
American Mineralogist, Volume 92, pages 309–327, 2007

0003-004X/07/0203–309$05.00/DOI: 10.2138/am.2007.2295      309 

INTRODUCTION

There has been some debate in the literature as to whether 
the structure of silicate perovskites is cubic, tetragonal, or 
orthorhombic at the pressure-temperature conditions of the 
Earthʼs mantle. Current consensus appears to be that the or-
thorhombic (Pnma) structure is most likely to be the stable 
form of (Mg,Fe)SiO3 (Wentzcovitch et al. 1993; Stixrude and 
Cohen 1993; Fiquet et al. 1998; Ono et al. 2004a; and refer-
ences therein). For CaSiO3, the most recent experimental and 
computational results appear to be favoring a view that the cubic 
(Pm

–3m) structure may be stable at mantle conditions and that 
the tetragonal (I4/mcm) structure is the stable state at ambient 
conditions (Ono et al. 2004b; Kurashina et al. 2004; Caracas et 
al. 2005; Jung and Oganov 2005). Addition of Al stabilizes the 
orthorhombic structure (Kurashina et al. 2004). It is well known 
that substantial anomalies in the elastic properties of perovskites 
occur if they undergo structural phase transitions, and the infl u-
ence of an individual transition might extend to pressures and 
temperatures which are well away from the transition point itself 
(e.g., Carpenter and Salje 1998). Since our understanding of the 
mantle depends in large part on seismic velocity data which, in 
turn, depend on the bulk modulus and shear modulus of each of 
the constituent minerals, considerable efforts have been expended 

in trying to produce quantitative data for the elastic properties of 
silicate perovskites. Working directly on the silicate perovskites 
themselves has been problematic because of the necessity of 
maintaining high confi ning pressures to prevent breakdown to 
other mineral assemblages. Bulk moduli can be obtained from 
static X-ray diffraction experiments (e.g., Ono et al. 2004a, 
and references therein), but measuring the shear modulus in-
situ at high P and T is much more diffi cult. The tendency has 
therefore been to turn to analog systems, which are expected to 
show similar properties and patterns of structural evolution but 
have phase transitions in P-T ranges that are more amenable to 
investigation using currently available in-situ methods. One such 
analog system is the CaTiO3-SrTiO3 solid solution. It contains 
cubic (Pm

–3m), tetragonal (I4/mcm), and orthorhombic (Pnma) 
forms, with structures that are believed to be exactly analogous to 
those of the silicate perovskites. Phase transitions between these 
forms can be induced by changing composition, temperature, or 
pressure under laboratory conditions (e.g., Mitsui and Westphal 
1961; Guyot et al. 1993; Bianchi et al. 1994; Redfern 1996; 
Grzechnik et al. 1997; Ball et al. 1998; Kennedy et al. 1999; 
Qin et al. 2000, 2002; Carpenter et al. 2001; Ranjan et al. 2001; 
Ranjan and Pandey 2001a, 2001b; Yamanaka et al. 2002; Har-
rison et al. 2003; Ranson et al. 2005; Mishra et al. 2005, 2006a, 
2006b). Thus the issue of elasticity as a function of structure type 
and as a function of transition mechanism can be addressed, with 
the expectation that the phenomenology will be the same for * E-mail: mc43@esc.cam.ac.uk
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perovskites in the mantle even if the details are different.
The purpose of the present set of three papers, of which this 

is the fi rst, is to develop a quantitative model for the elastic con-
stant variations that accompany phase transitions in (Ca,Sr)TiO3 
perovskites when composition, temperature, and pressure are 
varied. The starting point is an analysis of the Pm

–3m ↔ I4/mcm 
transition. The formal framework of Landau theory is fi rst set out 
to describe octahedral tilting transitions in perovskites, in general. 
Values for all the coeffi cients required to describe the cubic ↔ 
tetragonal transition in SrTiO3 are then determined using data 
from the literature. The results provide the basis for a quantitative 
model of how the single crystal elastic constants, bulk modulus, 
and shear modulus evolve through the transition point. In the 
second paper (Carpenter 2007), the model is developed further 
to describe the effects of pressure and changing composition 
across the CaTiO3-SrTiO3 solid solution. The elastic properties 
of tetragonal (Ca,Sr)TiO3 crystals are highly sensitive also to 
the mobility of transformation twin walls (Schranz et al. 1999; 
Kityk et al. 2000a, 2000b; Binder and Knorr 2001; Lemanov 
et al. 2002; Harrison et al. 2003). This superelastic behavior is 
therefore reanalyzed in the light of the quantitative results for the 
intrinsic effects of the symmetry change alone. In the third paper 
(Carpenter et al. 2007), the overall Landau approach is tested 
against data for the bulk and shear moduli determined at room 
temperature as a function of composition across the (Ca,Sr)TiO3 
solid solution and as a function of pressure for two samples with 
different (Sr-rich) compositions.

The literature on phase transitions in SrTiO3 is vast. Indeed, 
the Pm

–3m ↔ I4/mcm transition is widely regarded as providing 
the archetypical model for relationships between soft modes, 
symmetry breaking mechanisms, and changes in physical prop-
erties at structural phase transitions. Contrasting views of the 
transition have been summarized by Cowley (1996) and Salje 
et al. (1998). Cowley (1996) explained deviations from the pre-
dictions of classical second order behavior (critical exponent, β 
= 1/2) as being due to critical fl uctuations in a signifi cant tem-
perature interval below Tc (β = 1/3). A widespread acceptance 
that the transition is close to being classically second order in 
character, at least for temperatures away from Tc, has resulted in 
the use (until recently, Kityk et al. 2000a) of a standard Landau 
24 potential for describing the elastic anomalies which accom-
pany the transition (Laubereau and Zurek 1970; Slonczewski 
and Thomas 1970; Rehwald 1970a, 1970b; Lüthi and Moran 
1970; Fossheim and Berre 1972; Okai and Yoshimoto 1975). 
Salje et al. (1998) and Hayward and Salje (1999) demonstrated, 
however, that the deviation from β = 1/2 as T → Tc might be 
understood as being due to the proximity of a tricritical point 
(β = 1/4). They showed that a Landau 246 potential, which also 
includes terms to account for order parameter saturation as T → 
0 K, leads to a variation of the order parameter that is consistent 
with experimental data for excess heat capacity, spontaneous 
strain, birefringence, and octahedral tilt angles, from 0 K to 
within experimental uncertainty of the transition point (106 K). 
A necessary but not suffi cient condition for the validity of any 
model of a phase transition is that it should reproduce the varia-
tions both of properties which depend on the fi rst derivative of 
free energy, i.e., those which scale with equilibrium values of the 
order parameter, and of properties which depend on the second 

derivative of free energy, i.e., those which depend on suscepti-
bility. The latter include elastic constants and the frequencies of 
soft modes. As well as providing a template for describing all 
octahedral tilt transitions associated with the M and R points of 
the Brillouin zone, therefore, the analysis of elastic anomalies in 
SrTiO3 given here represents a test of the 246 potential proposed 
by Salje et al. (1998).

LANDAU THEORY

Master equation

A Landau expansion for Pm
–3m structures transforming to 

structures with symmetry subgroups associated with the M+
3 

and R+
4 special points of the Brillouin zone is (after Carpenter 

et al. 2001):  

  
G a

T T
=

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
−

⎛

⎝

1

2 1
Θ

Θ Θ
s1

s1 s1

c1

coth coth⎜⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
+ +( )

+

q q q

a

1
2

2
2

3
2

2

1

2
ΘΘ

Θ Θ
s2

s2 s2

c2

coth coth
T T

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
−

⎛

⎝
⎜⎜⎜⎜

⎞

⎠⎠
⎟⎟⎟⎟⎟

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
+ +( )

+ +

q q q

b q q

4
2

5
2

6
2

1 1
21

4 22
2

3
2

2

1 1
4

2
4

3
4

2 4
2

5
2

1

4
1

4

+( ) + + +( )

+ + +

′q b q q q

b q q q
66
2

2

2 4
4

5
4

6
4

1 1
2

2
2

3
2

1

4
1

6

( ) + + +( )

+ + +( )

′b q q q

c q q q
33

1 1 2 3

2

1 1
2

2
2

3
2

1
4

2

1

6
1

6

+ ( )

+ + +( ) +

′

′′

c q q q

c q q q q q44
3
4

2 4
2

5
2

6
2

3

2 4 5 6

2

1

6
1

6

+( )+ + +( )

+ ( ) +′

q c q q q

c q q q
11

6 2 4
2

5
2

6
2

4
4

5
4

6
4

1
2

2
2

c q q q q q q

q q

′′ + +( ) + +( )
+ +λ

q
++( ) + +( )

+ + +′

q q q q

q q q q q q

3
2

4
2

5
2

6
2

1
2

4
2

2
2

5
2

3
2

6
λ

q
22

1 1
2

2
2

3
2

2 4
2

5
2

6
2

3

( )+ + +( )
+ + +( )+

λ

λ λ

e q q q

e q q q

a

a
33 2

3

2
2

3
2

1
2

2
2

3
2

4

e q q e q q q

e q

o t

o

−( )+ − −( )⎡
⎣⎢

⎤
⎦⎥

+λ
55
2

6
2

4
2

5
2

6
2

5 4 4 6

2−( )+ − −( )⎡
⎣⎢

⎤
⎦⎥

+ +

q e q q q

e q q e

t

λ
55 4 5 6 5 6 6 1

2
2
2

3
2

4
2

5
2

6
2q q e q q q q q e e e+( )+ + +( ) + +(λ ))

+ + +( )+ −( )λ
7 1

2
6
2

2
2

4
2

3
2

5
2

11 12

1

4
q e q e q e C C eo o

o
22 2

11 12
2

44
2 21

6
2

1

2

+( )

+ +( ) + + +

e

C C e C e e e

t

o o
a

o
4 5 6

22( ).

