, we examine the accuracy of our pro-
posed numerical schemes for solving the equations of
poroelasticity. The numerical algorithm will be tested
against two poroelastic problems with known analytical
solutions that were not covered in the first paper. We
begin with the standard 1-D consolidation problem
known as Terzaghi’s problem. We then turn to the
more recent problem of Barry and Mercer’s point-
source problem. This problem gives us a chance to
test our algorithm in a 2-D setting and it also provides
an example reminiscent of an oil injection/extraction
problem.

4.1 Terzaghi’s problem

Terzaghi [16] provided one of the first solutions to the
classic consolidation problem1 in poroelasticity. The
problem refers a surface load being applied to a fully
saturated poroelastic domain. As a result of the initial
loading F, an instantaneous positive overpressure oc-
curs throughout the domain; more specifically, theory
predicts that p+ ≡ lim

t→0
p(x, t). Therefore, the pressure is

discontinuous at t = 0 because 0 = p(x, 0) < p+. How-
ever, because of the drainage at the surface, there
is also a diffusion of pressure back toward its initial
state. Regarding the deformation, of primary interest is
the surface settlement, s(t) = uy(y = H, t), where uy

is the vertical component of the displacement and H is
the height of the domain. Like the pressure, the settle-
ment responds instantaneously to the applied load and
is predicted to satisfy s0 ≡ lim

t→0
s(t). Moreover, theory

also predicts asymptotic settlement to be s∞ ≡ lim
t→∞ s(t).

This deformation is the very problem that produces so

1Our discussion of the model and review of analytical results
follow that found in the work by Coussy [6].

much of the costly damage that plagues some over-
land structures. So, despite the simplicity of its 1-D
formulation, Terzaghi’s problem does illustrate some
interesting aspects of solid–fluid interactions and it is,
in fact, applicable as a good approximation in a number
of real-world circumstances.

For a precise recent formulation of the problem and
presentation of the analytical solutions for the pressure
and the settlement, we refer the reader to Coussy [6].

4.1.1 Results

Figure 1 shows the instantaneous increase in pressure
typical for Terzaghi’s problem. This leads to an increas-
ingly large pressure gradient and higher derivatives as
time approaches zero. To help determine the regularity
of the pressure, | ∂p(t)

∂y |2 and | ∂2 p(t)
∂y2 |2 are integrated over

the spatial dimension to give values of ||py(t)||20 and
||pyy(t)||20. Figure 2 shows their respective values as a
function of time. It is discovered that

||py(t)||20 ≈ O(t−0.496) (4.1)

||pyy(t)||20 ≈ O(t−1.475) (4.2)

The order approximation Eq. 4.1 implies that p ∈
L2(H1), but Eq. 4.2 shows that p �∈ L2(H2). One may
then assume that p ∈ L2(H1+s) for some s ∈ [0, 1). It is
this value of s, therefore, which equals the best rate of
convergence one can guarantee using the continuous-
in-time CG/Mixed algorithm discussed by Phillips and
Wheeler [11] (submitted for publication). For the
discrete-in-time GG/Mixed scheme presented herein,
it may be possible to do better, and some results are
presented below.
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Fig. 1 Terzaghi’s pressure at various times. As t → 0 the pressure
solution begins to experience very large derivatives near the
boundary at y = 0
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Fig. 2 Terzaghi’s problem. The pressure integrals ||py(t)||20 and
||pyy(t)||20

Figure 3 shows how the computed pressure error,
||p − p̄||l∞(L2), varies with element size, h, and for the
time step �t = 1e − 4. Figure 4 shows the results for an
equivalent numerical experiment, except with the time
step �t = 1e − 2.

For numerical experimentation, we use schemes2 of
order k, which we define to be continuous element-
wise polynomials of degree k + 1 to approximate the
displacement, and the Raviart–Thomas space of order
k for the flow variables. We also utilize the backward
Euler time-stepping method (θ = 1). We select the the
unit height, H = 1, and force, F = 1,000, and choose
the following set of material parameters:

α = 1, co = 1e − 2, κ = 1e − 4.

