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Abstract We consider adaptive discontinuous Galerkin
(DG) methods for solving reactive transport problems
in porous media. To guide anisotropic and dynamic
mesh adaptation, a posteriori error estimators based on
solving local problems are established. These error esti-
mators are efficient to compute and effective to capture
local phenomena, and they apply to all the four pri-
mal DG schemes, namely, symmetric interior penalty
Galerkin, nonsymmetric interior penalty Galerkin, in-
complete interior penalty Galerkin, and the Oden–
Babuška-Baumann version of DG. Numerical results
are provided to illustrate the effectiveness of the pro-
posed error estimators.

Keywords a posteriori error estimators ·
discontinuous Galerkin methods · IIPG · NIPG ·
OBB-DG · reactive transport · SIPG

1 Introduction

Estimating numerical errors is of paramount impor-
tance to simulations of physical phenomena, as the
errors may be large and sometimes even invalidate
computational predictions. In addition, quantifying the
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magnitude and distribution of discretization errors pro-
vides a basis for adaptive control of the numerical
process, including the meshing and the degrees of
approximations, substantially improving computational
efficiency. Being generally computable, a posteriori er-
ror estimators may be used to signify where modifi-
cations in discretization parameters need to be made,
thus achieving adaptivity, in particular, goal-oriented
hp-adaptivity [2–9, 12, 18–23, 29, 30, 34, 37, 38, 41, 42,
47, 60].

Among their many appealing properties, discontin-
uous Galerkin (DG) methods [10, 11, 13, 14, 17, 24,
25, 28, 31–33, 35, 36, 39, 43, 45, 46, 48–50, 61, 62]
are well known for their advantages in the ease of
implementation for hp-adaptivity. Indeed, DG meth-
ods employ discontinuous piecewise polynomial spaces
to approximate solutions of differential equations,
allowing general nonconforming meshes, including
nonmatching grids and hanging nodes, to be treated
naturally. Moreover, variable degrees of approxima-
tions (i.e., p-adaptivity) are also substantially easier to
implement for DG than for conventional finite element
methods. In addition to the ease of adaptive implemen-
tation, the flexibility of allowing nonconforming spaces
also increases the efficiency of adaptivity because the
unnecessary areas do not need to be refined merely to
maintain mesh conformity. For time-dependent prob-
lems, the employment of discontinuous spaces allows
the L2 projection of the simulated quantity to conserve
mass element-wise and involve only local computation,
thus realizing solution accuracy and computational effi-
ciency simultaneously during mesh modification.

Adaptivity and a posteriori error estimators are part-
icularly useful in solving reactive transport problems
because reactive transport systems exhibit rich time-
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dependent local behaviors, such as concentration
plumes, sharp fronts, shocks, and layers. Reactive trans-
port phenomena arise from many natural and en-
gineered systems, and they play important roles in
numerous engineering and scientific fields, particularly
in petroleum, environmental and chemical engineering,
as well as in earth and life sciences. DG has recently
been applied for flow and transport problems in porous
media [44, 52, 54, 58, 63], and an optimal convergence
in L2(H1) was demonstrated for flow and transport
problems [44, 46, 51, 56]. The hp-convergence behav-
iors in the L2(L2) and negative norms have also been
analyzed [51, 56]. In addition, explicit a posteriori error
estimates of DG for reactive transport have been stud-
ied [53, 55, 59]. In this paper, we study local problem-
based a posteriori error estimators of DG applied to
reactive transport problems.

The paper is organized as follows: In the following
section, we formulate the DG schemes for reactive
transport problems and review a few properties of
DG related to our discussion. In Section 3, we derive
the local problem-based a posteriori error estimators.
Section 4 is devoted to numerical studies, where we
illustrate how the proposed error estimators may be
used to guide an isotropic or anisotropic refinement of
an element and to achieve dynamic mesh adaptation.
Finally, in Section 5, our results are summarized, and
future work is described.

2 Governing equations and discontinuous
Galerkin schemes

2.1 Governing equations

We consider reactive transport with a single flowing
phase in porous media. We assume that a time-
independent Darcy velocity field u is given, and that
it satisfies ∇ · u = q, where q is the imposed external
total flow rate. For simplicity, only a single advection–
diffusion–reaction equation is considered. However,
results may be extended to systems with kinetic re-
actions. In addition, for convenience, we assume that
� is a bounded polygonal domain in R

d (d = 2 or 3)
with boundary ∂� = �in ∪ �out. Here, we denote by �in

the inflow boundary and by �out the outflow/no-flow
boundary, i.e.,

�in = {x ∈ ∂� : u · n < 0},
�out = {x ∈ ∂� : u · n ≥ 0},
where n represents the unit outward normal vector to
∂�. The classical advection–diffusion–reaction equa-

tion for a single flowing phase in porous media is given
by

∂φc
∂t

+ ∇ · (uc − D∇c) = qc# − λc,

(x, t) ∈ � × (0, T], (1)

where the unknown variable c is the concentration of a
species (amount per volume). Here, T is the final sim-
ulation time. φ denotes porosity and is assumed to be
time-independent and uniformly bounded, above and
below, by positive numbers. The dispersion–diffusion
tensor D is assumed to be uniformly symmetric pos-
itive definite and bounded from above. The reaction
parameter λ could be a function of time and space,
but it is assumed to be nonnegative. c# is an injected
concentration cw if q ≥ 0, or resident concentration c if
q < 0. The following boundary conditions are imposed
for this problem:

(uc − D∇c) · n = cBu · n, (x, t) ∈ �in × (0, T], (2)

(−D∇c) · n = 0, (x, t) ∈ �out × (0, T], (3)

where cB is the inflow concentration. The initial con-
centration is specified in the following way:

c(x, 0) = c0(x), x ∈ �. (4)

