
A

R

m
t
c
w
s
b
g
f
B
a
e
b
t

S
©

GEOPHYSICS, VOL. 72, NO. 5 �SEPTEMBER-OCTOBER 2007�; P. SM185–SM194, 12 FIGS.
10.1190/1.2738849

D
ow

nl
oa

de
d 

09
/1

9/
13

 to
 3

5.
8.

11
.2

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/

Helmholtz iterative solver for 3D seismic-imaging problems

.-E. Plessix
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ABSTRACT

Apreconditioned iterative solver for the 3D frequency-do-
main wave equation applied to seismic problems is evaluat-
ed. The preconditioner corresponds to an approximate in-
verse of a heavily damped wave equation deduced from the
�undamped� wave equation. The approximate inverse is com-
puted with one multigrid cycle. Numerical results show that
the method is robust and that the number of iterations increas-
es roughly linearly with frequency when the grid spacing is
adapted to keep a constant number of discretization points
per wavelength. To evaluate the relevance of this iterative
solver, the number of floating-point operations required for
two imaging problems are roughly evaluated. This rough es-
timate indicates that the time-domain migration approach
is more than one order of magnitude faster. The full-wave-
form tomography, based on a least-squares formulation and a
scale separation approach, has the same complexity in both
domains.

INTRODUCTION

The common workflow to build a depth-impedance image from
ultishot, multireceiver data principally consists of two steps: �1�

he velocity analysis, which aims to retrieve the low spatial frequen-
ies, namely, a smooth velocity field; and �2� the depth migration,
hich aims to build a depth image of the impedance contrasts as-

uming a smooth velocity field. Generally, the velocity analysis is
ased on picked reflected events and is solved with a tomography al-
orithm. Seismic data are then migrated with the smoothed velocity
ound during the velocity analysis. For large 3D cases, Kirchhoff or
orn migrations, based on high-frequency assumptions, were and
re still commonly used. In the last 10 years, one-way, finite-differ-
nce solutions of the wave equation became popular for migration
ecause of its finite-frequency aspect. Finite-frequency solutions of
he wave equations are essential to correctly estimate the wavefront
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SM185
hen rapid lateral variations exist, for instance, at salt interfaces.
nfortunately, one-way solutions, especially the amplitudes, be-

ome inaccurate at large incidence angles.
To overcome the high-frequency and one-way limits, two-way so-

utions of the wave equation at finite frequencies are needed. One
an solve the two-way wave equation either in the time domain or in
he frequency domain. Traditionally, time-domain solutions are ob-
ained with a marching algorithm in time, which leads to an explicit
cheme. The frequency-domain approach requires the solution of a
arge linear system. Marfurt �1984� discusses the advantages of each
pproach in 2D. In 2D, the linear system of the frequency-domain
cheme can be solved with a direct solver, and the frequency-domain
ultishot migration algorithm is about one order of magnitude faster

han its time-domain counterpart, because the LU decomposition of
he matrix of the system has to be performed only once per frequen-
y. Unfortunately, with realistic 3D cases, the linear system may be
ifficult to solve with a direct solver, because of the high memory re-
uirement. This difficulty may limit the advantages of the frequen-
y-domain formulation if no robust iterative solver of the frequency-
omain wave equation is available. In fact, the existing 3D two-way,
nite-difference migration algorithms are all based on a time-do-
ain formulation �Yoon et al., 2003, 2004�.
One approach to solve large 3D problems is based on domain de-

omposition; see, for instance, Heikkola et al. �1999� or Larson
1999�. This approach may use a direct solver �Operto et al., 2007� or
n iterative solver in each domain. Several authors worked on Kry-
ov-based iterative solvers for the Helmholtz equation, the frequen-
y-domain wave equation with constant density; see, for instance,
lman et al. �2001�, Plessix and Mulder �2003�, Erlangga et al.

