Rock Mech. Rock Engng. (2006) 39 (3), 233-253
DOI 10.1007/s00603-005-0070-7

Rock Mechanics
and Rock Engineering
Printed in Austria

An Analytical Investigation of a Variable-
Compliance-type Constitutive Equation

By
S. Okubo and K. Fukui

Department of Geo-system Engineering, University of Tokyo, Tokyo, Japan

Received June 1, 2004; accepted May 17, 2005
Published online September 23, 2005 © Springer-Verlag 2005

Summary

A constitutive equation is proposed in which the compliance is assumed to monotonically increase
as a load is applied. The primary feature of the constitutive equation is that the equation can be
applied to various loading conditions such as constant stress rate, constant strain rate, creep, or
relaxation. The second feature is that the equation has exact solutions under many loading
conditions. The present paper shows the exact solutions for the constitutive equation and inves-
tigates the mutual relationships between the exact solutions for the different loading conditions.
The third feature is that it is comparatively easy to find the constants in the constitutive equa-
tion. The present paper shows how to solve the constitutive equation for the constants, and the
constants for some native Japanese rocks. The constitutive equation used in the present paper is
extremely simple. Therefore, the equation can be easily implemented in almost any FEM code. It
is likely that additional terms of the constitutive equation will prove necessary for practical usage.
However, additional terms can be found very easily by finding higher-order approximations of
experimental data.

Keywords: Rock, constitutive equation, analysis, visco-elasticity, creep, relaxation.

1. Introduction

Large underground structures and underground structures at great depth and with long
service lives are currently under construction or being planned. Therefore, the time-
dependent behavior of rock or rock mass has become increasingly important. The
constitutive equation is a powerful tool with which to investigate the time-dependent
behavior of rock for various purposes. For example, the long-term stability of under-
ground structures can be simulated by computer programs using an appropriate con-
stitutive equation. In addition, construction processes can be optimized with the aid of
computer simulation. Prior to actual testing, new testing methods by which to inves-
tigate the visco-elastic properties of rock can be analyzed by computer to minimize
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both cost and development time (Okubo et al., 1993). In addition, the constitutive
equation is useful for examining and discussing the relationship between the results
obtained under various loading conditions such as constant strain rate, constant stress
(creep), and constant strain (relaxation). There are two requirements that must be
satisfied in order for a constitutive equation to be applicable for these various pur-
poses. First, a constitutive equation must be applicable under various loading condi-
tions, such as constant strain rate, creep, and relaxation. Second, a constitutive
equation must represent a wide range of mechanical responses, from the very ductile
property of mudstone to the very brittle property of granite.

A number of constitutive equations have been derived for rocks (Desai, 1984).
Among the various types of constitutive equations, a constitutive equation with the
assumption of a steadily increasing compliance with time is discussed in the present
paper (Okubo et al., 1987a, 1987b). The constitutive equation is not only comparatively
simple in form and suitable to analytical investigation, but is also adaptable to a variety
of loading conditions. However, almost none of the conventional constitutive equations
allow analytical treatment of non-linear visco-elasticity. Although computer-supplied
numerical solutions have enabled the investigation of a large number of conditions, the
advantages of exact solutions are clear. Exact solutions are especially useful for the
investigation and comparison of behaviors under differing loading conditions, for exam-
ple, the results of creep experiments and compression tests.

In the following, the increasing rate of compliance ) is assumed to be expressible
as the product of two arbitrary functions, f(A) x g(o), and the investigation is carried
out without limitations on the form of f(\) or g(o). In addition, f(\) and g(o) are
assumed to be represented by aA™ and ¢", where rather than being constants for a
particular rock type, m and n depend on, for example, the confining pressure (Okubo
et al., 1987b). Once \ and ¢ are known, the location on the stress-strain curve can be
identified and the rate of increase of A at this location can be uniquely determined. A
constant-d\/dt curve can then be drawn on the stress-strain graph, and this curve can
be used as the basis for analytical investigation. Exact solutions can be also obtained
for creep tests, relaxation tests, constant strain rate tests, or constant stress rate tests,
and the exact relationships can be used to search for correlations.

The constitutive equation is intended to be used for estimating the long-term
stability of underground structures such as nuclear waste repositories (JNC, 1999).
Therefore, methods by which to find the constants in constitutive equations must be
well established, and these methods should also be comparatively simple. Therefore,
experimental identification of the constants will be described in the latter half of this
paper. In addition, experimental identification of the constants for various types of
rock will be demonstrated, and the variation of constants with confining pressure and
water content will be described.

2. Constitutive Equations

The ratio of strain to stress, /o, is defined as compliance A. dA/dt is defined as being
equal to the product of function f(\) with function g(o).

dX/di = f(N)g(o). (1)
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This encompasses the implicit assumption that d\/dt is determined only by the pre-
sent values of A and o. Below, the terms in this constitutive equation will be described
one by one.