2.2 Notation

Let Eh be a family of nondegenerate and possibly non-
conforming partitions of � composed of triangles or
quadrilaterals if d = 2, or tetrahedra, prisms, or hexahe-
dra if d = 3. Here h is the maximum element diameter
for the mesh. The nondegeneracy requirement (also
called regularity) is that the element is convex and
that there exists ρ > 0 such that if h j is the diameter
of E j ∈ Eh, then each of the subtriangles (for d = 2)
or subtetrahedra (for d = 3) of element E j contains a
ball of radius ρh j in its interior. We assume that no
element crosses the boundaries �in and �out. The set of
all interior edges (for two-dimensional domain) or faces
(for three-dimensional domain) for Eh is denoted by �h.
On each edge or face γ ∈ �h, a unit normal vector nγ is
chosen. The sets of all edges or faces on �out and �in

for Eh are denoted by �h,out and �h,in, respectively, for
which the normal vector nγ coincides with the outward
unit normal vector.

We denote by ‖·‖m,R the usual Sobolev norm over a
domain R [1]. The Sobolev norm ‖·‖m,� over the entire
domain � is also denoted simply by ‖·‖m. For s ≥ 0, we
define the broken Sobolev space

Hs(Eh) := {
φ ∈ L2(�) : φ|E ∈ Hs(E), E ∈ Eh

}
.
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One can show that Hs(Eh) is a normed linear space with
its norm defined by

‖φ‖Hs(Eh) :=
⎛

⎝
∑

E∈Eh

‖φ‖2
s,E

⎞

⎠

1/2

.

Following convention, we also use the notation ||| · |||s,Eh

or simply ||| · |||s to denote the broken norm ‖·‖Hs(Eh). For
a given normed space X and a number p ≥ 1, we define

Lp (0, T; X) := {
φ : φ(t) ∈ X, ‖φ‖X ∈ Lp (0, T)

}
.

The space Lp (0, T; X) is also a normed linear space
with its norm given by

‖φ‖Lp(0,T;X) := ∥∥(‖φ‖X)
∥∥

Lp(0,T)
.

The broken norm ‖·‖Lp(0,T;Hs(Eh)) is often also written
as ||| · |||Lp(0,T;Hs) in the triple bar notation. We denote
by (·, ·)R the inner product in

(
L2 (R)

)d or L2 (R) over
a domain R. The inner product (·, ·)� over the entire
domain � is also denoted simply by (·, ·).

The discontinuous finite element space is taken to be

Dr (Eh) := {
φ ∈ L2(�) : φ|E ∈ Pr(E), E ∈ Eh

}
, (5)

where Pr(E) denotes the space of polynomials of (total)
degree less than or equal to r on E. Note that we
present results in this paper for the local space Pr,
although the results also apply to Qr, the local space of
tensor-product polynomials.

We now define the average and jump for φ ∈ Hs(Eh),
s > 1/2. Let Ei, E j ∈ Eh and γ = ∂ Ei ∩ ∂ E j ∈ �h with
nγ exterior to Ei. We denote

{φ} := 1

2

(
(φ|Ei

)|γ + (φ|E j
)|γ

)
,

[φ] := (φ|Ei
)|γ − (φ|E j

)|γ .

The upwind value of a concentration c∗|γ is defined as:

c∗∣∣
γ

:=
⎧
⎨

⎩

c|Ei
if u · nγ ≥ 0,

c|E j
if u · nγ < 0.

We shall use the following inverse inequalities, which
can be derived using the method in [50]. Let E ∈ Eh and
v ∈ Pr(E). There exists a constant K independent of v,
r, and hE, such that
⎧
⎪⎨

⎪⎩

‖Dqv‖0,∂ E ≤ K r
h1/2

E

‖Dqv‖0,E , q ≥ 0,

∥∥Dq+1v
∥∥

0,E ≤ K r2

hE
‖Dqv‖0,E , q ≥ 0.

(6)

2.3 Continuous-in-time schemes

We introduce a bilinear form B(c, w) defined as

B(c, w) :=
∑

E∈Eh

∫

E
(D∇c − cu) · ∇w +

∫

�

(
λ − q−)

cw

−
∑

γ∈�h

∫

γ

{
D∇c · nγ

}
[w]

− sform

∑

γ∈�h

∫

γ

{
D∇w · nγ

}
[c]

+
∑

γ∈�h

∫

γ

c∗u · nγ [w]

+
∑

γ∈�h,out

∫

γ

cu · nγ w + Jσ
0 (c, w) , (7)

where sform = −1 for the nonsymmetric interior penalty
Galerkin (NIPG) method [46] or the Oden–Babuška-
Baumann formulation of DG (OBB-DG) [35], sform =
1 for the symmetric interior penalty Galerkin (SIPG)
method [51, 56, 61], and sform = 0 for the incomplete
interior penalty Galerkin (IIPG) method [26, 51, 56].
Here q+ is the injection source term, and q− is the
extraction source term, i.e.,

q+ := max (q, 0) , q− := min (q, 0) .

By definition, we have q = q+ + q−. In addition, we
define the interior penalty term Jσ

0 (c, w) as

Jσ
0 (c, w) :=

∑

γ∈�h

r2σγ

hγ

∫

γ

[c] [w] ,

where σ is a discrete positive function that takes the
constant value σγ on the edge or face γ . We let σγ ≡ 0
for OBB-DG and assume 0 < σ0 ≤ σγ ≤ σm for SIPG,
NIPG, and IIPG.

The linear functional L(w) is defined as

L(w) :=
∫

�

cwq+w −
∑

γ∈�h,in

∫

γ

cBu · nγ w. (8)

We now state the weak formulation of the reactive
transport problem for which the proof may be found in
[51, 56].