2004, 2006�, Riyanti et al. �2006�, and the references mentioned in
hose papers. These methods differ mainly by the preconditioner
hey use to accelerate the convergence. The preconditioner is crucial
ecause, without it, the Krylov-based iterative methods require
ore than 1000 iterations for a medium-sized 2D problem and more

han 10,000 iterations for a medium-sized 3D problem. For geo-
hysical applications, the preconditioner proposed by Erlangga et al.
2004, 2006�, may be attractive. The method consists of a classic it-
rative solver for indefinite systems, for instance, the BICGSTAB
ethod �Van der Vorst, 1992�, and a preconditioner based on a heavi-

ecember 13, 2006; published onlineAugust 23, 2007.
hell.com.
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y damped wave equation to accelerate the convergence. The pre-
onditioner does not change the solution, and the preconditioned it-
rative method gives the solution to the undamped wave equation
Chen, 2005�. The preconditioner based on a heavily damped wave
quation is approximately solved with one multigrid cycle. The use
f one multigrid cycle is efficient because its computational cost is
quivalent to the computation of a few matrix-vector products
Briggs et al., 2000�. Therefore, the preconditioner has an optimal
omplexity. Numerical results show that the method has a O�n3�
omplexity �i.e., is proportional to n3� in 2D �Riyanti et al., 2006�,
ith n the number of grid points per direction. In this paper, I present
D results based on a slightly different implementation of the multi-
rid solver to facilitate high-order discretization schemes. The mul-
igrid method is implemented with a symmetric Gauss-Seidel
moothing, a standard full-weighting coarsening, a trilinear interpo-
ation, and a matrix-free implementation �Briggs et al., 2000�. In this
ay, I can compute realistic 3D models containing up to 80 million
rid points on a single computer unit with 16 GB of memory. I then
iscuss the relevance of this approach for two imaging problems
ased on a least-squares formulation �Tarantola, 1987�. I consider
he migration of reflection data and the full-waveform tomography
f long-offset data. The migration is seen as the gradient of the least-
quares misfit function �Lailly, 1983� and aims to give a high-resolu-
ion impedance image. This is achieved by processing a large fre-
uency band. Because the wavenumber redundancy is limited as a
esult of the short aperture of reflection data, a large number of fre-
uencies needs to be modeled, which tends to favor the time-domain
ormulation. One time-domain wave-equation solution contains all
f the frequencies of the band, whereas many frequency-domain
ave-equation solutions must be computed within the frequency
and �Mulder and Plessix, 2004�. With short-to-medium offset data,
he least-squares formulation is not suited to retrieve the long wave-
engths of the velocity because of local minima. However, the full-
aveform tomography based on an iterative minimization of the

east-squares misfit functional seems to give satisfactory results with
ong offset data and a reasonable starting model �Pratt, 1999; Operto
t al., 2004�. The minimization of the least-squares misfit is achieved
er frequency and from low to high frequencies �Pratt, 1999�. Be-
ause long-offset data contain a significant redundancy in the wave-
umber domain, it is possible to invert only a limited number of fre-
uencies, which tends to favor the frequency-domain formulation.

The outline of the paper is the following. In the first part, the itera-
ive solver is described. In the second part, two 3D examples are
hown. In the third part, by roughly counting the number of floating-
oint operations, the complexity of the frequency-domain iterative
olver is compared to that of a time-domain solver for the least-
quares migration and the full-waveform tomography.

METHOD

The computation of the pressure wavefield in the frequency do-
ain requires the solution of a linear system after discretization of

he wave equation. The accuracy of the solution depends on the order
f the scheme and the number of discretization points per wave-
ength. In a smooth velocity field, a higher-order scheme generally
equires fewer points per wavelength without losing accuracy, be-
ause the partial derivatives are more accurately approximated. This
educes the memory and computational cost. The higher-order
chemes generally lead to a larger finite-difference stencil, which
eans that sharp contrasts will be smoothed. In practice, the scheme
rders are 2, 4, 6, or 8.

reconditioned iterative solver

The acoustic constant density frequency-domain wave equation
orresponds to the Helmholtz equation:

−k2�x�u�x,�� − �u�x,�� = s�x,�� , �1�

ith u the pressure field, s the source function, � the angular fre-
uency, k the wavenumber, k = �/v with v the velocity, and x the
patial coordinates. � is the Laplacian.