 (1)

Here, q1–q6 are the order parameter components; a1, a2, b1, 
etc., are normal Landau coeffi cients; Θs1, Θs2 are saturation 
temperatures; Tc1, Tc2 are critical temperatures; λ1, λq, etc., are 
coupling coeffi cients; Co

11, Co
12, Co

44 are bare elastic constants; and 
e4, e5, e6 are shear strain components. The symmetry-adapted 
strains ea, eo, and et are combinations of the linear strain com-
ponents e1, e2, and e3 as

ea = (e1 + e2 + e3) (2)

eo = (e1 – e2)  (3)

e e e e
t
= − −( )1

3
2

3 1 2
. (4)

Only the lowest order strain-order parameter coupling terms 
have been included. Direct biquadratic coupling, λqq2

1q2
4, etc., is 

included for completeness although the coupling mechanism 
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might be indirectly via the common strain, in which case the 
direct coupling terms would not be required. This master equa-
tion is the same as given by Carpenter et al. (2001), except that 
saturation temperatures are now included to account for the 
way that the order parameter levels off as T → 0 K (Salje et al. 
1991a, 1991b). Table 1 lists the different possible space groups 
for product structures described by this free energy expansion. 
Relationships between their order parameter components are 
also given. The orientations of crystallographic axes with respect 
to the reference system, X, Y, Z of Equation 1 are reproduced 
in Figure 1 for I4/mcm, Pnma, and P4/mbm structures (after 
Carpenter et al. 2001).

R point

Transitions from Pm
–3m to I4/mcm, Imma or R–3c structures 

involve only the order parameter components q4, q5, and q6, and 
are expected to occur according to the 246 potential:
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Relationships between strains and order parameter com-
ponents are given by the equilibrium condition, ∂G/∂e = 0, 
yielding
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FIGURE 1. Relationships between unit-cell orientations and reference 
axes for the order parameter/strain coupling terms in Equation 1. (a) 
I4/mcm, q4 ≠ 0, q5 = q6 = 0. The same orientation applies to P4/mbm 
with q1 ≠ 0, q2 = q3 = 0, though the c parameter of the I4/mcm structure 
is double that of the P4/mbm structure. (b) Orientation relationship for 
q5 = 0, q4 = q6 ≠ 0 in both Imma and Pnma structures. (c) Orientation of 
crystallographic axes for the P4/mbm structure with q2 ≠ 0, q1 = q3 = 0.

TABLE 1.  Order parameter components for the symmetry subgroups 
of Pm–3m associated with special points M+

3 and R+
4 (after 

Howard and Stokes 1998; Carpenter et al. 2001) 
Space  Order parameter Relationships between
group components order parameter
 M+

3                 R+
4 components

Pm
–
3m 000 000 

P4/mbm q100 000 
I4/mmm q10q3 000 q1 = q3

Im
–
3 q1q2q3 000 q1 = q2 = q3

Immm q1q2q3 000 q1 ≠ q2 ≠ q3

I4/mcm 000 q400 
Imma 000 q40q6 q4 = q6

R
–
3c 000 q4q5q6 q4 = q5 = q6

C2/m 000 q40q6 q4 ≠ q6

C2/c 000 q4q5q6 q4 = q6 ≠ q5

P
–
1 000 q4q5q6 q4 ≠ q5 ≠ q6

Cmcm 00q3 q400 q3 ≠ q4

Pnma 0q20 q40q6 q2 ≠ q4 = q6

P21/m 0q20 q40q6 q2 ≠ q4 ≠ q6

P42/nmc 0q2q3 q400 q2 = q3 ≠ q4

Note: The system of reference axes for these components is that used in Stokes 
and Hatch (1988) and the group theory program ISOTROPY.
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Substituting these relationships back into Equation 5 gives 
the renormalized form of the Landau expansion as 
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Equation 12 is essentially the same as the general 246 poten-
tial considered by Vanderbilt and Cohen (2001), except that the 
effects of saturation are now accounted for, and the high order 
terms are grouped slightly differently. If the excess free energy 
is dominated by the second and fourth order terms such that the 
expansion can be truncated to exclude sixth order terms, only the 
tetragonal and rhombohedral structures can be stable. Thomas 
and Müller (1968) showed that the orthorhombic phase will 
always be intermediate in energy between these two (see, also, 
Harley et al. 1973; Birgeneau et al. 1974; Darlington 1997). The 
stability criteria of Thomas and Müller, adapted to the slightly 
different combination of fourth order terms used here, are: b'2* 
< 0 gives I4/mcm as the stable form and b'2* > 0 gives R–3c as 
the stable form.

The infl uence of sixth order terms is such that each of the 
tetragonal, orthorhombic, and rhombohedral structures can 
be stable, depending on the actual values of the coeffi cients 
(Devonshire 1949; Vanderbilt and Cohen 2001). Expressing 
Devonshire s̓ stability criteria in terms of the renormalized fourth 
order coeffi cients used here, R–3c or I4/mcm structures will be 
stable for (b2

* + b'2*) > 0, b*
2 > 0, but a sequence of stability cubic 

↔ tetragonal ↔ orthorhombic ↔ rhombohedral can develop 
with falling temperature if the values of the fourth order coef-
fi cients are such that (b2

* + b'2*) < 0, b*
2 > 0.

For the case of SrTiO3, Hayward and Salje (1999) have shown 
that a 246 potential with a positive value of (b2

* + b'2*) can be used 
to describe the order parameter evolution and excess entropy due 
to the Pm

–3m ↔ I4/mcm transition at 106 K. Their solution for 
q4 (q5 = q6 = 0), with all the relevant fourth order and sixth order 
coeffi cients shown explicitly, is
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Solutions for the order parameter as a function of temperature 
for metastable Imma and R–3c structures are, respectively:
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Expressions for the individual elastic constants of the I4/mcm 
structure, maintaining the reference system of the cubic parent 
structure, are given in the usual way by applying

C C
G

e q

G

qik ik
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⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

−

o ∂
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22G

e q
k m
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from Slonczewski and Thomas (1970), to Equation 5 (see, 
also, Bulou et al. 1992). Expressions for the individual elastic 
constants are listed in Table 2. They differ from those given in 
earlier studies of the elastic properties of SrTiO3 (e.g., Sloncze-
wski and Thomas 1970; Rehwald 1970b, 1971; Lüthi and Moran 
1970; Fossheim and Berre 1972; Bulou et al. 1992; Ishidate et 
al. 1988) in that they include all the sixth order terms and terms 
to account for order parameter saturation. Kityk et al. (2000a) 
used a 246 potential but included only one sixth order coeffi cient. 
Equivalent expressions for the elastic constants accompanying a 
Pm

–3m ↔ Imma transition, derived from Equations 5 and 16, are 
listed in Table 3. Elastic constants for the conventional I4/mcm 

TABLE 2.  Elastic constant variations expected in the stability fi eld of 
a structure with I4/mcm symmetry (q4 ≠ 0, q5 = q6 = 0), due 
to a transition from a parent cubic structure with Pm

–
3m 

symmetry
C11 = C12 = Co

11 – M2χ4q2
4 C13 = C23 = Co

12 – MNχ4q2
4

C33 = Co
11 – N2χ4q2

4 C44 = C55 = Co
44 – λ2

5χ6q2
4

C12 = Co
12 – M2χ4q2

4 C66 = Co
44

* K C C q
V

o o= +( )−
1

3
2 4

11 12 2
2

4 4
2λ χ

* G C C C q
V

o o o= − +( )− +( )1

5
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5
8

11 12 44 4
2

4 5
2

6 4
2λ χ λ χ

† χ4
–1 = ∂2G/∂q2

4 = 2(b2 + b’2)q2
4 + 4(c2 + c2’’)q4

4

† χ
λ
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1 2

6
2 4
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2 11 12
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2 4
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2 4

λ λ

Elastic constants, Cik,c, for a unit cell with conventional orientation (a//X, b//Y, 
c//Z)

C C C C C
11 22 11 12 66

1

2, ,c c
= = +( )+  C13,c = C23,c = C13

 C44,c = C55,c = C44C33,c = C33

 

C C C
66 11 12

1

2,c
= −( )

 
C C C C

12 11 12 66

1

2,c
= +( )−

* Expressions for the Voigt limits of bulk and shear modulus in terms of single-
crystal elastic constants for a crystal with point group 4/mmm were taken from 
Watt and Peselnik (1980).
† Values of q in the expressions for susceptibility are the equilibrium values 
given by Equation 15.
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and Imma unit-cell orientations (a//X, b//Y, c//Z) are obtained 
by rotation of axes for a fourth rank tensor (Nye 1985), and are 
given in Tables 2 and 3 for completeness.

In the context of geophysical applications, bulk (K) and shear 
(G) moduli are required. These can be calculated from the indi-
vidual elastic constants in the usual way using expressions for 
the Voigt (KV, GV) and Reuss (KR, GR) limits. Numerical values 
for these limits usually differ by less than a few percent. As the 
Voigt expressions show the infl uence of individual coupling 
parameters from the Landau expansion most clearly, they are 
listed in Tables 2 and 3 for each transition. 