Lemma 2.1 (Weak formulation) If c is a solution of
Eqs. (1)–(3), then c satisfies

(
∂φc
∂t

, w

)
+ B(c, w) = L(w), ∀w ∈ Hs (Eh) ,

s >
3

2
, ∀t ∈ (0, T]. (9)
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The continuous-in-time DG approximation CDG

(·, t) ∈ Dr (Eh) of Eqs. (1)–(4) is defined by

(
∂φCDG

∂t
, w

)
+ B(CDG, w) = L(w),

∀w ∈ Dr (Eh) , t ∈ (0, T], (10)

(
φCDG, w

) = (φc0, w) , ∀w ∈ Dr (Eh) , t = 0. (11)

Lemma 2.2 (Existence of a solution) [51, 56] The dis-
continuous Galerkin schemes (10) and (11) have a
unique solution for all t > 0.

The element-wise mass conservation of DG schemes
is stated in the following lemma [51, 56]. We note that
the concentration jump term, i.e., the fourth term in
Eq. (12), is considered as part of the computed diffusive
flux for SIPG, NIPG, and IIPG.

Lemma 2.3 (Local mass balance) The DG approxima-
tion of the concentration satisfies, on each element E, the
following local mass balance property:

∫

E

∂φCDG

∂t
−

∫

∂ E\∂�

{
D∇CDG · n∂ E

}+
∫

∂ E
CDG∗u · n∂ E

+
∑

γ⊂∂ E\∂�

r2σγ

hγ

∫

γ

(
CDG

∣∣
E − CDG

∣∣
�\E

)

=
∫

E

(
CDGq− + cwq+) −

∫

E
λCDG. (12)

2.4 Convergence results of DG

In [51, 56], the following a priori error estimates were
established for NIPG, SIPG, and IIPG:

Theorem 2.4 (L2(H1) and L∞(L2) error estimates for
NIPG, SIPG, and IIPG) Let c be the solution to
Eqs. (1)–(4), and assume c ∈ L2 (0, T; Hs(Eh)), ∂c/∂t ∈
L2

(
0, T; Hs−1(Eh)

)
, and c0 ∈ Hs−1(Eh). We further as-

sume that c, u, and q are essentially bounded. If the
penalty parameter σ0 is sufficiently large, then there exists
a constant K, independent of h and r, such that
∥∥√

φ
(
CDG−c

)∥∥
L∞(0,T;L2)

+|||D 1
2 ∇ (

CDG − c
) |||L2(0,T;L2)

+
(∫ T

0 Jσ
0

(
CDG − c, CDG − c

)) 1
2

≤ K
hμ−1

rs−1− δ
2

|||c|||L2(0,T;Hs)

+ K
hμ−1

rs−1

(
|||∂c/∂t|||L2(0,T;Hs−1) + |||c0|||s−1

)
,

where μ = min (r + 1, s) , r ≥ 1, s ≥ 2, and δ = 0 in the
case of conforming meshes with triangles or tetrahedra.
In general cases, δ = 1.

The following a priori error estimates for OBB-DG
were derived in [44, 51].

Theorem 2.5 (L2(H1) and L∞(L2) error estimates for
OBB-DG) Let all assumptions in Theorem 2.4 hold ex-
cept sform = −1 and σ ≡ 0. There exists a constant K,
independent of h and r, such that

∥∥∥
√

φ
(
CDG−c

)∥∥∥
L∞(0,T;L2)

+|||D 1
2 ∇ (

CDG − c
) |||L2(0,T;L2)

≤ K
hμ−1

rs− 5
2

(
|||c|||L2(0,T;Hs) + |||∂c/∂t|||L2(0,T;Hs−1)

+ |||c0|||s
)
,

where μ = min (r + 1, s), r ≥ 2, and s ≥ 3.

3 A posteriori error estimates

3.1 Computationally intensive hierarchic
error estimators

We first consider error estimators based on hierarchic
bases. Hierarchic error estimators consist of solving the
problem of interest by employing two discretizations
of different accuracy and using the difference between
the approximations as an estimate for the error. The
advantages of this approach include its applicability to
many classes of problems and the simplicity and ease
of its implementation. Unlike residual-based error es-
timators, hierarchic error estimators give point-wise in-
formation on the error and thus may be used to guide
fully anisotropic hp-adaptation. The reader is referred
to [9, 15, 16, 27, 40] for further information.

For a given mesh Eh, we construct the mesh Eh/2 by
isotropically refining each element in Eh. We denote
by CDG the DG solution in the original space Dr (Eh).
We denote by r′ (r ≤ r′ ≤ r + K) the improved approx-
imation degree and by h′ (h/K ≤ h′ ≤ h) the refined
mesh size. Often we use r′ = r + 1 and/or h′ = h/2.
We now define CDG,F as the DG solution in the fine
space Dr′ (Eh′). In other words, the fine space solution
CDG,F(·, t) ∈ Dr′ (Eh′) is defined by, for wF ∈ Dr′ (Eh′),
(

∂φCDG,F

∂t
, wF

)
+ B(CDG,F, wF) = L(wF), (13)

(
φCDG,F, wF)

(0) = (
φc0, w

F)
. (14)
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We make the following saturation assumption:
∥∥CDG,F − c

∥∥
X ≤ βX

∥∥CDG − c
∥∥

X , 0 ≤ βX < 1, (15)

where X could be the L∞(L2), L2(L2), or L2(H1)

norm. For example, it is reasonable to expect from
Theorem 2.4 that βL2(H1) is less than or equal to the
following value asymptotically for the error of SIPG,
NIPG, or IIPG in L2(H1):

βL2(H1) ≤
(

h′

h

)μ−1 ( r
r′

)s−1−δ/2
.