Since stress is constant in a creep test, g(o) is constant. So if the dA/dt — X curve
is drawn, where d\/dt is represented by the vertical axis, and A is represented by
the horizontal axis, a curve is obtained for which the shape has no dependence on o.
In addition, A = ¢/0 and € are in direct proportion in the creep tests, so the same
conclusion can be drawn for the de/dt — ¢ curve. Previous research results have shown
that de/dt curves for which the shape is independent of stress can be obtained for
Sanjome andesite, Kawazu tuff and other rocks (Yamaguchi et al., 1983; Okubo and
Nishimatsu, 1986; Okubo et al., 1991). This is a strong confirmation of the reasoning
behind Eq. (1). One of the features of this form of constitutive equation is that f(\),
a function that is independent of stress, is easily obtained from the de/dt — & curve
found in creep tests.

Next,

T:Jg@m )

is defined, allowing Eq. (1) to be re-written as follows:

d\/dr = f(N). 3)
Thus,
1
JEGdeZJdr (4)

As shown by Egs. (3) and (4), A can be described in terms of 7. Consequently, the
A — 7 ord\/dr — 7 curve may be used as the master curves, regardless of the present
value of o.

For simplicity, let us continue the discussion with the test confined to the creep
test. Here, o is constant, so the following expressions apply:

t=r1/g(0), (5)
d\/dt = g(o) - d)/dr. 6)

Accordingly, the A — t curve at a creep stress of ¢ is obtained by shifting the master
A — 7 curve by a factor of 1/g(o) along the horizontal axis, and the d)\/dt — t curve
is obtained by shifting the d\/dr — 7 curve by g(o) and 1/g(o) along the vertical
and horizontal axes, respectively. If the d\/dt — t curve is plotted as a log—log graph,
it can be plotted by shifting the master curve along a line having a slope of —1.
Therefore, the lowest value on d\/dt would lie on a line with a slope of —1 on the
log—log graph.

The quantities often observed in creep tests are the creep strain e and its time
rate of change, de/dt. Since A and e are directly proportional under constant stress, the
€ — t curve is obtained by shifting the master A — 7 curve by ¢ and 1/g(c) along the
vertical and horizontal axes, respectively. The following expression for creep strain
rate is obtained:

de/dt = o -d)\/dt. (7)
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Fig. 1. Relationship between master curve (solid line) and creep strain rate curve obtained at creep stress o
(dashed line)

Thus, as shown in Fig. 1, the de/dt curve can be obtained simply by shifting the
master dA\/dT — 7 curve by g(o) x o and 1/g(o) along the vertical and horizontal
axes. For the same reason, the points at which the creep strain rate are minimum for
each creep stress and other corresponding points would lie along a straight line with
the following slope:

_ log(g(o)) + logo (8)
log (¢(c))
For example, for Sanjome andesite (Okubo et al., 1984), g(o) = Ko?® (K: a propor-
tional constant). Equation (8) then is solved to obtain —36/35 = —1.03. It has been
experimentally demonstrated that the points at which the creep strain rate are mini-
mum lie approximately along a line with a slope of —1 on a log—log graph, as shown
in Fig. 1 (Yamaguchi et al., 1983). The above discussion justifies the assumption of a
constitutive equation having the form of Eq. (1).

3. Investigation of the Consequences of Constant d)/dt

So far, we have assumed only the format of Eq. (1). Let us now assume, for the sake of the
following discussion, that f(A) and g(o) take the following forms (Okubo et al., 1987a):

FO) = axm, (9)
g(o) = 0" (10)

These are then substituted into Eq. (1):
d\/dt = a\"d". (11)

Let us also assume that the following ranges are permitted for parameters m and n:
—00o < m<+00

1 < n<+o0o.
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When n is 1, d\/dt is proportional to the stress. This indicates Newtonian viscosity. It
is well known that there are visco-elastic materials for which n takes on values lower
than 1, but n has been limited to values greater than or equal to 1 for the following
discussion.

Equation (11) is simple in form. It has exact solutions under a variety of condi-
tions, as will be shown below. Let us begin with a constant-d\/dt curve and examine
its general behavior.

Substituting dA/dt = C into Eq. (11) and using the relationship € = Ao, we obtain:

Failure
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N Constant Constant .
Constant A Creep . Relaxation
Stress Rate Strain Rate
Higher A R
m>n+2 o ° 2: o Failure o E Class IT o j Failure
(m>n+4) Failure : !
€ t € € t
- i " Failur
(2::1—2) © w) © e o [} weasing
t

€ t € €
n+2>m>n o @ / o Failure o Class ° Decreasing
(n+4>m>n+2) Failure
€ € €
Higher 0 S
m=n ° w Class T Decreasing
(m=n+2) Failure

Failure
n>m> 1|

(n+2>m>2)

=

Decreasing

€
-

o

c

o

Failure Class T

-
e

t € €
Level Off Decreasing
© © ©
(m=2) Increasing Class1
€ t € €
Higher A )
1>m>0 . " Decreasing
© @w o Increasing |, Class1l | b
(2>m>1) .
Increasing
€ t € € t
- e e Increasing Level Off -
m=0 of—1 w © Increasing © © Decreasing
(m=1) [ L
€ t € € t
—
0 >m Increasing . -
i Increasing Decreasing
© w © Increasing o o
(1 >m) /__
€ t € € t

Fig. 2. Creep curve, stress-strain curve and relaxation curve according to magnitude m
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The second column in Fig. 2 presents constant-d\/dt curves on a stress-strain graph
for nine magnitudes of m. As mentioned above, these may be interpreted as creep
strain rate graphs, since € and A are proportional in creep tests in which constant stress
is maintained.