Acentered finite-difference discretization with a 2J-order scheme
n space gives

�
j=1

J � aj
J

h2 �ul−j,m,p + ul+j,m,p� +
bj

J

h2 �ul,m−j,p + ul,m+j,p�

+
cj

J

h2 �ul,m,p−j + ul,m,p+j�� + � dJ

h2 − kl,m,p
2 �ul,m,p = sl,m,p,

�2�

here h is the spacing of the cubic grid; aj
J, bj

J, cj
J, and dJ are the coef-

cients of the scheme; and ul,m,p, sl,m,p, and kl,m,p are the discrete val-
es of the pressure field, the source function, and the wavenumber,
espectively. Equation 2 is valid for i, j,k� �J,nx − J	� �J,ny − J	

�J,nz − J	, with nx, ny, and nz being the number of discretization
oints in each direction. Outside, the field values are set to zero. In
ractice, absorbing boundary layers are added to the domain to mim-
c an infinite domain. In the boundary layers, a complex part to the
avenumber is added; this means that the wavefield is damped.
herefore, the pressure field can be assumed to be zero close to the
oundaries.

In a matrix form, equation 2 reads

A�k�u = s , �3�

here u and s are now the pressure and source vectors, respectively.
is generally indefinite because the left-hand side of equation 1 is

he sum of a positive operator �−�� and a negative operator �−k2�.
ith n being the number of discretization points in one spatial direc-

ion, A is an n3 �n3 sparse matrix. For realistic geophysical exam-
les, n ranges between 200 and 1000.

The traditional direct method to solve equation 3 is a Gaussian
limination technique, namely, an LU decomposition: A = LU,
ith L a lower triangular matrix and U an upper triangular matrix. A

s a very sparse matrix with approximately �2J + 1�n3 nonzero ele-
ents. With the natural ordering of the grid, the nonzero elements

re situated along some diagonals of the matrix. The largest distance
etween the main �central� diagonal and the off-diagonals is Jn2; this
s the bandwidth of A. Here, I do not consider compact fourth-order
chemes that reduce the bandwidth of the matrix �Jo et al., 1996; Op-
rto et al., 2007�.An LU decomposition will generally introduce fill-
n within the bandwidth, which means that L will have approximate-
y Jn2n3 nonzero elements. With a 3D medium-size problem, this is
ot computationally affordable. We should notice that the memory
equirement is theoretically reduced to O�n2log�n�� in 2D and O�n4�
n 3D with a nested dissection reordering and a second-order scheme
r a compact fourth-order scheme �George and Liu, 1981; Ashcraft
nd Liu, 1998�. Because of the high memory and computational re-
uirements of the direct solver in 3D, to solve the linear system 3, a
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rylov-based iterative method, for instance, the BICGSTAB meth-
d �Van der Vorst, 1992�, is natural to try. �The BICGSTAB is an ex-
ension of the classic linear conjugate-gradient method for indefinite

atrices�. The efficiency of the solver relies on the preconditioner.
he right preconditioned system, with the preconditioner M, is

A�k�M−1v = s, with Mu = v . �4�

ithin the iterations, the matrix-vector product A�k�M−1v needs to
e evaluated. This is carried out in two steps: first, system Mu = v is
olved, then the matrix-vector product A�k�u is computed. In order
o efficiently solve system Mu = v, Erlangga et al. �2004, 2006� pro-
osed to use one multigrid cycle �Briggs et al., 2000; Trottenberg et
l., 2000� and to consider M = A�k��r + i�i��, with i = 
−1 and �r

nd �i two �positive� real numbers. One multigrid cycle has the same
omplexity as a matrix-vector product. Therefore, solving Mu = v
ith one multigrid cycle leads to a preconditioner with optimal com-
lexity.

The choice of �r and �i should be such that M is close enough to A
nd that the multigrid method is applicable to M. The first condition
eans that �r should be close to 1, and �i should be as small as possi-

le. The second condition means that �i should be large enough. It
ppears that �r close to 1 and �i between 0.25 and 1 generally lead to
correct choice. M corresponds to the discretization of the wave

quation with a wavenumber equal to k��r + i�i�, namely, the dis-
retization of a heavily damped wave equation. Indeed, assuming k
onstant, the solution of the damped wave equation is aeik��r+i�i��x�,
ith a the amplitude �geometrical divergence� term and � . � the L2-
orm. The term �i induces an extra damping equal to e−k�i�x�. Over a
avelength, i.e., for �x� = 2�/k, the extra damping is 0.04 with �i