M point

Structures with P4/mbm, I4/mmm, or Im–3 symmetry have not 
been observed in the (Ca,Sr)TiO3 system, but the Pnma structure 
has order parameter components associated with both the R and 
M points. In parallel with an analysis of the R point behavior, it 
is therefore necessary to explore behavior associated with the M 
point. Taking the same starting point as in the previous section, a 
cubic ↔ tetragonal or a cubic (P) ↔ cubic (I) transition would 
be expected to behave according to Equation 1 using terms in 
q1, q2 and q3 alone:
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Applying the equilibrium condition for strain gives
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e4 = e5 = e6 = 0. (23)
Substituting these expressions back into Equation 19 gives
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where

b b
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Once again, the form of Equation 24 is essentially the same 
as the 246 expansion used by Vanderbilt and Cohen (2001) to 
show that all three product structures (P4/mbm, I4/mmm, Im–3) 
could have equilibrium stability fi elds, depending on the actual 
values of the coeffi cients. In the present context, the structure of 
interest is P4/mbm with q2 ≠ 0, q1 = q3 = 0 as this is a component 
of the Pnma structure (see Fig. 1c). Assuming that the sum of 
fourth order terms is positive, the evolution of q2

2 due to a Pm
–3m 

↔ P4/mbm transition would be expected to follow

q

b b b b a c c

2
2

1 1 1 1

2

1 1 1
4

=

− +( )+ +( ) + +( )′ ′ ′′* * * * Θ
s1

ccoth coth
Θ Θ

s1

c1

s1

T T

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟
−

⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟⎟

⎛

⎝
⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

+( )′′2
1 1
c c

.

 
(27)

TABLE 3.  Elastic constant variations expected in the stability fi eld of 
a structure with Imma symmetry (q4 = q6 ≠ 0, q5 = 0), due 
to a transition from a parent cubic structure with Pm

–
3m 

symmetry 
C11 = Co

11 – 2M2χ4q2
4 C14 = –2Mλ5χ4q2

4

C22 = Co
11 – (M2 + N2)χ4q2

4 C24 = C34 = –(M + N)λ5χ4q2
4
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Elastic constants, Cik,c, for a unit cell with conventional orientation (a//X, b//Y, 
c//Z) 

C C C C C
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= +( )+ +  C23,c = C12 – C14

C22,c = C11 C C C C
44 55 66 56

1
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* Expressions for the Voigt limits of bulk and shear modulus in terms of single-
crystal elastic constants for an orthorhombic crystal were taken from Watt 
(1979).
† Values of q in the expressions for susceptibility are the equilibrium values 
given by Equation 16.
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Changes in the single-crystal elastic constants accompanying 
such a transition are listed in Table 4.

Combined M + R point transitions

Phase transitions leading from the Pm
–3m perovskite structure 

to structures that have both M point and R point octahedral tilts, 
such as the Cmcm or Pnma structures, are described by the full 
Landau expansion with six order parameter components (Eq. 
1). Applying the usual equilibrium conditions with respect to 
strain leads to general relationships between the order parameter 
components and symmetry-adapted strains as
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Substituting for strain in Equation 1 using these expressions 
{and making the simplifying assumption Co

44 >> [2λ6(q2
1 + q2

2 
+ q2

3) + 2λ7q2
i], i = 1, 2 or 3} leads to the renormalized form of 

Equation 1:
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Here, renormalization of the coupling coeffi cients, λq, λ'q, 
occurs because M point and R point tilts both give rise to strains 
which overlap and give
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Which of the phases with both M and R point tilts is stable 
depends again on the actual values of the various coeffi cients. For 
(Ca,Sr)TiO3 perovskites, the fi rst transition with falling tempera-
ture is from the cubic parent structure to the I4/mcm structure, 
indicating Tc2 > Tc1. If the coeffi cients for M point transitions are 
more or less the same as for the R point transitions, two sequences 
of thermodynamically continuous transitions are possible: Pm

–3m 
→ I4/mcm → Cmcm or Pm

–3m → Imma → Pnma. In each case, 
the fi rst transition occurs at Tc2 and the second at Tc1. This is 
illustrated schematically in Figure 2a for the situation where 
the Imma structure always has higher energy than the I4/mcm 
structure. The free energy change due to a Pm

–3m → ... → Cmcm 
sequence is given by the combined energies of separate Pm

–3m 
→ P4/mbm (q3 ≠ 0, q1 = q2 = 0) and Pm

–3m → I4/mcm (q4 ≠ 0, 
q5 = q6 = 0) transitions, plus the coupling energy: 
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The free energy change due to a Pm
–3m → ... → Pnma se-

quence is, likewise, the sum of energy changes due to separate 

TABLE 4.  Elastic constant variations expected in the stability fi eld of 
a structure with P4/mbm symmetry (q2 ≠ 0, q1 = q3 = 0), due 
to a transition from a parent cubic structure with Pm

–
3m 

symmetry 
C11 = Co

11 – P2χ2q2
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12 – O2χ2q2
2
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Elastic constants, Cik,c, for a unit cell with conventional orientation (a//X, b//Y, 
c//Z) 
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* Expressions for the Voigt limits of bulk and shear modulus in terms of single-
crystal elastic constants for a crystal with point group 4/mmm were taken from 
Watt and Peselnik (1980).
† Values of q in the expressions for susceptibility are the equilibrium values 
given by Equation 27.
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Pm
–3m → P4/mbm (q2 ≠ 0, q1 = q3 = 0) and Pm

–3m → Imma (q4 
= q6 ≠ 0, q5 = 0) transitions, plus a coupling energy:
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The coupling term in q2
2q4

4 is likely to be small in comparison 
with the term in q2

2q2
4, with the implication that, so long as the 

I4/mcm structure is stable with respect to the Imma structure, the 
Cmcm structure will be stable with respect to the Pnma structure. 
In this case, a fi rst order transition I4/mcm → Pnma is possible, 
but only to a metastable state, and the equilibrium sequence will 
be Pm

–3m → I4/mcm → Cmcm (Fig. 2a).
To get an equilibrium stability fi eld for the Pnma structure, 

it appears to be necessary for the Imma structure to become 
stable with respect to the I4/mcm structure. A schematic set of 
free energy curves representing this possibility is given in Figure 
2b. A fi rst order transition occurs between the I4/mcm and Imma 
structures at Ttr, between Tc2 and Tc1, as might occur for (b2

* + b'2*) 
< 0, b*

2 > 0, by analogy with the sequence for BaTiO3 described 
by Devonshire (1949, 1951).

For both the situations represented in Figure 2, the equilib-
rium evolution of q2 and q4 in the Pnma structure is obtained by 
solving the simultaneous equations:
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Expressions for the elastic constants of the Pnma structure are 
derived from Equation 1 in the same way as for the I4/mcm, Imma, 
and P4/mbm structures and are listed in Table 5. Elastic constants for 
the Pnma structure in its conventional orientation (a//X, b//Y, c//Z) 
have been obtained by rotation of axes, as before, and are included 
in Table 5 for completeness. Implicit in this treatment is the assump-
tion that softening due to coupling of strains with each of the order 
parameter components is independent and additive. This is not neces-
sarily the case if coupling between the M point and R point octahedral 
tilts is strong and occurs on a suffi ciently rapid time scale that they 
behave effectively as a single tilt system. In this case, the relevant 
strain coupling coeffi cients would be for the combined strains that 
accompany the combined tilts and the relevant susceptibilities would 
be for the combined tilting mechanism.
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FIGURE 2. (a) Schematic free energy relationships between structures 
with no octahedral tilting (T > Tc2), M point octahedral tilting (Tc1 < T 
< Tc2), and M+R point tilting (T < Tc1). These relationships represent 
circumstances in which the transitions at T = Tc2 are continuous and the 
I4/mcm structure is more stable than the Imma structure. (b) Schematic 
free energy relationships required for a sequence of equilibrium structural 
states Pm

–
3m → I4/mcm → Imma → Pnma with falling temperature.

TABLE 5.  Elastic constant variations expected in the stability fi eld of 
a structure with Pnma symmetry (q2 ≠ q4 = q6 ≠ 0, q1 = q3 
= q5 = 0), due to a transition from a parent cubic structure 
with Pm

–
3m symmetry 
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* Expressions for the Voigt limits of bulk and shear modulus in terms of single-
crystal elastic constants for an orthorhombic crystal were taken from Watt 
(1979).
† Values of q in the expressions for susceptibility are the equilibrium values 
given by Equations 37 and 38.

(38)
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CALIBRATION OF COEFFICIENTS FOR THE PM
–
3M ↔ 

I4/MCM TRANSITION IN SRTIO3

Several authors have used experimental data from the lit-
erature to calibrate the coeffi cients in expressions for the elastic 
constants of SrTiO3 (e.g., Slonczewski and Thomas 1970; Re-
hwald 1970a, 1970b, 1971; Lüthi and Moran 1970; Fossheim 
and Berre 1972). With the exception of Kityk et al. (2000a), the 
initial assumption has always been that the cubic → tetragonal 
transition can be described by a 24 Landau potential. In addition, 
attention has usually been focused only on the magnitude of the 
discontinuities at the transition point. A full analysis of the elastic 
constants of tetragonal SrTiO3 over a wider temperature interval 
requires a new calibration. The sources of experimental data and 
the expressions used to extract values for specifi c coeffi cients 
are described in this section.