Also, in relaxation tests,

de/dt = o - d\/dt +do/dt - A = 0.

So, substituting do/dt = —C into Eq. (11), this relationship can be used to derive the
following equation:

o = (C/a)"/ =D g=(n=1)/(n=m+2) (13)

Comparison with Eq. (12) indicates that the constant-d\/dt curves in Fig. 2, replacing
m and n with (m — 1) and (n + 1), respectively, can be used as the constant-stress
reduction rate curves for relaxation tests. Since stress decreases with time in a relaxa-
tion test, the above C is the stress reduction speed and is itself positive. In conclusion,
the constant-d)\/dt curve on the stress-strain graph expresses both the constant-creep
strain rate curve and the constant-stress reduction rate curve in a relaxation test.

Let us next examine what happens when m > 0. If a creep test is initiated at any
arbitrary point on a stress-strain graph on the left side of Fig. 2 (constant-d\/dt
curves), the location on the graph moves to the right with the increasing strain, in-
tersecting one after another curves with higher creep strain rate or higher d\/dt. This
means, of course, that the creep strain rate accelerates. When m = 0, the constant
creep-strain rate curve is a straight line parallel to the horizontal axis. In this case, the
creep strain rate is constant. The constant-creep strain rate curve becomes concave
downward when m < 0. In this case, if a creep test is initiated at an arbitrary point on
this graph, the location on the graph moves to the right, intersecting one after another
curves of lower creep strain rate, i.e., the creep strain rate decreases with time.

Next, we will make some observations about the constant strain rate tests. Stress
increases at a rate determined by the initial compliance, but asymptotically approaches
the constant-creep strain rate curve corresponding to constant strain rate C as deter-
mined by the experimental conditions. The behavior up to this point does not vary
significantly with the value of m, but thereafter is greatly influenced by m. If m >n,
the constant-creep strain rate curve (constant-d\/dt curve) is concave upward. For
a given strain, the lower the stress, the higher the strain rate. Accordingly, once the
material reaches the strength failure point (peak strength), failure accelerates and
occurs catastrophically. The strength failure point coincides with the intersection
between the constant-d/dt curve corresponding to strain rate C and the stress-strain
curve. When m is lower than n and is positive, the creep strain rate curve is also con-
cave upward. For a given strain, the lower the stress, the lower the strain rate. Thus,
failure would be expected to proceed more slowly than in the case of m >n. When
m = 0, the constant-creep strain rate curve is described by a straight line parallel
to the horizontal axis, so the stress does not increase beyond a certain point. Only
the strain continues to increase. Thus, materials in which m > 0 show distinct strength
failure points or maximum levels of stress. When m < 0, the creep strain rate curve
is concave downward, and the stress continually increases approximately parallel to
this curve.
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Let us next consider relaxation tests. The constant-d\/dt curve is now used,
replacing m with (m — 1) and n with (n+ 1), as the constant-stress reduction rate
curve. The applicable ranges of m and n values for relaxation tests are noted in
parentheses in the graph. When m >n + 2, it is clear that the stress reduction rate
accelerates as stress decreases due to relaxation. Ordinarily, relaxation tests show the
stress diminishing at a decelerating rate with time, but it has been reported that in
Class II rock, the stress reduction rate increases and eventually the rock fails (Okubo
et al.,, 1987a). When m = n + 2, the line becomes straight and parallel to the vertical
axis, and relaxation proceeds at a constant stress reduction rate. When m < n + 2, the
stress reduction rate decreases with the reduction in stress, i.e., the stress reduction
rate decreases continuously.

Let us also interpret a constant-d\/dt curve as a constant-stress reduction rate
curve for the constant stress rate test. The constant-stress reduction rate curve becomes
parallel to the horizontal axis when m = 1. When m > 1, an abrupt increase in strain is
predicted to occur once a certain stress is reached, and when m < 1, the constant-stress
reduction rate curve slopes up to the right. Then, the stress increases along the
corresponding constant-stress reduction rate curve with the same stress reduction rate
as the stress rate in the constant stress rate test.

4. Exact Solution of Constitutive Equations

Table 1 lists the solutions to Eq. (11) obtained by creep tests, constant stress rate tests,
constant strain rate tests and relaxation tests. The values in the table having the sub-
script 1 are the initial values in the tests. Figure 2 shows the trends for various cases
of creep curves, stress-strain curves and relaxation curves.