The hierarchic error estimator is defined as

ζ := CDG − CDG,F. (16)

Substituting CDG,F = CDG − ζ into Eqs. (13) and (14),
we see that, for wF ∈ Dr′ (Eh′),
(

∂φζ

∂t
, wF

)
+ B(ζ, wF) =

(
∂φCDG

∂t
, wF

)

+ B(CDG, wF) − L(wF), (17)
(
φζ, wF)

(0) = (
φCDG, wF)

(0) − (
φc0, w

F)
. (18)

The hierarchic error estimator ζ is close to the true er-
ror in the following sense:

Theorem 3.1 (Hierarchic error estimators for OBB-
DG, SIPG, NIPG, or IIPG) Let the saturation assump-
tion (15) be satisfied. Then we have

1

1 + βX
‖ζ‖X ≤ ∥∥CDG − c

∥∥
X ≤ 1

1 − βX
‖ζ‖X .

Proof The theorem follows by the saturation assump-
tion (15) together with the triangle inequality. ��

Numerical experiments indicate that the hierarchic
error estimator ζ is very effective, in particular, for
guiding dynamic and anisotropic mesh adaptation [57].
However, the computation of ζ is expensive. This dis-
advantage motivates us to consider an estimate that is
close to ζ but only involves solutions of local problems.

3.2 A posteriori error estimators based on solving
local problems

We now define a computationally efficient error esti-
mator η to approximate the hierarchic estimator ζ .
For each E ∈ Eh, we use the local space Dr′ (Eh′ ∩ E) ob-
tained by restricting Dr′ (Eh′) to E. We may also
consider Dr′ (Eh′ ∩ E) as the space of functions with an
extension of zero to � \ E. Then Dr′ (Eh′ ∩ E) becomes
a subspace of Dr′ (Eh′). In fact, Dr′ (Eh′) is the direct
sum of Dr′ (Eh′ ∩ E) over all E ∈ Eh. We now define

ηE ∈ Dr′ (Eh′ ∩ E) as the solution of the following local
problem for wF

E ∈ Dr′ (Eh′ ∩ E),
(

∂φηE

∂t
, wF

E

)
+ B(ηE, wF

E) =
(

∂φCDG

∂t
, wF

E

)

+ B(CDG, wF
E) − L(wF

E), (19)

(
φηE, wF

E

)
(0) = (

φCDG, wF
E

)
(0) − (

φc0, w
F
E

)
. (20)

The function ηE involves only local computation in the
element E. The estimators ηE for all elements E ∈ Eh

may be computed independently of each other and in
parallel. Moreover, the function

η :=
∑

E∈Eh

ηE

approximates ζ in the sense of Theorems 3.2 and 3.3.
Throughout this section, we denote by K a generic pos-
itive constant, independent of h and r, and by ε a fixed
positive constant that may be chosen as arbitrarily small.

Theorem 3.2 (A posteriori lower bound for OBB-DG,
SIPG, NIPG, or IIPG) We assume that the penalty
parameter σ0 may be chosen to be sufficiently large for
SIPG and IIPG. We impose no additional assumption
for NIPG or OBB-DG. There exists a constant K, inde-
pendent of h and r, such that

∥∥∥
√

φη

∥∥∥
L∞(0,T;L2(E))

+ |||D 1
2 ∇η|||L2(0,T;L2(Eh′ ∩E))

≤
∥∥∥
√

φζ

∥∥∥
L∞(0,T;L2(E))

+ |||D 1
2 ∇ζ |||L2(0,T;L2(Eh′ ∩E))

+ K
r

h1/2

∥∥ζ |�\E

∥∥
L2(0,T;L2(∂ E\∂�))

+ K
(

h1/2

r
+δOBB

r
h1/2

)

× ∥∥∇ζ |�\E · n∂ E
∥∥

L2(0,T;L2(∂ E\∂�))
,

∀E ∈ Eh, (21)

and
∥∥∥
√

φη

∥∥∥
L∞(0,T;L2(�))

+ |||D 1
2 ∇η|||L2(0,T;L2(Eh′ ))

≤
∥∥∥
√

φζ

∥∥∥
L∞(0,T;L2(�))

+ |||D 1
2 ∇ζ |||L2(0,T;L2(Eh′ ))

+ K
r

h1/2

∑

E∈Eh

‖ζ‖L2(0,T;L2(∂ E\∂�))

+ K
(

h1/2

r
+δOBB

r
h1/2

)

×
∑

E∈Eh

‖∇ζ · n∂ E‖L2(0,T;L2(∂ E\∂�)), (22)
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where δOBB = 1 for OBB-DG or NIPG with arbitrary
penalty parameters, and δOBB = 0 for SIPG, IIPG, or
NIPG with sufficiently large penalty parameters.

Proof Comparing Eqs. (17) and (18) with Eqs. (19)
and (20), and noting that Dr′ (Eh′ ∩ E) is a subspace of
Dr′ (Eh′), we have, for wF

E ∈ Dr′ (Eh′ ∩ E),
(

∂φηE

∂t
, wF

E

)
+ B

(
ηE, wF

E

)=
(

∂φζ

∂t
, wF

E

)
+ B

(
ζ, wF

E

)
,

(23)

(
φηE, wF

E

)
(0) = (

φζ, wF
E

)
(0). (24)

We now break the hierarchic estimator into its ele-
ment-wise components: ζ =∑

E∈Eh
ζE, ζE ∈Dr′ (Eh′ ∩E).

By substituting wF
E = ηE − ζE into Eqs. (23) and (24),

we obtain
(

∂φ(ηE − ζ )

∂t
, ηE − ζE

)
+ B(ηE − ζE, ηE − ζE)

= B(ζ − ζE, ηE − ζE), (25)

(φ(ηE − ζ ), ηE − ζE) (0) = 0. (26)

Equation (26) and the strict positiveness of φ suggest
that ηE − ζE = 0 at t = 0. The first term of Eq. (25) may
be written as the time derivative of

∥∥√
φ(ηE − ζE)

∥∥2
0 /2.