4.1.2 A breakdown of the error

The convergence properties depicted in Figs. 3 and 4
can be grouped into roughly three categories. The first
is characterized by an element size much larger than
length over which large pressure gradient occurs. In this
case, both the finite element solution and the L2 pro-
jection of the solution approximate the instantaneous
overpressure, p+, well, but do not adequately capture
the information about the solution near the large gra-
dient. This means that the auxiliary pressure error,
EA

p = Ph p − p̄, is small. Therefore, Eq. 3.49 roughly

2The code for this experiment was implemented in C++ using the
class libraries of the free and open-source finite element library,
deal.II [1].
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Fig. 3 Pressure error measured in the l∞(L2)-norm for Terza-
ghi’s problem. Here, schemes of order k = 0, 2 and 4 are used,
and the time step �t = 1e − 4 is used

implies that ||p − p̄||l∞(L2) ≈ ||p − Ph p||l∞(L2). But be-
cause this error is reflective mainly of the one element
containing the large gradient, ||p − Ph p||l∞(L2) ≈ C(h×
(p+ − 0)2)1/2 ≈ Ch1/2. This is what is seen for large
element sizes.

There is a second, intermediate element size that is
close to the size over which the large pressure gradient
occurs. For these elements, both the finite element solu-
tion and projection begin to approximate the gradient.
Therefore, the auxiliary and interpolation errors start
to decrease, with the errors using the higher order
schemes decreasing more rapidly.

The third range of element sizes are those which
are small enough to refine the area with the large
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Fig. 4 Pressure error measured in the l∞(L2)-norm for Terza-
ghi’s problem. Here, schemes of order k = 0, 2 and 4 are used,
and the time step �t = 1e − 2 is used
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pressure gradient. For this case, the interpolation error
becomes small so that p ≈ Ph p. But the finite element
solution approximates a time-error biased solution. To
understand this bias, recall that, for the initial time step,
the true solution satisfies3 the variational formulation:

co(p1, w) + α(∇ · u1, w) + �t(∇ · z1, w)

= −1

2
co(�t)2(p1,tt, w) − 1

2
α(�t)2(∇ · u1,tt, w)

+ O(�t3), (4.3)

However, the finite element solution satisfies:

co( p̄1, w) + α(∇ · ū1, w) + �t(∇ · z̄1, w) = 0.

So, in effect, the finite element scheme actually
approximates a problem in which an artificial mass
source, 1

2 co(�t)2(p1,tt, w) + 1
2α(�t)2(∇ · u1,tt, w), has

been added to the right-hand side of Eq. 4.3 and acts
as a mass source term. Additionally, given the rapid
initial changes of the pressure, p1,tt can be significant,
and thus, the artificial mass source can produce a
noticeably biased solution. Figure 5 shows how this
time-error-induced artificial mass source affects the
finite element solution. The element size is smaller
than the zone with the large pressure gradient, but the
order k schemes progressively refine perfectly around
the biased solution. At this point, further refinement
or further increasing of the order of the scheme would
only more accurately approximate the biased solution,
but would do little to improve the accuracy with respect
to the true solution.

Somewhat counterintuitively, a higher order time
stepping scheme may not improve the situation. For
example, the C-N scheme is one order higher in time
than the backward Euler scheme used in the exam-
ples here. The C-N scheme was shown in experi-
ments to exhibit a similar convergence profile, but with
a slightly larger error. The reason is probably that
the C-N scheme approximates the time derivative at
time t = �t using information at the initial time, when
the pressure solution is discontinuous.

Thus, other means may need to be employed in
order to restore optimal discrete-in-time convergence.
One attempt (for a scheme without the flux as a finite
element variable, and only for the case co = 0) was
shown in Murad and Loula [9]. Those authors showed
improved rates of convergence for the pressure through
postprocessing. Another interesting possibility is to try
to approximate the artificial mass source and subtract
it from the finite element source, thus reducing the

3This analysis is for the backward Euler method.
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Fig. 5 True pressure solution and computed pressure solutions
for Terzaghi’s problem using schemes of order k = 0, 2, and 4.
Solutions are shown at the first time step, t = 1e − 2. Beyond the
large gradient region shown, the computed solutions of all orders
match the true solution very well

bias. One potential way to accomplish this is to use
initial finite element solutions (without an approximate
artificial mass source) to approximate p1,tt and ∇ · u1,tt,
and then find a new finite element solution using these
approximates as an artificial mass source. One could, of
course, iterate this process.