The strain rates for the cases of creep are written as follows:

m>1 da*/dt”< = {;}mﬂm_l) (14)
1—(m— 1)r* ’

m=1 de*/dt* = exp(r"), (15)

1>m>0 de*/di* = {1+ (1 —m)*pm/=m, (16)

m=0 de*/di* =1, (17)

1 I-rs
0 de¥/di* =4 ———— 18

m<0 de”/ {lJr(lm)t*} ’ (18)
where

_— a)\'l"*la’ft,

¥ =¢/ey =¢/(\oy).

As derived in the previous chapter, the strain rate accelerates when m is positive. It is
also clear that for m > 1, failure occurs at t* = 1/(m — 1), while for m < 1, failure
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does not occur, even though the strain continues to increase. ‘“‘Failure’” here means
that the strain becomes infinitely large in a finite time. If remaining lifetime T is
defined as the time remaining until failure when m > 1, then Eq. (14) shows that
the creep strain rate increases in proportion to T-™/ (=1 _Tf m > 1, then the creep
strain rate increases in proportion to T~!, which fits the observations during creep tests
(Okubo and Nishimatsu, 1986; Okubo et al., 1991; Fukui et al., 1989) and slope failure
(Saito, 1980). Equation (18) shows that if m is negative, the strain rate decreases. If the
absolute value of m(m < 0) and t* are very much greater than 1, then the creep strain
rate is inversely proportional to the elapsed time. This result corresponds somewhat to
the logarithmic law for creep (Cruden, 1971).

In constant stress rate tests, Eq. (14)—Eq.(18) also hold. Failure also occurs in this
case at finite stress if m > 1. If m < 1, then the stress continues to increase, but failure
does not occur.

The stress reduction rate in relaxation tests can be simplified when m >n + 2:

m—n—2

|do*/dt*|:{l_ ! )V*'}“‘. (19)

(m—n-1

The stress reduction rate continues to increase with elapsed time, and failure occurs at
|t*| = 1/(m —n — 1). In the same way, in constant strain rate tests, where Eq. (19)
applies, if m >n + 2, then failure occurs at the same t*. This clearly applies to Class II
rock, in which it is not possible to maintain control in the post failure region. Also,
from the results of Table 1, the stress reaches O at finite time in both relaxation and
constant strain rate tests when m >n + 1. The stress does not reach 0 if m <n + 1.

5. Mutual Relationships between Test Results
under Differing Loading Conditions

Below, the advantages of the exact solutions will be exploited in order to relate the
results of tests under different loading conditions.

The strength under constant stress rate 0., and the strength under constant strain
rate 0., can be found after performing a few calculations, as shown in Table 1. Note
that both strengths are proportional to C!/™+1)_If the value of C for both quantities
is chosen so that the strain rate is the same just after initiation of the test, the ratio
between the two is given by

1
Ocl (n + l)n_H }(nn1+l)(n+l)

o iemtl , m>1, m#n+1. 20
(o) { (m _ l)nferlmm 75 ( )

The value in brackets is less than 1 if m >n + 1 and is greater than 1 if m<n + 1, so
0.1 1s always greater than o.,. This can also be shown to hold when m =n + 1.
Many publications have described constant strain rate tests under servo-controlled
testing machines (Swan et al., 1989). On the other hand, since there are not many
reported examples of constant stress rate tests and the results from servo-controlled
testing machines would be expected to vary greatly with response time of the
machines (Okubo et al., 1993), it is necessary to wait for experimental results in order
to verify Eq. (20). It will be difficult to verify Eq. (20) using Amsler or other types of
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universal testing machines, because tests under these conditions fall somewhere
between constant strain rate and constant stress rate tests.

The exact solutions for creep lifetime and relaxation lifetime are also shown in
Table 1. Both bear an inverse relationship to ¢;". When the initial values of o and )\,
are equal, the following relationship between the creep lifetime t.; and relaxation
lifetime t., can be derived:

fa_m=-n=1 a1 (1)

175 m—1
Accordingly, the creep lifetime is always shorter than the relaxation lifetime.
Although it is known that relaxation may lead to failure (Okubo et al., 1987a), cur-
rently available data are insufficient for quantitative investigation of Eq. (21).

Let us examine the relationship between the stress-dependence of creep lifetime
and the strain rate-dependence of strength. If the strengths found at constant strain
rates C, and C, are o.; and o,, and the ratio between the strengths is v, then the
following equation is found from Table 1:

1/(n+1)
Ol C

= = —_— . 22

. (C) (22)

0c2

If the compliance is assumed to be identical at initiation of the creep test, and if the
lifetimes at creep stresses of 0.3 and o4 are t.3 and t.4 and the ratio between the creep
stresses is v, then the following expression can be derived from Table 1:

1/n
O t.
7__3<_4) ) (23)
Oca \ Ic3

Since ordinarily n > 1, let us replace n/(n + 1) with 1, to obtain

Gi_te (24)
(j2 I3

This indicates that if the strain rate is, for example, increased by a factor of 10, while
the strength ratio is v, the lifetime under a test with creep stress multiplied by the same
ratio would be 1/10 that of the life in the original test. Estimating creep lifetime is an
essential problem in engineering. It will be extremely useful if the stress dependence
of the creep lifetime can be predicted by the results of a constant strain rate test.
Although there have not been many reports on this topic, the published experimental
results (Okubo and Nishimatsu, 1986; Okubo et al., 1991) do not conflict with the
argument presented above.