We may rewrite the second term of Eq. (25) as

B(ηE − ζE, ηE − ζE)

=
∑

E′∈Eh′

∫

E′
D∇(ηE − ζE) · ∇(ηE − ζE)

−
∑

E′∈Eh′

∫

E′
(ηE − ζE)u · ∇(ηE − ζE)

−(1 + sform)
∑

γ∈�h′

∫

γ

{
D∇(ηE − ζE) · nγ

}
[ηE − ζE]

+
∑

γ∈�h′

∫

γ

(ηE − ζE)∗u · nγ [ηE − ζE]

+
∑

γ∈�h′ ,out

∫

γ

u · nγ (ηE − ζE)2

+
∫

�

(λ − q−)(ηE − ζE)2 + Jσ
0,F (ηE − ζE, ηE − ζE) ,

where, to distinguish the penalty term in the fine mesh
from the one in the coarse mesh, we denote the former
by Jσ

0,F (·, ·), i.e.,

Jσ
0,F (c, w) :=

∑

γ∈�h′

r′2σγ

h′
γ

∫

γ

[c] [w] .

We integrate the advection term by parts and obtain

−
∑

E′∈Eh′

∫

E′
(ηE − ζE)u · ∇(ηE − ζE)

= −1

2

∑

E′∈Eh′

∫

E′
u · ∇(ηE − ζE)2

= 1

2

∑

E′∈Eh′

∫

E′
q(ηE − ζE)2

− 1

2

∑

γ∈�h′

∫

γ

u · nγ

[
(ηE − ζE)2

]

− 1

2

∑

γ∈�h′ ,in∪�h′,out

∫

γ

u · nγ (ηE − ζE)2.

In addition, noting that
[
c2

] = 2 {c} [c] and (c∗ − {c})
sign (u · n) = [c] /2, we have

B(ηE − ζE, ηE − ζE)

= |||D 1
2 ∇(ηE − ζE)|||20,E∩Eh′ + 1

2

∫

E
|q| (ηE − ζE)2

+ 1

2

∑

γ∈�h′

∫

γ

∣∣u · nγ

∣∣ [ηE − ζE]2

+ 1

2

∑

γ∈�h′ ,in∪�h′,out

∫

γ

∣∣u · nγ

∣∣ (ηE − ζE)2

+
∫

E
λ(ηE − ζE)2 + Jσ

0,F (ηE − ζE, ηE − ζE)

− (1+sform)
∑

γ∈�h′

∫

γ

{
D∇(ηE−ζE)·nγ

}
[ηE−ζE] .

The last term in the above expression vanishes for
OBB-DG and NIPG. In the case of SIPG or IIPG, we
have assumed that the penalty parameter σ0 may
be chosen to be sufficiently large. We may then bound
this term by applying the Cauchy–Schwarz and inverse
inequalities:

∣∣∣∣∣∣

∑

γ∈�h′

∫

γ

{
D∇(ηE − ζE) · nγ

}
[ηE − ζE]

∣∣∣∣∣∣

≤ h′

Kr′2
∑

E′∈Eh′

∥∥∥D
1
2 ∇(ηE − ζE) · n∂ E′

∥∥∥
2

0,∂ E′

+ Kr′2

h′
∑

γ∈�h′

‖[ηE − ζE]‖2
0,γ

≤ 1

2
|||D 1

2 ∇(ηE−ζE)|||20,E∩Eh′ +
1

2
Jσ

0,F (ηE−ζE, ηE−ζE) .
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The right-hand side of Eq. (25) consists of eight
pieces:

B(ζ − ζE, ηE − ζE)

=
∑

E′∈Eh′

∫

E′
D∇(ζ − ζE) · ∇(ηE − ζE)

−
∑

E′∈Eh′

∫

E′
(ζ − ζE)u · ∇(ηE − ζE)

+
∫

�

(ζ − ζE)(λ − q−)(ηE − ζE)

−
∑

γ∈�h′

∫

γ

{
D∇(ζ − ζE) · nγ

}
[ηE − ζE]

− sform

∑

γ∈�h′

∫

γ

{
D∇(ηE − ζE) · nγ

}
[ζ − ζE]

+ Jσ
0,F (ζ − ζE, ηE − ζE)

+
∑

γ∈�h′

∫

γ

(ζ − ζE)∗u · nγ [ηE − ζE]

+
∑

γ∈�h′ ,out

∫

γ

(ζ − ζE)u · nγ (ηE − ζE)

=:
8∑

i=1

Ti.

It is easy to see that T1 = T2 = T3 = T8 = 0. Let us first
consider the cases of SIPG, NIPG, and IIPG with suf-
ficiently large penalty parameters. We may bound the
terms T4 and T5 by hiding a large constant in the penalty
term and by using the inverse inequality, respectively:

|T4| ≤ ε
σ0r′2

h′
∑

γ∈�h

‖[ηE − ζE]‖2
0,γ

+ Kh′

r′2 ‖{D∇(ζ − ζE) · n∂ E}‖2
0,∂ E\∂�

≤ ε Jσ
0,F (ηE − ζE, ηE − ζE)

+ Kh
r2

∥∥∇ζ |�\E · n∂ E
∥∥2

0,∂ E\∂�
,

|T5| ≤ εh
Kr2

‖{D∇(ηE − ζE) · n∂ E}‖2
0,∂ E

+ Kr2

h
‖[ζ − ζE]‖2

0,∂ E\∂�

≤ ε|||D 1
2 ∇(ηE − ζE)|||20,E + Kr2

h

∥∥ζ |�\E

∥∥2

0,∂ E\∂�
.