4.2 The problem of Barry and Mercer

A more recent problem in poroelasticity with an analyt-
ical solution on a finite 2-D domain is the point-source
problem and analytical series solution of Barry and
Mercer [2]. The problem corresponds to a point-source
sine wave on a rectangular domain. The boundary con-
ditions are contrived in order to admit a solution, and
thus, the problem does not correspond to a realistic
relevant situation. However, the problem and solution
have interesting mathematical properties that make it
particularly suitable for numerical validation. For one
thing, this problem offers a solution only for the case
that fluid compressibility is zero, co = 0. Another inter-
esting feature is that the nondimensionalized deforma-
tion and pressure solution are each independent of the
dimensionless parameter m = 1 + λ

μ
.

The boundary of the domain (0, a) × (0, b) is drained
on all sides, p|∂� = 0. Along the boundaries y=0, y=b,
the deformation constraint is ux = 0,

∂uy

∂y = 0, and along
the boundaries x = 0, x = a, the deformation constraint
is uy = 0, ∂ux

∂x = 0. In addition, there is a source term,

h(t) = 2βF(βt),
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Fig. 6 The problem of Barry
and Mercer: CG/Mixed
solution at times t̂ = π

2 (left),
and t̂ = 3π

2 (right)

where β = (λ + 2μ)κ4 is the material-dependent source
strength. We will also refer to t̂ = βt as the normalized
time.

4.2.1 Results

For numerical verification of our algorithms, we pose
our problem on the unit domain and choose the follow-
ing set of material parameters:

E = 1e + 5, ν = 0.1, α = 1, co = 0, κ = 1e − 2.

Here, E stands for Young’s modulus and ν refers to
Poisson’s ratio. These constants can be found in terms
of the model parameters λ and μ introduced earlier.

Using the prescribed set of physical parameters,
Fig. 6 shows the numerical solution of the pres-
sure (shaded field) and deformation produced by the
CG/Mixed algorithm. At t̂ = π

2 (left), the source is

Fig. 7 CG/Mixed error in Barry and Mercer’s problem

4Here, κ is a constant, though we retain the tensorial notation for
uniformity.

positive; this fluid injection causes an expansion of
the poroelastic medium. On the other hand, at t̂ = 3π

2
(right), the source is negative; the resultant fluid with-
drawal causes a contraction of the medium.

Figure 7 illustrates the effect of element size on the
error of the pressure and displacement. The backward
Euler time-stepping scheme is used and a normalized
time step of �t̂ = 0.1π

2 is used for this test case. The
graphic shows the error of the normalized pressure
(top), || p̂ − p̂h||0, and normalized displacement (bot-
tom), ||û − ˆ̄u||0, using various element sizes. As one can
see, a smaller step size leads to a reduction in error at
most times. However, for a given time step, the error
seems to be independent of element size (and minimal)
at times t̂ = nπ . This is precisely when the source term
vanishes.

4.2.2 Independence of 1 + λ
μ

We mentioned in the opening discussion of Barry and
Mercer’s problem that the normalized analytical pres-
sure and deformation solutions were independent on

Fig. 8 Independence of 1 + λ
μ

= 1
1−2ν
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m = 1 + λ
μ

. Furthermore, because 1 + λ
μ

= 1
1−2ν

, this
implies an independence of Poisson’s ratio, ν, over its
acceptable range.

For concreteness, we include Fig. 8, which demon-
strates that this independence carries over to the nu-
merical algorithm. For the experiment, we use two
cases: ν = 0.1 and ν = 0.49. The top graph shows the er-
ror of the normalized pressure, || p̂h

ν − p̂||0, and shows
identical error estimates for the normalized pressure
errors. The bottom graph shows the normalized dis-
placement, || ˆ̄uν − û||0, and shows very good agreement
between the normalized deformation errors (the maxi-
mum difference is 1.1e − 3). Thus, because the analyti-
cal solution is independent of ν, we have by the triangle
inequality,

|| p̂h
ν=0.1− p̂h

ν=0.49||0 ≤ || p̂− p̂h
ν=0.1||0+|| p̂− p̂h

ν=0.49||0,

and a similar result for the deformation. Because each
term is quite small on the right-hand side of the above
equation, we conclude that p̂h

ν=0.1 ≈ p̂h
ν=0.49. Thus, we

conclude that the numerical solution for the normalized
pressure (and deformation) retains the material para-
meter independence.
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