Let us move on to creep lifetime and the time to strength failure, 7, in a constant
strain rate test. Let o, be the strength obtained in a test at constant strain rate C, and let
t. be the creep lifetime at a creep stress of vyo.. The following expression is obtained
after some mathematical manipulation:

e
le = (m— 1)( )(m—l)/(n—m-‘rl)' (25)

n+1

This indicates that, in a creep test conducted at v x 100% of the strength, the creep
lifetime is proportional to the time 7. necessary to reach the strength failure point. The
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strain at the strength failure point is proportional to Cl/0H) 5o 7, is proportional to
C~/(®+1) Therefore, when n >> 1, both 7. and the creep life are inversely proportional
to the strain rate C used for measuring strength. Although creep tests are commonly
reported as being “carried out at 80% of the strength”, this is insufficient information,
because it is also necessary to measure the strain rate when the strength is determined.

Let us next examine multi-stage creep. Let oy and At, represent the k™
creep stress and the time over which this stress is applied. The solution can then
be written as

1 1/(m—=1)
SRt e 20
Clearly, if we have
(m—DaXp™" Y (dhAn) =1,
then failure will occur. The above equation can be re-arranged to obtain
%: : (27)

where

1

fog = .
T m = DaxrTon

As Table 1 shows, t, is the creep lifetime when the stress is ox. Equation (27)
resembles Miner’s rule (linear damage rule), which is often used to predict fatigue
failure in metals. The authors found only a few experimental results (Yamaguchi et al.,
2001) with which to confirm Eq. (27).

As shown in Fig. 3, Wawersik (1973) stated that if the stress-strain relationship
obtained in a creep test is re-drawn on a stress-strain graph, either tertiary creep or an

Creep

Fig. 3. Stress-strain curve and creep strain. Creep test begins from Point 1, creep strain extends to Point 2,
where it intersects the stress-strain curve
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abrupt acceleration in creep rate begins around the intersection between the stress-
strain relationship in a creep test and the stress-strain curve found in compression
tests. Another report (Fukui et al., 1989) stated that if the creep stress and creep strain
one second before failure are plotted on a stress-strain graph, the plots will lie roughly
along the stress-strain curve in the post failure region.

Let us further consider the latter finding. Let us assume that creep strain is steadily
increased and compliance reaches A, when the stress-strain relationship in the creep
test intersects the stress-strain curve at a constant strain rate C. The lifetime remaining
from this time until failure is then given by the following expression, according to
Table 1:

1 1

tp=———m——
_ m—1 n?
m—1laX)y= o}

(28)

where the subscript 2 indicates values at the intersection point, and o, corresponds to
the creep stress. After some manipulation, the relationship between ¢ and A in the
constant strain rate test can be simplified to the following when m # n + 1:

o g n41 et )\111—m+l 1/(”“)'
an—m+1 Antl

(29)

Since this expression also holds at the intersection point, we may replace o with o,
and A\ with ), in Eq. (28) to obtain
n—m+1 Mo 1

te = (m—1)(n+1) C 1—(\/A)"™ (30)

A0, is the strain €, at the intersection point. If t; is the time to the intersection point in
a constant strain rate test, Ao, = Ct,. Then, we obtain

n—m+1 >
(m—=1)(n+1)1— (N /x)""

te = (31)
The following expression to calculate the creep strain rate at the intersection point can
be found with some manipulation:

n4+1 )\1 n—m+1
—c——— 1 (& . 2
de/di Cn—m+l{ (Az) (32)

Considering both Eq. (30) and Eq. (32), t. and de/dt depend on the strain rate C used
in obtaining the basic stress-strain curve. In other words, t. is inversely proportional
and de/dt is directly proportional to C. As is the case when a creep stress of 80% of
strength has been applied to Sanjome andesite and n — m + 1 is large, (A;/A)" ™"
can be ignored. Equations (31) and (32) are then given as follows:

n—m+1

(33)

n+1

de/dt =C———.
e/ n—m+1

(34)
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For the case of Sanjome andesite, if n =35, m =20 and t, = 100s, Eq. (33) is
calculated to be approximately 2 s, which is not significantly different from the result
reported by Fukui et al. (1989). Inserting the same m and n values into Eq. (34), we
obtain a de/dt of approximately 2C. This will be confirmed or disproved by future
testing.