Similar applications of the Cauchy–Schwarz inequality
and approximation results give

|T6| ≤ ε Jσ
0,F (ηE − ζE, ηE − ζE) +KJσ

0,F (ζ −ζE, ζ −ζE)

≤ ε Jσ
0,F (ηE − ζE, ηE − ζE) + Kr2

h

∥∥ζ |�\E

∥∥2

0,∂ E\∂�
,

|T7| ≤ ε
∑

γ∈�h

∫

γ

∣∣u · nγ

∣∣ [ηE −ζE]2 +K
∥∥(ζ −ζE)∗

∥∥2
0,∂ E\∂�

≤ ε
∑

γ∈�h

∫

γ

∣∣u · nγ

∣∣ [ηE − ζE]2 + K
∥∥ζ |�\E

∥∥2

0,∂ E\∂�
.

For OBB-DG or NIPG with arbitrary penalty para-
meters, the estimates of the terms T5, T6, and T7 remain
the same (in fact, T6 vanishes for OBB-DG). However,
we need to bound T4 differently since a penalty term is
not available to hide the error jump:

|T4| ≤ ε
h

Kr2

∑

γ∈�h

‖[ηE − ζE]‖2
0,γ

+ Kr2

h
‖{D∇(ζ − ζE) · n∂ E}‖2

0,∂ E\∂�

≤ ε ‖ηE − ζE‖2
0,E + Kr2

h

∥∥∇ζ |�\E · n∂ E
∥∥2

0,∂ E\∂�
.

Substituting all the estimates into Eq. (25), we see
that

1

2

d
dt

∥∥∥
√

φ(ηE − ζE)

∥∥∥
2

0,E
+ 1

2
|||D 1

2 ∇(ηE − ζE)|||20,E∩Eh′

+ 1

2

∫

E
|q| (ηE − ζE)2

+ 1

2

∑

γ∈�h′

∫

γ

∣∣u · nγ

∣∣ [ηE−ζE]2

+ 1

2

∑

γ∈�h′ ,in∪�h′,out

∫

γ

∣∣u · nγ

∣∣ (ηE − ζE)2

+
∫

E
λ(ηE − ζE)2

+ 1

2
Jσ

0,F (ηE − ζE, ηE − ζE)

≤ ε Jσ
0,F (ηE − ζE, ηE − ζE)

+ ε
∑

γ∈�h

∫

γ

∣∣u · nγ

∣∣ [ηE − ζE]2

+ ε|||D 1
2 ∇(ηE − ζE)|||20,E

+ ε ‖ηE − ζE‖2
0,E + K

r2

h

∥∥ζ |�\E

∥∥2

0,∂ E\∂�

+ K
(

h
r2

+ δOBB
r2

h

)∥∥∇ζ |�\E · n∂ E
∥∥2

0,∂ E\∂�
. (27)

Integrating Eq. (27) with respect to time t, recalling
that ηE − ζE = 0 at t = 0 and that �h ⊂ �h′ , and apply-
ing Gronwall’s inequality, we conclude that
∥∥∥
√

φ(ηE−ζE)

∥∥∥
L∞(0,T;L2)

+|||D 1
2 ∇(ηE − ζE)|||L2(0,T;L2(Eh′ ))

≤ K
r

h1/2

∥∥ζ |�\E

∥∥
L2(0,T;L2(∂ E\∂�))

+ K
(

h1/2

r
+δOBB

r
h1/2

)

× ∥∥∇ζ |�\E · n∂ E
∥∥

L2(0,T;L2(∂ E\∂�))
.
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The desired local error estimate (21) follows by apply-
ing the triangle inequality. The global error estimate
(22) follows by summing Eq. (27) over all E ∈ Eh, inte-
grating the resultant equation, utilizing Gronwall’s in-
equality, and applying the triangle inequality. ��

Theorem 3.3 (A posteriori upper bound for OBB-DG,
SIPG, NIPG, or IIPG) We assume that the penalty para-
meter σ0 may be chosen to be sufficiently large for SIPG
and IIPG. We impose no additional assumption for NIPG
or OBB-DG. There exists a constant K, independent of
h and r, such that
∥∥∥
√

φζ

∥∥∥
L∞(0,T;L2(�))

+ |||D 1
2 ∇ζ |||L2(0,T;L2(Eh′ ))

≤
∥∥∥
√

φη

∥∥∥
L∞(0,T;L2(�))

+ |||D 1
2 ∇η|||L2(0,T;L2(Eh′ ))

+ K
r

h1/2

∑

E∈Eh

‖∇η · n∂ E‖L2(0,T;L2(∂ E\∂�))

+ K
(

r
h1/2

+(1−δOBB)
r3

h3/2

)

×
∑

E∈Eh

‖η‖L2(0,T;L2(∂ E\∂�)) , (28)

where δOBB = 1 for OBB-DG, and δOBB = 0 for SIPG,
IIPG, or NIPG.

Proof Substituting wF
E = ηE − ζE into Eqs. (23) and

(24), then summing over all E ∈ Eh, we obtain
(

∂φ(η − ζ )

∂t
, η − ζ

)
+ B(η − ζ, η − ζ )

=
∑

E∈Eh

B(η − ηE, ηE − ζE), (29)

η − ζ = 0, at t = 0. (30)

Similar to the proof of Theorem 3.2, we write the first
term of Eq. (29) as
(

∂φ(η − ζ )

∂t
, η − ζ

)
= 1

2

d
dt

∥∥∥
√

φ(η − ζ )

∥∥∥
2

0
.

The second term of Eq. (29) may be expanded as

B(η − ζ, η − ζ )

=
∑

E∈Eh′

∫

E
D∇(η − ζ ) · ∇(η − ζ )

−
∑

E∈Eh′

∫

E
(η − ζ )u · ∇(η − ζ )

− (1 + sform)
∑

γ∈�h′

∫

γ

{
D∇(η − ζ ) · nγ

}
[η − ζ ]

+
∑

γ∈�h′

∫

γ

(η−ζ )∗u · nγ [η−ζ ]+
∑

γ∈�h′ ,out

∫

γ

u·nγ (η−ζ )2

+
∫

�

(λ − q−)(η − ζ )2 + Jσ
0,F (η − ζ, η − ζ ) .