Order parameter evolution and calorimetry

Salje et al. (1998) and Hayward and Salje (1999) used various 
data from X-ray diffraction experiments, relating to the evolution 
of the order parameter, and high-resolution calorimetric data to 
calibrate the coeffi cients of a renormalized 246 potential for the 
R-point (Eq. 12). These are a2, Θs2, Tc2, (b2

* + b'2*) and (c2 + c2''). 
The values extracted by Hayward and Salje (1999) have been 
used here and are listed in Table 6. They are given in conventional 
SI units and in units of GPa (or GPa/K), the latter being obtained 
from the former by dividing by the molar volume of SrTiO3. A 
molar volume of 3.595 × 10–5 m3 has been used for the purposes 
of the present paper.

Bare elastic constants

The elastic constants of SrTiO3 have been measured repeat-
edly by both ultrasonic and Brillouin methods in the past, but 
there is no single defi nitive data set. Different measurements 
from the literature have been assembled into a single coherent 
set here, for both the cubic and tetragonal structures, though this 
has required some rescaling according to how the data were origi-
nally presented. Hehlen et al. (1996) determined the velocities of 
acoustic modes in single domain samples of tetragonal SrTiO3 by 
Brillouin spectroscopy. Values of velocity, v, from their Figures 
2 and 4 have been converted to elastic constants here using Cik 

= ρv2 and a value of the density, ρ = 5.104 Mg/m3. Any errors 
introduced by using a single value for density, ignoring the effects 
of thermal expansion, are small in comparison with uncertainties 
in the raw velocity data. C33 and C44 were determined from data 
for longitudinal and transverse acoustic modes with propagation 
directions parallel to [001]. Values of C11 and C12 were obtained 
by combining data for the longitudinal mode [which depends on 
½( C11 + C12 + 2C66)] and a transverse mode [which depends on 
½( C11 – C12)] propagating in the [110] direction. In this context 
it was assumed that C66 = Co

44, and Co
44 = 124 GPa from below. 

Additional data of Hehlen et al. (1996) for C44 and C66 from a 
polydomain sample (their Fig. 1) were converted to units of GPa 
by applying a scaling factor that ensured close overlap with the 
fi rst set of data for C44.

Yamaguchi et al. (2002) gave their data only as Brillouin 
shifts. These have been converted to Cik values by applying 
a scaling factor that gave close overlap of C44 in the stability 
fi eld of the tetragonal structure with the values of C44 obtained 
from Hehlen et al. (1996). Some of the data of Yamaguchi et al. 
(2001, 2002) were obtained from samples enriched in 18O. These 
authors concluded that the changes in acoustic mode frequencies 
associated with a change in 16O/18O content can be understood as 
being due to the change in density, at least for temperatures above 
~30 K. Values of Cik obtained from their 18O-enriched samples 
have therefore been rescaled so as to give overlap of C44 with 
the data of Hehlen et al., as before. Hasebe et al. (2002, 2003) 
gave their experimental results, also for 18O-enriched samples, as 
Brillouin shifts and these have been rescaled here to give values 
of C44, which overlap with the values extracted from Hehlen et 
al. (1996). The data of Laubereau and Zurek (1970) were scaled 
in the same way. 

Ultrasonic data of Bell and Rupprecht (1963), Lüthi and 
Moran (1970), Okai and Yoshimoto (1975), and Migliori et al. 
(1993) are in close agreement for C11 and C12 of cubic SrTiO3. 
The results for C44 are slightly more scattered. Values for the same 
elastic constants given by Rehwald (1970a, 1970b, 1971, 1977) 
are systematically smaller by ~3%. The explanation of this differ-
ence is perhaps that Rehwald did not take any special measures 
“to eliminate losses and delays caused by the transducer and its 
bond” (Rehwald 1971, p. 23). For present purposes, therefore, all 
the elastic constants from Rehwald (1970a, 1970b, 1971, 1977) 
have been multiplied by 1.03. The data for C11 and C44 of cubic 
SrTiO3 from Lei and Ledbetter (in Scott and Ledbetter 1997) 
were rescaled so as to overlap with the other ultrasonic data. In 
combination with the Brillouin data, a coherent picture of the 
elastic constants of SrTiO3 over the temperature interval ~10–300 
K is then obtained, as shown in Figure 3. The only exceptions 
are, fi rst, for some of the ultrasonic data for C11 and C12 collected 
immediately below the cubic ↔ tetragonal transition point. In 
this range there is considerable scatter. The additional softening 
that the ultrasonic data show, in comparison with the Brillouin 
data, is almost certainly due to the infl uence of transformation 
twins (Rehwald 1971; Fossheim and Berre 1972; Scott 1999; Ang 
et al. 1999; Schranz et al. 1999; Kityk et al. 2000a, 2000b). Sec-
ond, 18O-enriched samples display an additional acoustic mode 
splitting below ~30 K, which has been interpreted in terms of a 
ferroelectric phase transition (Itoh et al. 1999; Yamaguchi et al. 
2001, 2002; Yagi et al. 2002; Hasebe et al. 2002, 2003).

TABLE 6.  Final set of values for coeffi  cients and other parameters in 
Equation 5, as used to calculate elastic and thermodynamic 
changes due to the Pm

–
3m → I4/mcm transition in SrTiO3 

a2 0.6472 J/(mol·K) 0.0000180 GPa/K
Θs2 60.8 K
Tc2 105.6 K
(b2* + b’2*)  29.12 J/mol 0.000810 GPa
(c2 + c’’2) 39.27 J/mol 0.001092 GPa
b2*  0.0012 GPa
b’2*  –0.00039 GPa
b2  0.001152 GPa
b’2  0.0000761 GPa
c2  0.000912 GPa
c’2  0.0033 GPa
c’’2  0.00018 GPa
λ2  0.046 GPa
λ4  –0.075 GPa
λ5  0.125 GPa
Co

11  332 GPa
Co

12  104 GPa
Co

44  124 GPa
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The elastic constants of cubic SrTiO3 show some weak 
temperature dependence, which is due to thermal expansion 
and normal non-linearities as T → 0 K. Some softening ahead 
of the 106 K phase transition is also evident. For most of the 
calculations required here, no serious errors are introduced by 
assuming constant values of the bare elastic constants, but for the 
fi nal calculation of the temperature-dependence of the tetragonal 
elastic constants it is necessary to include the variations of each 
of Co

11, Co
12, and Co

44 below 106 K. If the bare elastic constants 
scale approximately with the density of cubic SrTiO3, a func-
tion of the form

C

A B
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s
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coth
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should at least give a more or less appropriate leveling off as 0 K 
is approached. This is the inverse of the function usually used to 
describe volume evolution at low temperatures (see the section 
on spontaneous strain, below). Equation 39 was fi t to C11 (data of 
Okai and Yoshimoto 1975), C12 (data of Migliori et al. 1993), and 
C44 (data of Yamaguchi et al. 2001) in the temperature intervals 
215–288, 180–297, and 202–296 K, respectively, with Θs fi xed 
at the value (128 K) obtained below from the lattice parameters 
of the cubic structure. The fi t parameters are A = 0.002870, 
0.009496, 0.007871, B = 9.257 × 10–7, 9.332 × 10–7, 1.058 × 
10–6 GPa–1, respectively. The fi ts themselves are shown as solid 
lines in Figure 3. The fi t values at 106 K have been selected to 
represent the bare elastic constants of cubic SrTiO3 in calcula-
tions of elastic softening due to the phase transition: Co

11 = 332, 
Co

12 = 104, Co
44 = 124 GPa (Table 6).

Softening of the bare elastic constants as T → Tc from above 
is commonly observed even for phase transitions that are not 
driven by the softening of an acoustic mode. Critical fl uctua-
tions and defects could cause changes to the elastic properties 
in the close vicinity of the transition point but softening over a 
wider temperature interval (greater than a few degrees) has been 
explained in terms of fl uctuations due to interactions between 
modes with k-vectors just away from the critical point of the 
Brillouin zone (Höchli 1972; Rehwald 1973; Cummins 1979; 
Lüthi and Rehwald 1981; Yao et al. 1981; Fossum 1985; Car-
penter and Salje 1998). This softening is usually described by 
an expression of the form

ΔCik = Aik|T – Tc|K. (40)

∆Cik is the difference between the observed values of Cik and 
values of the appropriate bare elastic constants extrapolated 
from high temperatures. Aik is a property of the material, while 
K is expected to have values between –1/2 and –2, depend-
ing on the anisotropy and dispersion of soft branches around 
the critical point (Axe and Shirane 1970; Pytte 1970, 1971; 
Höchli 1972; Carpenter and Salje 1998). For a cubic crystal 
this mechanism is expected to apply only to C11 and C12, with 
∆C11 = ∆C12. Differences between calculated values of Co

12 and 
the C12 data of Migliori et al. (1993) have been used here to 
obtain ∆C12 = 30.17(T–Tc2)–1.20, with Tc2 set at 105.6 K. The 
value of K is slightly smaller than that given by Carpenter 
and Salje (1998) because a non-linear fi t to Co

12 at high tem-
peratures has been used. The same variation was assumed 
for ∆C11. Due to symmetry constraints, C44 does not soften 
by the same mechanism and its observed softening is indeed 
restricted to a narrower temperature interval. Equation 40 has 
nevertheless been used to provide an empirical description 
of the data of Yamaguchi et al. (2001), ∆C44 = 8.7(T–Tc2)–0.80. 
These parameters are needed below for calculations of the 
bulk and shear moduli of cubic SrTiO3 so as to refl ect, at least 
semi-quantitatively, the observed softening of the individual 
elastic constants above Tc2.