6. Constants in the Constitutive Equations
6.1 How to Identify Constants

In order to solve Eq. (11) under a uniaxial compression test, values are required for A,
the initial A, and the three constants n, m and a in the constitutive equation.

Let us begin with the identification of A;. As shown in Table 2, )\ is the reciprocal
of the tangential Young’s modulus obtained at 50% of the peak strength found in the
compression test. For some rock types, the stress-strain curve becomes non-linear at
rather low stress levels. An additional term may have to be inserted into the right-hand
side of Eq. (11) in order to accommodate the deformation properties of such rocks.
This however is beyond the scope of the present report.

The value of n may be determined from creep, constant stress rate, constant strain
rate or relaxation tests. Once the relationship between creep stress o and lifetime t. as
been determined from creep tests, n can be calculated using the following equation
from Table 2:

n= M (35)

1) (ln (o] )
The slope of a straight line drawn through lifetime-creep stress values on a log—log
chart will provide this value. This will apply for values of m greater than 1. For
m < 1, only strain hardening will occur, not failure, so t. will not exist. For these

Table 2. How to find constants in a constitutive equation

Constitutive % =a \"og" A=2 a>0, +oo>m> —oo,n > 1
Equation
Test Creep Constant Stress Rate Constant Stress Rate Relaxation
(Condition) (c=01) (6=c) (é=c¢) (e=e1)
Initial e=¢1 = Aoy A=A,0=0 A=MA,e=0 (7':(7]:831/)\|
Condition
Al inverse of 50% tangential Young’s modulus
n m>0 m> 1 m>0, m#n+1 m>n+ 1
6(Int.) §(Inc) 6(Inc) 6(Inte)
6(Inoy) 6(Inoy) 6(Inoe) 6(Inoy)
m Not feasible Refer to Fig. 4 Not feasible
a m>1 m>1 m>0, m#n+1 m>n-+1
1 n+1Y\ ,_ m O\ mme 1
)\l—m Ab-m ATm /\l—m
m—1"1 (m—]) ! n+1 ! m—n—1""
ot o e Lo ) L oyt
c

o.: peak strength, f.: lifetime, §(Int.): finite difference of (Inz.)
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rock types, one must resort to numerical trial-and-error methods to obtain calculated
results matching the experimentally determined creep curves. Numerical trial-and-
error must also be used with other experiments described below if failure does not
occur.

If a relationship between loading rate C and peak strength o is found in constant
stress rate tests, n can be calculated using the equation shown in Table 2. This is
valid for m > 1. For m < 1, failure does not occur, so peak stress o, does not exist.
n can be calculated using the equation in Table 2 for constant strain rate tests; this is
valid for m > 0. For m < 0, failure does not occur. In relaxation tests, n can be
calculated using the expression in Table 2 when m>n-+ 1. If m is less than
(n+ 1), then no failure of the test sample occurs. The time from test initiation to
failure t. depends on o, the stress at initiation of relaxation, so this relationship can
be used to find n.

Here, m can be found using a constant strain rate test. Theoretically, m is also
calculable from other tests, but this is actually quite difficult. In addition, m is related
to the slope of the stress-strain curve after the peak strength observed in the constant
strain rate test. Numerical iteration until the experimental results match the calculated
results could be used to determine m, but this is somewhat troublesome. Figure 4
suggests a simple way to find m. Here, point A is the intersection between the tangent
to the stress-strain line at point B, which indicate 50% of peak strength, and a
horizontal line at o =peak strength. Point C is determined by setting the lengths of
AB and AC to be equal. The angle o/ measured clockwise from the horizontal line
(o0 = o) is drawn as shown in the graph, and « = arctan(tan o’/ tan ) is calculated.
Of course, if the slope 6 of the tangent at the 50% strength point is 45°, then o is the
same as «. The relationship between the « found here and m/n is shown in Fig. 5.
Also, if « is negative, the material shows no peak strength. The stress-strain curve
continues to increase to the right.

; 50% tangential
/

- --- 0=0, ---r-

© 6=0.5G,

tan 6

tan o'
"\9 O = arc tan
!
/

/

€

Fig. 4. How to find o, indicator of the slope of the stress-strain curve in the post failure region. Procedure #1

Find Point A, which is located at the intersection of the tangent at 50% strength and o = o.. Procedure #2

Find intersection C by drawing an arc of radius AB centered at A. Procedure #3 Define angle o between
straight line AC and o = 0. Procedure #4 Calculate o = arctan (tan o’ /tan 6)
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s|5

Fig. 5. Relationship between « and m/n

By substituting the values for A;, n and m and the results of the tests (for example,
the loading rate C and peak strength o, from the constant strain rate test) into the
expression in Table 2, a can be found.

The above explanation is a simple explanation of the use of the constitutive
equations for the uniaxial compression test, but the methods for finding A;, a, m,
and n do not differ greatly under the condition of confining pressure. The differential
strain and differential stress must simply be substituted for the strain € and stress o.