0.5; 96% of the energy is lost over one wavelength because of this
xtra damping. The heavily damped wave equation almost behaves
ike a diffusive equation, since the energy hardly propagates after a
avelength. This explains why the multigrid method can be used on
.A1D numerical example is given inAppendix A.
The iterative solver to compute u, solution of equation 3, is imple-
ented as follows:

� Solve AM−1v = s with the BICGSTAB iterative method, s be-
ing a given source term:

a� Initiate the iterations with v = 0.
b� Update v with one BICGSTAB iteration. During this step,

one needs to evaluate twice a matrix-vector product of the
form AM−1y with y a vector determined by the BICG-
STAB method. This requires the solution of the system
Mz = y and the evaluation of Az.

c� If �AM−1v − s����s� �in the examples, � = 10−5�, go to

2; otherwise, repeat step �b�.

� Compute u = M−1v. The requires the solution of the system
Mu = v.

he solution u satisfies �A�k�u − s����s� and is then the solution
f the undamped equation 3. The preconditioner does not change the
olution of the initial system �Chen, 2005�. Thus, the damping of the
reconditioner does not change the solution of equation 3.
ultigrid cycle

One obtains an efficient iterative method when system Mz = y is
uickly evaluated and when M is close to A. M contains O�n3� ele-
ents because it corresponds to the discretization of a damped wave

quation. One multigrid cycle requires O�n3� operations �Briggs et
l., 2000�. Therefore, the method proposed by Erlangga et al. �2004,
006� has an optimal complexity for the evaluation of the precondi-
ioner. This is why determining the inverse of the preconditioner
ith one multigrid cycle is attractive.
I implemented a matrix-free algorithm in order to handle large-

cale problems and any discretization order. This is slightly different
rom the implementation presented in Erlangga et al. �2004, 2006�
nd Riyanti et al. �2006�.Amatrix-free algorithm requires less mem-
ry, because the coefficients of the matrix are not stored. It also al-
ows me to easily change the discretization of the matrix without

odifying the algorithm itself; only a few subroutines have to be re-
ritten. In my implementation, the boundary conditions are Dirich-

et boundary conditions, and absorbing layers are added to mimic an
nfinite space.

The idea of multigrid is to estimate the oscillatory part of the solu-
ion on the fine grid and to estimate the smooth part on a coarser grid.
n the preconditioned iterative method, one needs to solve

Mz = y , �5�

ith y a given vector. The discretization of the damped wave equa-
ion, equation 2, is denoted Mh after replacing k by k��r + i�i�. I
hen rewrite system 5 as

Mhzh = yh, �6�

ith M = Mh, yh = y, and z = zh. The superscript h means that the
uantities are related to the grid with the spacing h.

An approximation, wh, of zh, with the smoother operator,
h�Mh,yh,z0

h�, is computed as

wh = Sh�Mh,yh,z0
h� . �7�

0
h is an initial guess for zh, generally z0

h = 0. In the implementation,
he smoother is one iteration of the symmetric Gauss-Seidel method
Briggs et al., 2000�. Here, wh contains an approximation of the os-
illatory part of the solution, but the smooth part of the solution is
ifficult to obtain from the Gauss-Seidel method. The residual,
h = yh − Mhwh, satisfies

Mheh = rh, with eh = zh − wh. �8�

hen wh approximates the oscillatory part of zh, rh and eh have
ainly smooth variations; rh and eh should then be correctly approx-

mated on a coarser grid with a 2h spacing. With Ch
2h the coarsening

perator from the fine grid to the coarse grid and P2h
h the prolongation

perator from the coarse grid to the fine grid, Mheh = rh becomes

Ch
2hMhP2h

h e2h = r2h with r2h = Ch
2hrh and eh = P2h

h e2h.

�9�

n the implementation, the coarsening operator is the full-weighting
perator and the prolongation operator is the trilinear interpolation
Briggs et al., 2000�.