Stress dependence

External application of hydrostatic pressure or non-hydrostat-
ic stress results in signifi cant changes to the critical temperature, 
Tc2, and to the structural evolution of SrTiO3. Experimental data 
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FIGURE 3. A complete set of elastic constants for SrTiO3 assembled 
from the literature. Filled symbols represent ultrasonic data; open 
symbols represent Brillouin data. A star indicates that the data were 
obtained from 18O-enriched SrTiO3; the samples of Yamaguchi et al. 
(2001, 2002) were nominally pure SrTi18O3, while the samples of Hasebe 
et al. (2002) contained 86% 18O and 53% 18O. The data of Laubereau and 
Zurek (1970), Yamaguchi et al. (2001, 2002), and Hasebe et al. (2002) 
were scaled so that C44 overlapped closely with C44 data from Hehlen et 
al. (1996). Calculated variations of C11, C33, C12, C13, and C44 are from 
the Landau parameterization. Data for C12 from Rehwald (1970b) are 
shown as a continuous line, as in the original paper. The scatter in the 
data for C44 below ~30 K, as obtained from conversion of reported data 
for split acoustic modes directly to elastic constants, is due to additional 
structural changes which occur in 18O-enriched samples. 
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from the literature have been used in the past to extract values for 
some of the Landau parameters, therefore (Pietrass and Hegen-
barth 1969; Laubereau and Zurek 1970; Slonczewski 1970; Lüthi 
and Moran 1970; Müller et al. 1970; Slonczewski and Thomas 
1970; Rehwald 1970a, 1971; Burke et al. 1971; Fossheim and 
Berre 1972; Okai and Yoshimoto 1975). A review of these data 
is presented here as part of the process of determining a full set 
of internally consistent coeffi cients.

Following the usual convention that a compressive stress has 
negative sign and tensile stress has positive sign, the contribu-
tion to the excess free energy due to the application of stresses, 
σi, is

 

– e
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. This term can be added directly to the Landau 
expansions (Slonczewski 1970; Müller et al. 1970; Burke et al. 
1971; Fossheim and Berre 1972). Making use of symmetry-
adapted forms of the strain, the 246 Landau expansion for cubic 
↔ tetragonal SrTiO3 becomes
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where
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Substituting for the strains and regrouping terms gives 
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There are other terms in Pa, Po, and Pt that arise in this process, 
but they do not include the order parameter. They do not contrib-
ute to the excess free energy associated with a phase transition, 
therefore, and have been left out of Equation 45.

Hydrostatic pressure

Hydrostatic pressure, P (= Pa) causes a renormalization of the 
second order term such that the transition pressure occurs (for a 
thermodynamically continuous transition) when
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where Pa,c is the transition pressure at a given temperature. Thus,
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Data for the pressure dependence of the cubic ↔ tetragonal 
transition in SrTiO3 are reproduced from Okai and Yoshimoto 
(1975) in Figure 4a. Equation 47 cannot be fi t to the data using a 
constant value of the coupling coeffi cient λ2. Taken at face value, 
the experimental data show a break in slope at ~1 GPa. Fitting 
with two separate straight lines gives an extrapolated value of 
5.9 GPa for Pc at 295 K (Fig. 4a). This compares with room 
temperature values of 6.0 GPa given by Grzechnik et al. (1997) 
and 6.4 GPa given by Ishidate and Isonuma (1992). The implica-
tion is that the structural evolution of SrTiO3 at low pressures is 
different from the evolution at high pressures, probably through 
variations in the strength of coupling between the volume strain 
and q2

4. For present purposes a constant value of λ2 = 0.046 GPa 
has been obtained from a fi t to all the data shown in Figure 4a 
(broken line), with the values of a2, Θs2, Tc2 and 1/3(C°11 + 2C°12) 
as listed in Table 6. This fi t is equivalent to dPa,c/dT = 0.034 
GPa/K, which compares with 0.067 GPa/K given previously 
by Sorge et al. (1970).

Stress applied parallel to [111]

When a compressive stress, P111, is applied parallel to [111] 
of cubic SrTiO3 a small rhombohedral strain, e4 = e5 = e6 ≠ 0, is 
induced. This pseudo-cubic structure becomes more markedly 
rhombohedral above a critical stress, P111,c (Müller et al. 1970). 
P111 is equivalent to a stress tensor, which has

–σ1 = –σ2 = –σ3 = –σ4 = –σ5 = –σ6 = 1/3P111. (48)

The transition point is then given, for the case of a continuous 
phase transition, by
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  (49)

to a good approximation. Data from Müller et al. (1970) and 
Burke and Pressley (1969) for the stability limits of different 
structural states of SrTiO3 as a function of P111 are reproduced in 
Figure 4b. A fi t of Equation 49 to the data for the pseudo-cubic 
↔ R–3c transition gives λ5 = 0.07 ± 0.02 GPa, using values for 
the other coeffi cients listed in Table 6. Tc2 was allowed to vary 
and the best-fi t value was 102.2 ± 1 K.

If the P111 stress is applied to tetragonal SrTiO3, the crystals 
become monoclinic. In crystallographic terms, a [111] stress 
causes the axis of the octahedral tilt to rotate from [001] for the 
I4/mcm structure toward [111] for the R–3c structure. When the 
tilt lies between these limits the crystal has C2/c symmetry, as 
characterized by the order parameter components q4 = q6 ≠ q5 ≠ 
0. Note that, in this description, the tetragonal structure has q4 = 
q6 = 0, q5 ≠ 0 at zero stress, i.e., it is a different twin orientation 
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Numerical solutions have been obtained for Equations 51 
and 52, using values of the coeffi cients listed in Table 6 and the 
software package Mathematica. If b*2  and b2'* are extracted from 
spectroscopic data (see below), the only unknown parameter is 
c'2. Trial values for this coeffi cient were applied until the value 
of the transition points, P111,t, at 4.2 and 78 K corresponded to 
the experimental values determined by Müller et al. (1970). 
However, there was no single value of c'2 derived for these values 
of b*2  and b'2* which matched the experimental transition points 
simultaneously. Trial values of b*2  and b'2* were therefore applied, 
with iterations of λ5 and c''2 to match C44, as described below. The 
fi nal fi t has b*2  = 0.0012 and b'2* = –0.00039, with c'2 = 0.0033, 
which are taken here as the preferred values for these coeffi cients 
(Table 6). It is interesting to note that the experimental data of 
Müller et al. give dP111,c/dT = 0.029 ± 0.005 GPa/K, (dT/dP111,c 
≈ 35 ± 6 K), which is matched by a calculated slope of 0.024 
GPa/K (~41 K/GPa), if the volume/order parameter coupling 
coeffi cient λ2 is zero (with λ5 = 0.125 GPa). A value of λ2 = 
0.046 GPa gives the slope shown in Figure 4b (0.019 GPa/K, 
~53 K/GPa). Thus, allowing λ2 to vary from rather small values 
at low temperatures to larger values at high temperatures would 
permit better agreement to be obtained between experimental 
and calculated variations for both Pa,c and P111,c.

Values of q4 and q5 from the solutions to Equations 51 and 
52, using the fi nal set of coeffi cients, have been used to calculate 
the free energies of the monoclinic and rhombohedral structures, 
as shown in Figure 5a. With increasing magnitude of P111, the 
monoclinic structure evolves across order parameter space from 
the tetragonal starting point toward the rhombohedral structure. 
The numerical solutions suggest that the approach toward R

–
3c 

symmetry may be asymptotic. This point was not explored in 
detail but if the transition is fi rst order in character, as discussed 
by Slonczewski (1970) and Müller et al. (1970), the discontinuity 
at the transition point is small. There are actually four solutions 
to the simultaneous equations (51 and 52). In addition to the 
rhombohedral, monoclinic/pseudo-orthorhombic (q4 = q6 = large, 
q5 = small), and monoclinic/pseudo-tetragonal (q4 = q6 = small, 
q5 = large) structures, an unexpected monoclinic structure was 
found with q4 = q6 and q5 similar in magnitude to q4 but oppo-
site in sign. The pseudo-orthorhombic structure is, as expected, 
always intermediate in energy between the rhombohedral and 
pseudo-tetragonal structures (Fig. 5a). The additional monoclinic 
phase has the highest energy for most values of P111.