6.2 Influence of Confining Pressure

Table 3 lists the values for rock reported in previous studies (Okubo et al., 1991, 1990;
He et al., 1990). The peak strength shown for differential stress (maximum differential
stress) and \; were identified in the constant strain rate test. The value of n in the table
was calculated using the expression in Table 2 by using multiple strain rates for
several constant strain rate tests. In addition, n was calculated for some rock types
using the results of creep tests. Compared to the values found in the constant strain
rate tests no large differences were found. Also, o was found by the method shown in
Fig. 4. The variables a and m in the constitutive equation were easily found using the
expression in Table 2 and Fig. 5.

Figure 6 shows the degree of change caused by the confining pressure, with n on
the vertical axis and « on the horizontal axis. Larger n indicates a weaker time-
dependence. For example, the loading rate-dependence of peak strength in the con-
stant strain rate test falls with increasing n, and the material behavior approaches
plastic. In contrast, the lower the « value, the more gentle the falling slope of the
stress beyond peak strength, i.e. the greater the ductility. Although we considered
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Table 3. Identified rock constants

Sample rock Experimental condition Peak strength (MPa) A1 (1/GPa) n a (°)
Inada granite Uniaxial compression 193 1/37.6 51 99
(Air Dried)
Uniaxial compression 185 1/37.6 38 99

(Water saturated)
Triaxial compression
(Air Dried)

Confining pressure 5 MPa 274 1/39.7 72 62

10 MPa 348 1/39.7 92 56

20 MPa 422 1/40.4 112 42

40 MPa 556 1/40.4 147 38
Sanjome andesite  Uniaxial compression 93.9 1/9.3 37 91

(Air Dried)

Uniaxial compression 73.4 1/84 28 88

(Water saturated)
Triaxial compression
(Air Dried)

Confining pressure 5 MPa 141 1/13.7 48 66

10 MPa 167 1/14.2 56 48

20 MPa 207 1/14.2 70 27

40 MPa 244 1/14.5 83 17
Kawazu tuff Uniaxial compression 333 1/6.3 57 68

(Air Dried)

Uniaxial compression 22.3 1/5.2 37 74

(Water saturated)
Triaxial compression
(Air Dried)

Confining pressure 2.5 MPa 36.0 1/6.4 62 9
5MPa 37.7 1/6.4 64 3
10 MPa 39.5 1/6.4 67 0
Oya tuff Uniaxial compression 12.2 1/2.7 35 32
(Air Dried)
Uniaxial compression 5.63 1/1.3 16 31
(Water saturated)
Tage tuff Uniaxial compression 16.8 1/3.6 42 20
(Air Dried)
Uniaxial compression 9.74 1/2.5 23 34
(Water saturated)
Uniaxial tension (Air Dried) 1.87 1/2.8 42 19
Aki yoshi marble  Uniaxial compression 124 1/35.1 63 38
(Air Dried)
Izumi sandstone Uniaxial compression 214 1/25.0 61 102

(Air Dried)

using m or m/n for the horizontal axis, « was chosen as this appears to be more direct
and easier to grasp.

Let us first consider Inada granite (o), which showed increasingly ductile behav-
ior and sharply decreasing time-dependence with increased confining pressure of 5,
10, 20 and 40 MPa in comparison with test results at atmospheric pressure. It is well
known that ductility is increased by increasing confining pressure, but few reports
(Green et al., 1972; Kranz, 1980; Blanton, 1981) have taken up time-dependence.
The e symbols represent the results for Sanjome andesite, which showed only a slight
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Fig. 6. Relationship between n, indicator of time-dependence, and «, indicator of ductility/brittleness
(affected by confining pressure o3); o: Inada granite e: Sanjome andesite A: Kawazu tuff

change in n due to confining pressure, but a much more noticeable change in « than
in granite. The A symbols represent Kawazu tuff, which also showed a slight change
in n, but a noticeable change in «.

6.3 Influence of Water Content

Steel and other industrial materials are known to be sensitive to their environments,
and the speed of corrosion is largely determined by the presence or absence of water.
In many cases, however, water infiltration is extremely low, and it suffices to discuss
changes near the surface. On the other hand, many rocks allow water to penetrate into
the interior, and the presence of water has a dramatic effect on their mechanical
properties (Sano, 1981; Lajtai et al., 1987).

Figure 7 shows the results of several constant strain rate tests under uniaxial
compression. o indicates the results under an air-dried condition, and e indicates
the results under the water-saturated condition. The results clearly show that, despite
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Fig. 7. Relationship between n, indicator of time-dependence, and «, indicator of ductility/brittleness
(affected by water content); o: Air-dried condition e: Water-saturated condition

the occurrence of some scatter, there is a strong tendency for the figures from the air-
dried samples to be higher than those from the water-saturated samples.