The matrix-free implementation consists of approximating
h
2hMhP2h

h by M2h, the discretization of the damped wave equation on
he grid with a 2h spacing. So, one must solve on the coarse grid,
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M2he2h = r2h. �10�

ne can solve this equation with the same approach as the one de-
cribed for system 6, namely, by applying recursively the two-grid
pproach. The interpolation of e2h can add artificial oscillations in eh.
ne removes those oscillations by applying the smoother on the ap-
roximate solution wh + eh.

A multigrid cycle defines the way to go from the fine grid to the
oarsest grid �in the implementation, the coarsest grid is a 3�3�3
rid� and to return to the fine grid. This gives an approximation of zh.
ne can iteratively apply the cycle to solve system 6. In the imple-
entation, Mhzh = yh is approximately solved with one cycle. There

re many possibilities to go back and forth from the fine grid to the
oarsest grid. I chose the full multigrid V-cycle �Briggs et al., 2000�.

NUMERICAL EXAMPLES

In these numerical examples, I use an eighth-order scheme. For a
iven frequency, the grid spacing is determined such that there are
ve points per minimum wavelength. To mimic an infinite medium,
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igure 2. The 5-Hz pressure response on the SEG/EAGE salt model.
added simple sponge layers. The sponge layers have 35 points in
ach direction, in which the ratio between the imaginary and real
arts of the velocity varies from 0 to 0.5. Perfectly matched layers
PML� could have been used to reduce the number of points in the
oundary layers �Berenger, 1994�. The stopping criterion of the iter-
tive method is the classic normalized-residual norm, �s − Au�/�s�.
or the examples, I assume that convergence is reached when the cri-

erion is smaller than 10−5. The computations are carried out on an
MD Opteron 2.2 GHz processor with 16 GB of memory.

D SEG/EAGE salt-dome model

The 3D SEG/EAGE salt-dome model �Aminzadeh et al., 1997� is
model of 12 by 12 by 4.5 km. A section is plotted in Figure 1. The
inimum velocity is 1500 m/s, and the maximum velocity is

482 m/s. The 5-Hz pressure response to a source located in the top
iddle of the model is displayed in Figure 2.At 5 Hz , the core model

as 225�225�70 points and a spacing of 60 m. The computational
odel has 295�295�140 points, namely 12.1 million grid points.
he run required 2.2 GB and took 154 min. The 10-Hz pressure re-
ponse is displayed in Figure 3. At 10 Hz, the core model has 450

450�140 points, and the computational model has 520�520
210 points, meaning 56.8 million grid points. The run required

0.6 GB and took 1111 min. The BICGSTAB convergence history
s plotted for four different frequencies in Figure 4. The number of
ICGSTAB iterations depends on frequency and roughly doubles
hen frequency doubles.

D SEG/EAGE overthrust model

The second set of computations is carried out on the SEG/EAGE
verthrust model �Aminzadeh et al., 1997�. The model is 20 km
ong, 20 km wide, and 4 km deep; see Figure 5. The minimum ve-
ocity is 2179 m/s, and the maximum velocity is 6000 m/s. The
-Hz pressure response to a source located in the middle top of the
odel is displayed in Figure 6. At 5 Hz, the core model has 236
236�56 points, which means a computational grid of 11.8 mil-

ion grid points after having added the sponge layers. The run re-
uired 2.2 GB and took 126 min. The 10-Hz pressure response is
isplayed in Figure 7.At 10 Hz, the core model has 471�471�111
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oints, leading to a computational model of about 53.0 million
rid points. The run required 9.9 GB and took 1380 min. The
ICGSTAB convergence history is displayed in Figure 8 for four
ifferent frequencies. The number of BICGSTAB iterations depends
gain on frequency and roughly doubles when frequency doubles.