Integrating the advection term by parts and noting that[
c2

]=2 {c} [c] and (c∗−{c}) sign (u · n) = [c] /2, we con-
clude that

B(η − ζ, η − ζ )

= |||D 1
2 ∇(η − ζ )|||20 + 1

2

∫

�

|q| (η − ζ )2

+ 1

2

∑

γ∈�h′

∫

γ

∣∣u · nγ

∣∣ [η − ζ ]2

+ 1

2

∑

γ∈�h′ ,in∪�h′,out

∫

γ

∣∣u · nγ

∣∣ (η − ζ )2

+
∫

�

λ(η − ζ )2 + Jσ
0,F (η − ζ, η − ζ )

− (1 + sform)
∑

γ∈�h′

∫

γ

{
D∇(η − ζ ) · nγ

}
[η − ζ ] .

The last term in the above expression vanishes for OBB-
DG and NIPG, and it may be bounded for SIPG and
IIPG using the same technique as before:
∣∣∣∣∣∣

∑

γ∈�h′

∫

γ

{
D∇(η − ζ ) · nγ

}
[η − ζ ]

∣∣∣∣∣∣

≤ 1

2
|||D 1

2 ∇(η − ζ )|||20 + 1

2
Jσ

0,F (η − ζ, η − ζ ) .

The right-hand side of Eq. (29) contains four non-
zero terms:

∑

E∈Eh

B(η − ηE, ηE − ζE)

= −
∑

E∈Eh

∑

γ⊂∂ E\∂�

∫

γ

{
D∇(η − ηE) · nγ

}
[ηE − ζE]

− sform

∑

E∈Eh

∑

γ⊂∂ E\∂�

∫

γ

{
D∇(ηE − ζE) · nγ

}

× [η − ηE]

+
∑

E∈Eh

∑

γ⊂∂ E\∂�

σr′2

h′

∫

γ

[η − ηE] [ηE − ζE]

+
∑

E∈Eh

∑

γ⊂∂ E\∂�

∫

γ

(η − ηE)∗u · nγ [ηE − ζE]

=:
4∑

i=1

Si.
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The term S2 may be bounded in a similar way as be-
fore. However, we must resort to the inverse in-
equality to estimate S1, S3, and S4, as they cannot be
hidden using the penalty term due to (ηE − ζE)|�\E = 0
or [ηE − ζE]|∂ E �= [η − ζ ]|∂ E. In addition, we note that
S3 = 0 for OBB-DG.

|S1| ≤ εh
Kr2

∑

E∈Eh

‖[ηE − ζE]‖2
0,∂ E\∂�

+ Kr2

h

∑

E∈Eh

‖{D∇(η − ηE) · n∂ E}‖2
0,∂ E\∂�

≤ ε ‖η − ζ‖2
0,� + Kr2

h

∑

E∈Eh

∥∥∇η|�\E · n∂ E
∥∥2

0,∂ E\∂�

≤ ε ‖η − ζ‖2
0,� + Kr2

h

∑

E∈Eh

‖∇η · n∂ E‖2
0,∂ E\∂� ,

|S2| ≤ εh
Kr2

∑

E∈Eh

∥∥∥D
1
2 ∇(ηE − ζE) · n∂ E

∥∥∥
2

0,∂ E

+ Kr2

h

∑

E∈Eh

‖[η − ηE]‖2
0,∂ E\∂�

≤ ε|||D 1
2 ∇(η − ζ )|||20

+ Kr2

h

∑

E∈Eh

‖η‖2
0,∂ E\∂� ,

|S3| ≤ εh
Kr2

∑

E∈Eh

‖[ηE − ζE]‖2
0,∂ E\∂�

+ Kr6

h3

∑

E∈Eh

‖[η − ηE]‖2
0,∂ E\∂�

≤ ε ‖η − ζ‖2
0,� + Kr6

h3

∑

E∈Eh

‖η‖2
0,∂ E\∂� ,

|S4| ≤ εh
Kr2

∑

E∈Eh

‖[ηE − ζE]‖2
0,∂ E\∂�

+ Kr2

h

∑

E∈Eh

∥∥(η − ηE)∗
∥∥2

0,∂ E\∂�

≤ ε ‖η − ζ‖2
0,� + Kr2

h

×
∑

E∈Eh

‖η‖2
0,∂ E\∂� .

Substituting all the estimates into Eq. (29), we see
that

1

2

d
dt

∥∥∥
√

φ(η−ζ )

∥∥∥
2

0
+ 1

2
|||D 1

2 ∇(η − ζ )|||20 + 1

2

∫

�

|q| (η−ζ )2

+ 1

2

∑

γ∈�h′

∫

γ

∣∣u · nγ

∣∣ [η − ζ ]2

+ 1

2

∑

γ∈�h′ ,in∪�h′,out

∫

γ

∣∣u · nγ

∣∣ (η − ζ )2

+
∫

�

λ(η − ζ )2 + 1

2
Jσ

0,F (η − ζ, η − ζ )

≤ ε ‖η − ζ‖2
0,� + ε|||D 1

2 ∇(η − ζ )|||20

+ K
r2

h

∑

E∈Eh

‖∇η · n∂ E‖2
0,∂ E\∂�

+ K
(

r2

h
+ (1 − δOBB)

r6

h3

) ∑

E∈Eh

‖η‖2
0,∂ E\∂� . (31)

Integrating Eq. (31) with respect to time t, and ap-
plying Gronwall’s inequality, we conclude that
∥∥∥
√

φ(η−ζ )

∥∥∥
L∞(0,T;L2(�))

+|||D 1
2 ∇(η − ζ )|||L2(0,T;L2(Eh′ ))

≤ K
r

h1/2

∑

E∈Eh

‖∇η · n∂ E‖L2(0,T;L2(∂ E\∂�))

+ K
(

r
h1/2

+(1 − δOBB)
r3

h3/2

)

×
∑

E∈Eh

‖η‖L2(0,T;L2(∂ E\∂�)) .