Figure 8 provides a hypothesis for future research objectives. Here, B, C; and C,
are rock mass ratings (JSEGPC, 1992) created according to the method of the Central
Research Institute of the Electric Power Industry (CRIEPI). Two further hypotheses
were added in order to complete this figure: #3, if the temperature is high, the time-

Brittle <«—————— > Ductile

o, : confining
pressure

temp  :temperature

humd  : humidity

Time-dependency
Strong <> Weak
%
&

Fig. 8. Relationships between n and « for hypothetical rock types under the following four hypotheses:

#1 the graph is shifted up and right by an increase in confining pressure; #2 the graph is shifted down by an

increase in water content; #3 the graph is shifted right and down by an increase in temperature; and #4 the

graph is shifted right and down by a reduction in strength. B, Cyy and Cy, are rock mass ratings according to
the method of CREIPI. B, for relatively better rock mass, is followed by Cy and C,
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dependence increases and the material shows ductile properties (Heuze, 1983); and #4,
the weaker the rock, the higher the time-dependence and the greater the ductility.
These are the primary hypotheses currently planned for investigation in the laboratory,
in situ, or by numerical simulations. It will be instructive to determine which hypoth-
esis most closely fits the actual behavior of the materials.

7. Conclusions

Constitutive equations assuming a steady increase in compliance were investigated.
Changes in compliance were examined by releasing load during constant strain rate
tests and examining the characteristics during load release. Both increased compliance
and irrecoverable strain were observed in actual rocks (He et al., 1990). The consti-
tutive equation must therefore separate the increase of compliance from the increase
of irrecoverable strain in order to handle the alternative strain fluctuation. However, it
is rare for strain in underground structures of rock to decrease and, therefore, it is
sufficient to investigate the constitutive equation presented herein.

The simplest way to justify Eq. (1) is to show that the shape of the de/dt — ¢ curve
is independent of creep stress in creep tests. This has been shown under relatively high
stresses in Sanjome andesite and Kawazu tuff, but it is necessary to conduct further
investigations using other types of rock under lower stresses and various confining
pressures.

An exact solution of Eq. (11) for creep tests, relaxation tests, constant strain rate
tests, or constant stress rate tests is shown, assuming the formats for f(\) and g(o)
provided in Eqgs.(9) and (10). The advantages of the exact solution were exploited in
order to investigate the mutual relationships between the various kinds of tests. The
following is a summary of the key findings of the present study:

1) A close relationship was derived in Eq. (24) between the dependence of strength in
constant strain rate tests on loading rate and the dependence of lifetime in creep
tests on creep stress. Once one relationship is known, the other can be derived.

2) A close relationship was derived in Eq. (25) between the creep lifetime and the
time to strength failure in the constant strain rate test.

3) Anequation (Eq. (27)) resembling Miner’s rule was derived for cumulative damage
during multi-stage creep.

4) Remaining lifetime and strain rate were derived for the case in which the creep
strain is equal to the width of the stress-strain curve at the corresponding stress
level. These are given as Eqgs. (31) and (32).

Both visco-elasticity and time-dependency have long attracted the interest of
materials researchers, but until now these have remained unclear with respect to rocks.
Previous research has been phenomenologically oriented and fragmentary, focusing on
experimental findings. There are severe gaps, such as the mutual relationships between
experimental results under different conditions, discussed above in Chapter 5. The
reason for this is the lack of a clear paradigm encompassing the known phenomena,
which is necessary for an integrated approach to investigation.

Table 2 lists the methods for finding the constants in the constitutive equation. In
many cases, the constant strain rate test is the simplest means. The stress and the strain
are to be collected during this test. The order of finding constants is: A;, n, m, and a.
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Being the reciprocal of the tangent Young’s modulus at the 50% line, A is found first.
Next, n is found using the change in peak strength when changing the loading rate. At
the same time, as shown in Fig. 4, the value for « is found, which provides m/n.
Finally, A, n, m, the loading rate C, and the peak strength o, are used to calculate a.

Constants were experimentally determined for a number of rock types, and these
are listed in Table 3. The influences of confining pressure and water content have been
presented in Figs. 6 through 8, in which the vertical axes represent n (an indicator
of time-dependence) and horizontal axes represent « (an indicator of ductility/
brittleness). The following trends are visible in the figures: (1) the graph is shifted to
the right by increases in confining pressure, and (2) the graph is shifted downward by
the presence of water.

The constitutive equation used in the present paper is extremely simple, and can
therefore be easily implemented in almost any FEM code for static linear elasticity
(Okubo et al., 1987b). In addition, numerical calculation to estimate the long-term
stability of underground structures can be readily performed with the code. For example,
numerical simulation results for long-term tunnel deformation were presented in the
second report of JNC (1999). Although it is likely that additional terms of the consti-
tutive equation will prove necessary for practical usage, these can be added very easily
by simply finding a higher-order approximation of the experimental data (Okubo et al.,
2003). Thus, in the uniaxial stress state, the constitutive equation with additional terms
can reproduce a great variety of complete stress-strain curves and creep curves that
were obtained experimentally, and the results calculated by various types of constitutive
equations or formally proposed models can be reproduced.
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