Values of P111,t were calculated at ~10 K intervals below Tc2 
using the fi nal set of parameters listed in Table 6. They show close 
agreement with the experimental data of Müller et al. (1970), 
bearing in mind that the transition point at zero stress for the 
sample used by Müller et al. was ~102 K (Fig. 4b). There are 
further experimental data for the effect of stress parallel to [111] 
at 4.2 K (Burke and Pressley 1969), 78 K and Tc + 1.8 K (Mül-
ler et al. 1970), which allow a fi nal comparison of observed and 
calculated variations of the order parameter. Burke and Pressley 
(1969) measured the fl uorescence of Cr3+ impurities in SrTiO3 

from q4 ≠ 0. This orientation is used throughout this section. 
Following the approach of Slonczewski (1970), the monoclinic 
↔ rhombohedral transition point, P111,t, is obtained by calculat-
ing the excess free energies of each of these phases. The excess 
free energy of the C2/c structure is given by Equation 45 with 
Pa = –σ4 = –σ5 = –σ6 = 1/3P111:
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Equilibrium values of the order parameter components at 
different P111 and T are then given by solutions to the simulta-
neous equations
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FIGURE 4. Effect of stress on phase transitions in SrTiO3. (a) The effect 
of hydrostatic pressure, Pa, on the Pm

–
3m ↔ I4/mcm transition: fi lled circles 

are data from Okai and Yoshimoto (1975); open circles are data of Ishidate 
and Isonuma (1992) and Grzechnik et al. (1997). The broken line is a fi t of 
Equation 47 to all the data combined. Solid lines are separate fi ts to data 
from room pressure to 1 GPa and from 1 to 2.85 GPa. The latter fi t has 
been extrapolated to 295 K. (b) Data from Müller et al. (1970) for the effect 
of stress applied parallel to [111]. The broken line is a fi t of Equation 49 
to the data of Müller et al. (1970) for the pseudo-cubic ↔ rhombohedral 
transition. The solid straight line is the calculated variation of P111,c for the 
same transition using Equation 49 and values of parameters as given in 
Table 6. The curved line links values calculated for the transition stress, 
P111,t, for the monoclinic ↔ rhombohedral transition. Note that the crystals 
of Müller et al. (1970) had Tc2 ≈ 102.2 K, whereas Tc2 = 105.6 K has been 
used for the present calculations. 

(51)
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as a function of P111. The splitting, ∆, of a doublet centered at 
~12 600 cm–1 varies as a function of temperature (Stokowski and 
Schawlow 1969) in a manner that is consistent with ∆ ∝ q2

5 for 
the tetragonal structure. The data of Burke and Pressley for ∆ 
as a function of P111 at 4.2 K have therefore been used to estimate 
the evolution of the order parameter by calibrating the value of ∆ 
at P111 = 0 with the value of q2

5 at 4.2 K given by Equation 15 (q2
5 

= 0.2237∆). Müller et al. (1970) used the splitting, ∆H, of lines 
in EPR spectra from Fe3+ with a nearest neighbor oxygen vacancy 
to follow the octahedral rotations in a similar manner. Scaling the 
octahedral rotation angle, φ, with the order parameter at 78 K for 
zero stress and using their calibration for φ in terms of ∆H gave a 
calibration q2

5 = 0.0000619 ∆H2 for data collected at 104 K. The 78 
K data of Müller et al. (1970) were scaled as q2

5 = 0.357(∆H/∆Ho)2. 
(The spectroscopic parameters were given with respect to the 
value at zero stress, ∆Ho, and q2

5 = 0.357 at 78 K). Figure 6 shows 
a comparison of the fi nal “experimental” variation of q2

5 with the 
calculated variations. For the highest temperature data set, values 
were calculated at Tc2 + 1.8 K = 107.4 K. There is qualitative agree-
ment but the calculated values are smaller than the experimental 
values for the rhombohedral structure. The calculated variations 
of q2

5 were insensitive to the choice of values for the parameters b*
2, 

b'2* (at constant b*
2 + b'2*), λ5 and c'2. On the other hand, rescaling 

the “experimental” values of q2
5 for the rhombohedral structure by 

a further factor of ~0.8 produces much closer agreement. Perhaps 
the scaling for q2

5 with respect to spectroscopic data differs between 
the tetragonal and trigonal phases.

There are additional data in the literature for the effect of [111] 
stress on the soft mode frequencies (e.g., Burke et al. 1971) but, in 
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FIGURE 5. Results of calculations at 4.2 K for the stability of pseudo-
tetragonal, pseudo-orthorhombic (both actually monoclinic, C2/c) and 
rhombohedral structures with increasing stress applied parallel to [111]. 
Note that, for these calculations, the stable tetragonal structure at zero 
stress has q5 ≠ 0, rather than q4 ≠ 0; i.e., it is a different twin orientation 
from that used elsewhere in this paper. (a) The free energies of the three 
structures appear to asymptote toward a single value at the C2/c ↔ R

–
3c 

transition point, P111,t. (b) The sum of squares of the three components of 
the order parameter also appear to converge but details of the topology 
very close to P111,t were not explored. (c) The tetragonal structure at zero 
stress has q2

5 = 0.661 but then evolves across order parameter space toward 
the R

–
3c structure. The last point calculated for the C2/c structure and the 

fi rst point for the R
–
3c structure differ by 0.001 GPa.
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FIGURE 6. Variation of experimental and calculated values for q2
5 with 

increasing stress parallel to the [111] axis. (For the calculations involving 
[111] stress, the I4/mcm structure has an orientation with q5 ≠ 0, q4 = q6 = 0). 
The experimental values were derived from spectroscopic data calibrated 
against the order parameter for tetragonal SrTiO3 at zero stress. The calculated 
values are from Equations 51 and 52 using values of coeffi cients listed in 
Table 6. The experimental data from Müller et al. (1970) from above Tc were 
collected at 104 K for a sample with Tc2 = 102.2 K; the calculated values are 
therefore for Tc2 + 1.8 K = 107.4 K. The patterns of calculated variations 
are similar to the observed patterns, but the actual values are systematically 
smaller for the rhombohedral structure. Above P111 ≈ 0.3 GPa, the observed 
variation at 4.2 K is steeper than the calculated variation.
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view of doubts over the conventional soft mode model discussed 
below for describing soft mode frequencies as a function of tem-
perature, these have not been examined in the present context.

Biaxial stress

Fossheim and Berre (1972) devised an experimental rig to 
apply a compressive stress simultaneously parallel to [100] and 
[010] of cubic SrTiO3. This stress induces a small tetragonal 
strain but, at some critical stress, the crystal transforms to the 
I4/mcm structure. If the magnitude of the stress is Pbia, the critical 
stress, Pbia,c, can be found by substituting –σ1 = –σ2 = Pbia into 
Equations 42–45. This leads to
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The experimental value of dT/dPbia,c given by Fossheim and 
Berre (1972) is 92 ± 3 K/GPa. The calculated slope obtained 
by substitution of values of λ2, λ4, Co

11, Co
12, and Θs from Table 1 

into Equation 53 is 115 K/GPa. Setting λ2 = 0 gives a slope of 
93 K/GPa, implying that some temperature or stress dependence 
of λ2 could account, at least in part, for the discrepancy between 
observed and calculated values.

The effect of a stress parallel to [100] is expected to be 
half that for Pbia, but Fossheim and Berre obtained a value of 
only 36 K/GPa for the slope of the transition temperature as a 
function of applied stress. They surmised that the discrepancy 
could have been due to the infl uence of twin domains when a 
[100] stress is applied. In this context, it is worth noting that 
the substantial elastic softening due to twin wall motions under 
non-hydrostatic stress observed by Schranz et al. (1999), Kityk 
et al. (2000a, 2000b), and Harrison et al. (2003) was recorded at 
applied stresses that were generally below those used in the early 
studies of stress-induced transitions. The expectation is that, by 
the time large stresses are achieved, single crystals are reduced 
to only one twin domain or the twin walls have moved to fi xed 
positions from which they do not move further.

Spontaneous strain

Hayward and Salje (1999) used the dilatometric data of Liu 
et al. (1997) to determine the tetragonal strain in SrTiO3 below 
Tc2, but not the volume strain. The data from Figure 1 of Liu et 
al. have therefore been re-examined in somewhat more detail. 
To these have been added the data from Figure 1 of Okazaki 
and Kawaminami (1973) for cubic SrTiO3. Values of dilatation 
parallel to a and c of the tetragonal structure and parallel to a of 
the cubic structure from Liu et al. were scaled to a = 3.89846 Å 
at 110 K (from Sato et al. 1985). The cubic parameters of Oka-
zaki and Kawaminami were rescaled slightly so as to overlap 
closely with these (Fig. 7a). A baseline, ao, was then fi t to the 
data for cubic SrTiO3 using the commonly used function (e.g., 
Meyer et al. 2000, 2001; Sondergeld et al. 2000; Carpenter et al. 
2003; after Salje et al. 1991a) which accounts for normal third 
law saturation as T → 0 K,

a a a
To c s s

s= +
⎛

⎝
⎜⎜⎜⎜

⎞

⎠
⎟⎟⎟⎟⎟

Θ
Θ

coth . (54)

A fi t to the combined cubic data yielded ac = 3.8919 Å, as = 
3.977 × 10–5 Å, and Θs = 142.7 K.

Individual strains due to the phase transition were calculated 
using the usual relations e1 = e2 = (a – ao)/ao, e3 = (c – ao)/ao and 
then converted to the symmetry-adapted forms given above 

FIGURE 7. Spontaneous strain variations. (a) Data for tetragonal and 
cubic SrTiO3, extracted at 2.5 K intervals up to 200 K, are from Liu et 
al. (1997); data for cubic SrTiO3 up to 300 K (crosses) are from Okazaki 
and Kawaminami (1973). The former were scaled to give a = 3.89846 
Å at 110 K and the latter were scaled to produce close overlap above 
106 K. The solid line is a fi t to the combined cubic data using Equation 
54 with ac fi xed at 3.8925 Å. (b) Variations of the tetragonal (et) and 
volume (ea) strains with temperature. (c) The tetragonal strain is a linear 
function of q2

4 from Equation 15 with values of the coeffi cients as listed 
in Table 6, and the slope is 0.001311 ± 0.000002. The volume strain is 
a non-linear function of q2

4; for the temperature interval 80–105 K, the 
straight line has λ2 = 0.043 GPa.
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(Eqs. 2 and 4). The slope of et against q2
4 gives λ4 = –0.075 (± 

0.0001) GPa for 1/2(C°11 – C°12) = 114 GPa (Eq. 8). This is the 
preferred value for present purposes because its determination 
is independent of the choice of value for λ2. It is also insensitive 
to the choice of baseline, ao.