The desired error estimate (28) follows by applying the
triangle inequality.

4 Numerical results

We consider problems (1)–(4) over the domain � =
(0, 10)2. The domain is divided into two parts, i.e.,
the lower half �l = (0, 10) × (0, 5) and the upper half
�u = (0, 10) × (5, 10). Adsorption occurs only in the
lower part of the domain, which results in an effective
porosity φ of 0.2 in �l. The effective porosity φ in �u

is 0.1. The diffusion–dispersion tensor D is a diagonal
matrix with Dii = 0.01, and the velocity is u = (−0.2, 0).
We impose no injection or extraction, and we ignore
kinetic reactions; that is, we assume that q = λ = 0.
Due to contamination, the initial total concentration
φc0 is 0.1 inside the square centered at (5,5) with a
side of length 0.3125 and 0.0 elsewhere. The inflow
concentration cB is zero.

SIPG with the implicit Euler time integration is em-
ployed to solve this problem. The penalty parameter is
chosen to be 0.1, based on an error bound established
in [56]. The simulation time interval is (0, 2) with a uni-
form time step size �t = 0.01. The complete quadratic
basis function is used for each element. We apply the
following dynamic mesh adaptation, starting with a
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Fig. 1 DG results with the
LP-I mesh adaptation (left
column: the concentration in
fluid; right column: the mesh
structure; from top row to
bottom: t = 0.5, 1, 1.5, and 2,
respectively)
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Fig. 2 DG results with the
LP-A mesh adaptation (left
column: the concentration in
fluid; right column: the mesh
structure; from top row to
bottom: t = 0.5, 1, 1.5, and 2,
respectively)
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Fig. 3 DG results with the
ER-I mesh adaptation (left
column: the concentration in
fluid; right column: the mesh
structure; from top row to
bottom: t = 0.5, 1, 1.5, and 2,
respectively)
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32 × 32 uniform rectangular mesh. The local problem-
based error indicator η in the L2

(
tn−1, tn; L2(E)

)
norm

is computed for each element E at time step tn using
h′ = h/2 and r′ = r. Then, 5% of elements with the
largest error indicator values are refined either isotrop-
ically (each element is refined into four congruent sub-
elements) or anisotropically (each element is refined
into two sub-elements in either x or y direction as
guided by the error indicator η; see [57] for details on
anisotropic refinements), and another 5% of elements
with the smallest error indicator values are coarsened.
The total number of elements remains constant. The
concentration is projected in a locally conservative
manner using the L2 projection during each mesh
modification.

Results on the concentration profiles and the mesh
structures as functions of time are shown in Figs. 1
and 2, respectively, for the isotropic (LP-I adaptive
scheme, in short) and the anisotropic (LP-A, in short)
mesh adaptations, both guided by the local problem-
based error indicator η. In addition, for comparison,
we present in Fig. 3 the result from adaptive SIPG as
guided by the explicit residual-type error indicator in
the L2(L2) norm [59] (ER-I, in short) with all other
parameters unchanged. Simulation results show that a
contaminant plume moves to the left due to advection,
expanding its area with time due to diffusion and dis-
persion. Clearly, the mesh from each of the three simu-
lations follows the movement of the plume. Due
to the retardation effect arising from adsorption, the
advection of the contaminant is slower in the lower part
of the domain. Nevertheless, a continuous concentra-
tion profile is formed because of non-zero diffusion–
dispersion over the entire domain.

A close investigation of the shape, size, and center
of the plume reveals that the LP-A approach has the
least numerical diffusion among the three, and that
it is most effective in characterizing the plume struc-
ture. Between the two isotropic mesh adaptations, it
is clear that the ER-I approach performs better than
LP-I. However, it was found in our previous numerical
results [57] that both the isotropic and anisotropic mesh
adaptations with hierarchic error estimators perform
better than the ER-I approach. Thus, one sees that
the approximation of hierarchic error estimators by
the local problem-based alternative indeed introduces
a pronounced reduction of effectiveness. Nevertheless,
being more efficient than hierarchic error estimators in
computational cost, the local problem-based estimators
are still very useful for guiding adaptivity. In particular,
local problem-based estimators are important in guid-
ing anisotropic mesh adaptation and p-adaptivity, as
residual-type indicators may provide information only

for isotropic mesh adaptation. Our results here indicate
that, due to the advantage of anisotropic over isotropic
mesh adaptation, local problem-based estimators are
preferred over the explicit residual-type L2(L2) indica-
tors, at least for the test example.

5 Discussion and conclusions

We have established local problem-based a posteriori
error estimators for DG to approximate the effective,
but computationally expensive, hierarchic estimators.
Both upper and lower bounds of the errors in the pro-
posed estimators are derived. The local problem-based
estimators involve only local computation and are far
more efficient than hierarchic estimators in computa-
tional cost. Moreover, the local problem-based estima-
tors over an element may be computed independently
of other elements; thus, they are completely paralleliz-
able. Numerical experiments have been conducted to
study the effectiveness of the proposed estimators in
terms of guiding dynamic mesh adaptation of DG as ap-
plied to reactive transport problems. Our numerical in-
vestigation suggested that the local problem-based
estimators are effective in guiding anisotropic mesh
adaptation, resulting in small numerical diffusion and
sharp resolution of concentration fronts. However, for
isotropic mesh adaptation, the local problem-based es-
timators might be inferior to explicit residual-type indi-
cators. As a future extension, we propose to study local
problem-based a posteriori error estimators for DG meth-
ods as applied to transport coupled with kinetic and
local-equilibrium reactions and to multiphase flow in
porous media.
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