onvergence results

To analyze this iterative solver, the number of BICGSTAB itera-
ions is plotted versus the average number of points per direction, n.
ince the number of points per minimum wavelength is kept con-
tant during the computation, this means that n is proportional to fre-
uency f . The results are given for the 2D Marmousi example �Riy-
nti et al., 2006�, the 3D SEG/EAGE salt model, and the 3D SEG/
AGE overthrust model. The largest 3D model that fits on 16 GB of
AM corresponds to the 12-Hz case and a model of about 85 million
nknowns. Figure 9 numerically shows that the number of iterations
ncreases roughly linearly with n. Because one multigrid cycle is in
�n3� in 3D, one BICGSTAB iteration requires O�n3� iterations.
his numerical result indicates that the complexity of the iterative
olver for the 3D Helmholtz equation is O�n4�. This complexity is
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igure 4. Convergence of the BICGSTAB for the 5-, 7.5-, 10-, and
2-Hz cases with the SEG/EAGE salt model.
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igure 5. Asection of the SEG/EAGE overthrust model.
uboptimal because the optimal one is O�n3�. The optimal complexi-
y implies that the number of iterations is independent of the number
f grid points. The possibility to improve this approach to reach opti-
al complexity is still an open question.

APPLICATIONS TO SEISMIC IMAGING

The numerical results seem to indicate that this iterative solver is
ore efficient and robust than the ones based on the incomplete low-

r-upper �ILU� decomposition or separation of variables �Plessix
nd Mulder, 2003; Erlangga et al., 2004�. However, is it good
nough for geophysical applications?

The imaging problem can be formulated as a least-squares inverse
roblem �Tarantola, 1987�. The computation of the gradient requires
he solution of the adjoint of system 3. The adjoint system can be
olved with the same modeling method. I consider two different im-
ging problems:

� The migration of reflection seismic data aims to reposition in
depth the events recorded in time assuming a smooth velocity
field. It corresponds to the first step of the optimization, i.e., the
gradient computation �Lailly, 1983�. It requires processing a
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igure 6. The 5-Hz pressure response on the SEG/EAGE overthrust
odel.
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igure 7. The 10-Hz pressure response on the SEG/EAGE over-
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sufficiently large frequency band to obtain an impedance-con-
trast image with a good resolution. A large number of frequen-
cies must be computed because the wavenumber redundancy is
limited with reflection data.

� The full-waveform tomography aims to recover the velocity
field from long-offset data �Pratt, 1999; Operto et al., 2004�. It
does require an iterative approach and a reasonable initial
guess. The minimization of the least-squares misfit functional
with respect to the velocity may be done per frequency, or per
small overlapping frequency band, from low to high frequen-
cies. Thanks to the wavenumber redundancy with long-offset
data, inverting a limited number of frequencies is generally suf-
ficient. This scale separation is natural with a frequency-do-
main formulation. It is also feasible in the time domain after
data filtering �Bunks et al., 1995�.
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igure 8. Convergence of the BICGSTAB for the 5-, 7.5-, 10-, and
2-Hz cases with the SEG/EAGE overthrust model.
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One should estimate the approximate number of floating-point
perations to determine in which domain the migration and the full-
aveform tomography should be done.

ough estimation of the number of operations
f the time-domain approach

I consider an explicit time-domain scheme with an eighth-order
cheme in space and a second-order scheme in time. The evaluation
f a time step requires approximately 35n3 operations �the factor 35
orresponds mainly to the number of operations needed to evaluate
he Laplacian operator; see equation 2�. The total number of opera-
ions is roughly 35nt n3, where n is the number of grid points in one
irection and nt is the number of time steps. For stability reasons, the
ime sampling �t and the spacing �x satisfy �t = �1/�x/vmax, with
max the maximum velocity; �1 is generally smaller than 1, depend-

ng on the particular implementation; here, we assume �1 = 0.2. By
efinition, the length of the model L = n�x and the recording time
= nt�t. In practice, the recording time is also linked to the length

f the model, for instance, T = �2/L/vmin, with vmin the minimum ve-
ocity and �2 around two. This gives nt = ��2/�1� �vmax/vmin� n, with
max/vmin�3, nt = 30n. This crude calculation gives the total number
f operations for the time-domain solver Nt

op:

Nt
op = �n4, with � � 1000. �11�

ough estimation of the number of operations
f the frequency-domain approach

Whereas, in the time-domain approach, the number of grid points
s fixed for a given frequency band �and related to the highest fre-
uency modeled during the computation�, the number of grid points
n the frequency domain can be adapted to the current frequency to
ave computation time. Let us call n the �average� number of dis-
retization points in one direction associated with a given frequency.
he cost of the frequency-domain approach equals the cost of one
ICGSTAB iteration multiplied by the number of iterations. One
ICGSTAB iteration mainly consists of 12 vector-vector products
nd two matrix-vector products. Since the calculus is carried out in
he complex space, the 12 vector-vector operations represent ap-
roximately 75n3 �scalar� operations. A matrix-vector product is
onstituted by one multigrid cycle to solve Mz = y and one wave-
perator evaluation Az. The cost of the multigrid cycle is the cost on
he fine grid multiplied by �q=0