The variation of ea is a distinctly non-linear function of q2
4. 

A straight line fi t to the data in the interval 80–105 K gave a 
value of λ2 = 0.084 ± 0.004 GPa, for 1/3(C°11 + 2C°12) = 180 GPa. 
This is greater than the value obtained above from the pressure 
dependence of the transition temperature, probably as a result 
of the large uncertainties in extrapolating ao below 106 K. Small 
adjustments were therefore made iteratively to the fi t for ao, using 
trial values of ac. A value of λ2 = 0.043 was obtained from ac = 
3.8925, as = 3.828 × 10–5 Å, Θs = 128.1 K. These parameters were 
used to calculate the variations of ao and ea shown in Figure 7. 
Such adjustments always gave non-linear variations of ea with 
q2

4, and this result is further suggestive of some temperature 
dependence for λ2.

Soft mode frequencies

The conventional view of phase transitions driven by a 
soft mode is that the frequency of the soft mode is related to 
the inverse susceptibility of the order parameter. For R point 
transitions in perovskites, the normal starting point for analyz-
ing this relationship has been a 24 potential with terms grouped 
in a slightly different way (Thomas and Müller 1968; Harley 
et al. 1973)
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The soft mode above Tc2, with F2u symmetry, splits into 
two separate modes below Tc2, with A1g and Eg symmetry. The 
frequencies of the two soft modes in the I4/mcm stability fi eld 
are ωA and ωE, and are expected to vary proportionately to the 
eigenvalues of the inverse susceptibility matrix, χ–1

ik = ∂2G/∂qi∂qk 
(Thomas and Müller 1968). For I4/mcm symmetry, the inverse 
susceptibility is given by double differentiation of Equation 12 
followed by setting q5 = q6 = 0, to give

ω
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2
2

4
2 2 2 4
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where q4 is the equilibrium value of the order parameter. For a 
24 potential, the expectation is that the square of the soft mode 
frequency should scale with q2

4, and the ratio of the squared values 

of the soft mode frequencies would be
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For a 246 potential the inverse susceptibilities have terms 
in q4

4 and the squared values of the soft mode frequencies are 
not expected to scale linearly with q2

4. The ratio of soft mode 
frequencies might be expected to follow
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FIGURE 8. Soft mode frequency data for SrTiO3 from the literature. 
The temperatures of data from Cowley et al. (1969) and Fleury et al. 
(1968) were rescaled so as to give Tc2 ≈ 106 K instead of ~110 K. Data 
of Yagi et al. (2002) are for a sample with 87% 18O. (a) Frequency 
squared (left axis) compared with calculated susceptibilities (solid 
lines, Eqs. 62–64, right axis). (b) ω2

A and ω2
E show the same variation 

with temperature as each other, consistent with ω2
A ∝ ω2

E ∝ q2
4. (c) Within 

reasonable experimental uncertainties, ω2 for the A1g mode scales linearly 
with calculated values of q2

4. The straight line is a guide to the eye. 
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Data from the literature for soft mode frequencies are sum-
marized in Figure 8. They are not consistent with the predictions 
from the simplest view of 24 or 246 soft mode behavior. Hayward 
and Salje (1999) showed that the square of the Eg soft mode 
frequency in the tetragonal stability fi eld scales linearly with 
q2

4 calculated for their 246 potential. An analogous relationship, 
using octahedral rotations instead of a calculated order param-
eter, was found by Yamanaka et al. (2000). These observations 
apply to both soft modes since ω2

E scales linearly with ω2
A (ω2

E/ω2
A 

= 0.117; Fig. 8b). Thus the expected result for a 24 potential, 
ω2

E ∝ ω2
A ∝ q2

4, is obtained. On the other hand, the experimental 
ratio of the slopes for ω2

F of the F2u mode of the cubic phase to 
ω2

A of the tetragonal phase is ~1:2.6 as T → Tc2. [Slopes were 
determined from the data of Shirane and Yamada (1969) over the 
temperature interval 112–140 K and from the data of Steigmeier 
and Auderset (1973) over the interval 91–103 K.] This ratio is 
intermediate between the ratios 1:2 and 1:4 for second order (24 
potential) and tricritical (26 potential) transitions, respectively, 
as would be expected for structural evolution determined by a 
246 potential.

A modifi ed perspective on the soft mode behavior is that the 
frequencies scale with the susceptibilities of the unrenormalized 
Landau expansion (Slonczewski and Thomas 1970; Ishidate and 
Isonuma 1992). The second derivatives, ∂2G/∂q2

i, are taken from 
Equation 5 rather than Equation 12, with q4 and the strains then 
set to their equilibrium values. This gives
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The frequency of the soft mode in the cubic phase is expected 
to vary with temperature in the usual way as 

ω χ
∂
∂F c

2 1
2

2
∝ = = +( )− G

q
a T T

i

. (64)

Values for the ratios ω2
E/ω2

A and ω2
F/ω2

A, calculated using 
Equations 62–64 and the preferred set of parameters listed in 
Table 6, can then be compared with the experimental values of 
0.117 and 2.6. χ4

–1 and χ6
–1 vary linearly with temperature over a 

reasonable temperature range below Tc; straight lines fi t to the 
calculated values between 90 and 105 K give a ratio of slopes 
of 0.138. The ratio of slopes for χ4

–1 and χ–1 is 2.9. These cal-
culated variation of χ4

–1, χ6
–1, and χ–1 have been added to Figure 

8a, with appropriate scaling, to show that ω2 of the soft modes 
does not scale exactly with the susceptibilities. The square of 
the frequencies of the soft mode in tetragonal SrTiO3 still scales 
more closely with q2

4 (Fig. 8c).

Temperature dependence of C44

The value of λ5 extracted from the [111] stress dependence 
of the cubic → rhombohedral transition, 0.07 ± 0.02 GPa, has 
a relatively large uncertainty and is sensitive to the choice of 
value for λ2. To constrain this parameter more tightly, C44 was 
calculated in the tetragonal stability fi eld using the equation given 
in Table 2. A fi t was found to the experimental data for C44 using 

trial values of λ5 and c2''. These values were used to recalculate 
b'2 (Eq. 14) and, hence, χ6

–1. λ5 and c2'' were then adjusted again to 
obtain a new fi t with C44. The sequence of iterations was repeated, 
including iterations for b*

2 and b'2* to fi t P111,t at 4.2 K and 78. This 
sequence yielded λ5 = 0.125 and c2'' = 0.00018 GPa. Since (c2 + c2'') 
= 0.001092 GPa from Hayward and Salje (1999), c2 = 0.000912 
GPa is obtained. Final values of b2 = 0.001152 and b'2 = 0.000076 
GPa were then obtained using Equations 13 and 14.

ELASTIC CONSTANT VARIATIONS IN TETRAGONAL 
SRTIO3

Data for Co
11, Co

12, Co
44, and C44 have been used to extract values 

for the parameters in the Landau expansion and cannot, therefore, 
be used to test the validity of Equation 5 for describing the Pm

–3m 
↔ I4/mcm transition. On the other hand, data for C11, C33, C12, 
and C13 in the stability fi eld of the I4/mcm structure have not 
yet been used, and comparison of their experimental variations 
with variations determined from Equation 5 and the values of 
parameters listed in Table 6 provides an independent test of 
the model. First of all, however, the compilation of data from 
the literature reveals some inconsistencies in the experimental 
measurements. Ultrasonic data for C11 or C33 clearly show so 
much scatter that they cannot be regarded as being indicative of 
the intrinsic elastic properties of SrTiO3 below 106 K. This is 
because any component of tetragonal stress applied at suffi ciently 
low frequency will cause domain wall motions and an apparent 
softening which is much greater than the intrinsic softening due 
to the phase transition (Schranz et al. 1999; Kityk et al. 2000a, 
2000b; Harrison et al. 2003). On the other hand, the Brillouin data 
reveal a much more self-consistent picture, as if they are more 
or less independent of domain wall or defect mobilities. They 
still do not defi ne unique trends for C11 and C33, but perhaps this 
is simply a matter of experimental uncertainties and the usual 
problem of correctly identifying propagation directions when 
dealing with intimately twinned crystals. Finally, the data of Lei 
and Ledbetter in Scott and Ledbetter (1997) for C44 seem more 
likely to have been measurements of C66. The calculated varia-
tions of C11, C33, and C12 provide a semi-quantitative match with 
the observed variations from Brillouin scattering. In particular, 
the non-linear trends of softening as T → Tc2 are reproduced. 
C44 is a fi t to the data but reproduces the non-linear softening at 
T → Tc2. Both these non-linear trends are due to the 246 char-
acter of the transition. A classically second order transition (24 
potential) would give more or less constant values of C11, C33, 
C12, C13, and C44 with the same weak temperature dependence 
as Co

11, Co
12, and Co

44. 
Following Rehwald (1970b), Fossheim and Berre (1972), 

Slonczewski and Thomas (1970), and Hehlen et al. (1996), it 
has been assumed here that C66 is not affected by the Pm

–3m ↔ 
I4/mcm transition. The lowest order coupling term allowed by 
symmetry that would lead to a change in C66 would be of the form 
λe2

6q2
4. This would give C66 = Co

44 + 2λq2
4, and a predicted scaling 

of (C66 – Co
44) with q2

4. The small difference between C66 and Co
44 

could probably be fi t using this expression but is only of similar 
magnitude to the uncertainty in the extrapolation of Co

44.
Finally, the compilation of C44 data in Figure 3 highlights the 

substantial infl uence of the ferroelectric transition in 18O enriched 
samples on the elastic constants below ~25 K (Itoh et al. 1999; 
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Yamaguchi et al. 2001; Yagi et al. 2002; Hasebe et al. 2002, 
2003). To emphasize this, the split acoustic modes reported by 
these authors have simply been converted to elastic constants here 
without consideration of which elastic constants they refer to. 
Similar anomalies are not observed for C11 and C33. In contrast, 
the compiled data for C44 of 16O samples appear to show only a 
small deviation from the trend for the I4/mcm structure below 
~37 K (Courtens et al. 1993; Hehlen et al. 1996, 1999; Balashova 
et al. 1996). Müller et al. (1991) and many subsequent authors 
have discussed evidence for a phase transition at this temperature. 
Again, there is little evidence for an anomaly in the combined 
data for C11 and C33.

Bulk and shear moduli of polycrystalline perovskites are of 
more interest in a geophysical context than the single crystal 
moduli. For the cubic phase, these are usually given explicitly 
for the bulk modulus and by the average of Voigt and Reuss 
limits for the shear modulus as
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Values for Ko and Go have been calculated using the tem-
perature dependent variations of the bare elastic constants given 
by Equation 39. For the tetragonal structure, K and G are the 
average of Voigt and Reuss limits, as given by expressions from 
Watt and Peselnik (1980)
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Calculated bulk and shear moduli using the single-crystal 
elastic constants obtained here are shown in Figure 9. There 
appear to be no direct experimental determinations of the bulk 
and shear moduli as a function of temperature for polycrystal-
line SrTiO3 for comparison with the calculated variations. The 
most distinctive features of their variations, however, are the 
discontinuities at the transition point. For the Voigt limits, the 
bulk and shear moduli in the I4/mcm stability fi eld can be given, 
alternatively, by

K C C q
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The important parameters in this context are the coupling 
coeffi cients λ2, λ4, and λ5. The anomaly in K is small as a direct 
consequence of the fact that the coupling between octahedral 
tilting and volume strain is weak. The anomaly in G is large 
because the coupling between octahedral tilting and shear strain 
is much stronger. Softening as T → Tc2 from above is based on 
Equation 40 and the fi t parameters given earlier. Values are 
only given down to Tc2 + 1 K in Figure 9 because they become 
progressively less reliable at small ∆T. The limit of possible 
softening near T c2 is not known.

DISCUSSION

Equation 5 leads to expressions for the variations of the 
elastic constants of SrTiO3 that reproduce the main features of 
the Pm

–3m ↔ I4/mcm transition from the transition point down 
to ~0 K. The temperature dependence of C11, C33, C12, C13, and 
C44, in particular, are consistent with a substantial contribution 
to the excess free energy from sixth order terms in the Landau 
expansion. This result is consistent with the view of Salje et 
al. (1998) and Hayward and Salje (1999) that the transition 
conforms closely to mean fi eld behavior. On the other hand, 
a 246 Landau potential predicts subtle differences in phonon 
frequencies in comparison with those expected from a classical 
model of the soft mode. One possibility is that the macroscopic 
strain has a dominant infl uence on the soft mode frequency such 
that ω2 scales with et rather than χ4

–1 or χ6
–1. Another possibility is 

that the transition is in fact closer to second order in character 
than implied by the 246 potential, but that there is a break in 
the evolution of the order parameter some tens of K below Tc2, 
similar to that found for the cubic ↔ rhombohedral transition 
in LaAlO3 (Hayward et al. 2005).

Several choices have had to be made during the course of the 
parameterization, and the resulting set of coeffi cients represents 
a self-consistent solution rather than a unique solution. One 
obvious compromise has been the use of a single, temperature-
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FIGURE 9. Calculated variations of the bulk (K) and shear (G) 
moduli of SrTiO3. Softening as T → Tc2 from above the transition point 
has been included, though calculated values are shown only down to Tc2 
+ 1 K. Reuss and Voigt limits for the tetragonal structure are shown as 
broken lines; the solid lines represent the average of these two limiting 
cases. No attempt has been made to include the additional softening of 
C44 below ~40 K. 



CARPENTER: ELASTIC ANOMALIES IN SrTiO3 325

independent value of λ2 to describe coupling between the order 
parameter and the volume strain. Non-linear variations of transi-
tion temperature with pressure (Fig. 4a) and volume strain with 
q2

4 (Fig. 7c) imply that this assumption may not be correct. The 
non-linearity in Figure 4a could be explained by λ2 having a 
temperature- or pressure-dependence, while the non-linearity in 
Figure 7b could imply coupling of the volume strain with higher 
order terms in q4. It appears that coupling with the volume strain 
is very weak just below Tc2. If λ2 = 0 is used in Equation 53 (but 
keeping λ4 = –0.075 GPa), a slope of 93 K/GPa is obtained for 
the effect of a biaxial stress on the transition temperature. This is 
indistinguishable from the experimental value of 92 ± 3 K/GPa 
from Fossheim and Berre (1972). Similarly, assuming λ2 = 0, but 
keeping λ5 = 0.125 GPa, gives a slope of 41 K/GPa for the effect 
of a [111] stress on the pseudo-cubic ↔ rhombohedral transition 
temperature (Eq. 49). This is closer to the experimental value 
of ~35 ± 6 K/GPa from the data of Müller et al. (1970) than the 
value of 53 K/GPa obtained when λ2 = 0.046 is used. The volume 
strain might or might not be very small in an interval of up to ~20 
K below Tc, but it certainly increases in magnitude below ~80 
K. If there is a similar increase in the strength of coupling with 
increasing pressure, the values calculated for q2

5 with increas-
ing [111] stress would also increase. The difference between 
observed and calculated variations of the order parameter in the 
R

–3c stability fi eld (Fig. 6) would thus be reduced. High-resolu-
tion data for the lattice parameters of both cubic and tetragonal 
SrTiO3 are needed to test these possibilities. A temperature- and/
or pressure-dependence for λ2, or higher order coupling between 
ea and q4, would have implications for the equilibrium evolution 
of the order parameter.

The present analysis differs from previous attempts to de-
scribe the elastic anomalies in SrTiO3 using Landau theory in 
that all the symmetry-allowed sixth order terms and the infl uence 
of order parameter saturation have been included. The present 
model has also been tested against data collected over the en-
tire stability fi eld of the tetragonal structure rather than simply 
matching the step in elastic constants at the transition point. For 
the fi rst time in the case of phase transitions in perovskites, a 
complete set of values for the coeffi cients in a 246 potential has 
been obtained, and these provide some insight into the driving 
energies. Slonczewski and Thomas (1970) pointed out that cou-
pling of the order parameter with strain contributes to the stability 
of the I4/mcm structure relative to the R–3c structure of SrTiO3. 
The strength of coupling with et is in fact suffi cient to change 
the value of b'2* from positive to negative. If the coupling was 
weaker (smaller |λ4|) b'2* would be positive and the rhombohedral 
structure would be more stable than the tetragonal structure below 
Tc2. Individual contributions to the excess free energy, due to the 
order parameter coupling alone, G(q), strain/order parameter 
coupling, G(q,e), and Hookeʼs law elastic energy, G(elastic), can 
now also be calculated. At 50 K, for example, the total excess free 
energy due to the cubic → tetragonal transition is –4.63 J/mol 
and this is made up of G(q) = –3.44, G(q,e) = –2.37, G(elastic) 
= 1.18 J/mol. The main driving energy for the transition is due 
to the order parameter alone, but a signifi cant contribution also 
comes from the coupling of the soft mode with strain.

The silicate perovskites (Mg,Fe)SiO3 and CaSiO3 can, in 
principle, undergo octahedral tilting transitions that are analo-

gous to the transitions in (Ca,Sr)TiO3 perovskites. The Landau 
expansions presented here, together with the methodology for 
determining values for all the relevant parameters, provide a basis 
for addressing the question of how such transitions might poten-
tially infl uence the bulk elastic properties of the earthʼs mantle. 
The effects of hydrostatic pressure, non-hydrostatic stress and 
variable composition can be included as necessary. Any anomaly 
in bulk modulus accompanying cubic ↔ tetragonal or tetrago-
nal ↔ orthorhombic transitions depends on the coupling with 
volume strain. The magnitude of this strain is likely to be small 
but, more signifi cantly, it may be temperature (and/or pressure) 
dependent. A temperature dependence which was suffi cient to 
change the sign of the coupling from positive to negative would 
reverse the sign of the pressure dependence of the transition tem-
perature. Extrapolation of this slope from laboratory conditions to 
mantle pressures and temperatures is therefore highly uncertain. 
Cubic ↔ tetragonal and tetragonal ↔ orthorhombic transitions 
in silicate perovskites are likely to have a substantial effect on 
the shear modulus. A change of ~20%, as shown in Figure 9, 
would not be surprising. Quantitative analysis of the effects of 
the I4/mcm ↔ Pnma transition will require similar calibration 
of parameters for the M point instability.
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