Q 1/8q � 8
7 �1.15, with Q the number

f coarsening levels. On the fine grid and with the current implemen-
ation, the main operations are two Gauss-Seidel evaluations �corre-
ponding to one post-smoother with a symmetric Gauss-Seidel�, one
ave-operator evaluation �related to the computation of the residu-

l�, two restrictions �one for the pressure field and one for the veloci-
y�, one prolongation �for the pressure field�, and one vector-vector
peration. A Gauss-Seidel evaluation is more or less similar to the
ave-operator evaluation. With a an eigth-order scheme, this means

pproximately 70n3 �because one works with complex numbers�. A
estriction or a prolongation takes approximately 50n3 operations.
fter adding all of these operations, the number of floating-point op-

rations of one BICGSTAB iteration is 	1n3, with 	1 �1200. From
he numerical results and the convergence plot, Figure 9, nit = 	2n,
ith 	2 �0.5 and nit the number of BICGSTAB iterations. This

alculation gives the total number of operations for the iterative
olver, Nop:
f
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Nf
op = 	n4, with 	 � 600. �12�

radient computation

The number of discretization points depends on the current fre-
uency in the frequency domain and on the maximum frequency in
he time domain. We can write a formal system satisfied by the syn-
hetics c�n�f�,v�:

B�n�f�,v�c�n�f�,v� = s , �13�

here B is the wave operator and f is the current frequency in the fre-
uency domain or the maximum frequency in the time domain. The
east-squares misfit function is simply, with d the data,

J�v� =
1

2
�c�n�f�,v� − d�2, �14�

nd the gradient �Plessix, 2006� is

�J�v�
�v

= 

�n�f�,v�,
�B�n�f�,v�

�v
c�n�f�,v�� , �15�

ith

B�n�f�,v�*
�n�f�,v� = �c − d� , �16�

here �,� is the scalar product �in the time domain, this would corre-
pond to the crosscorrelation�; B�n�f�,v�* is the reverse time opera-
or in the time domain and the adjoint operator in the frequency do-

ain. System 16 is solved like system 13. If one ignores the memory
r input/output �I/O� requirements for the moment, the computation-
l cost of the gradient is roughly equal to twice the computational
ost of the wave operator.

igration

As mentioned before, the migration requires the processing of a
arge enough frequency band. Let us call fmax the maximum frequen-
y. In the time domain, the least-squares misfit functional is

1

2
�c�n�fmax�,v� − d�2. �17�

herefore, the number of operations for the time-domain migration
s roughly

Nt,mig
op � 2Nt

op = 2�n4�fmax� . �18�

n the frequency-domain, the least-squares misfit functional is

�
j = 1

nf 1

2
�c�n�f j�,v� − d�2, �19�

ith nf the number of frequencies and f j � �0, fmax	. When the num-
er of grid points per wavelength is kept constant, n�f�
f j/fmaxn�fmax�. For migration, the full frequency band is needed to

btain a good resolution; f j = j�f , with �f the frequency spacing
nd nf = fmax � � f . Using equation 12 and the fact that � j=1

nf j4 �n5/5,
he number of operations for the frequency-domain approach is

	
5 nfn4�fmax�. The Nyquist theorem tells us that �f = 1/T, with T the
ecording time �this criterium can be slightly relaxed if we consider
he maximum offset �Mulder and Plessix, �2004��. As mentioned
reviously, T = �2n�fmax��x/vmin. A discretization of five points per
inimum wavelength gives 5�x = vmin/nf�f . Therefore, nf

�2/5n�fmax�. The total number of operations for the migration with
he iterative Helmholtz solver is then roughly

Nf ,mig
op = 2�n5�fmax� with � =

	�2

25
� 48. �20�

his shows that the number of operations for the frequency-domain
pproach divided by the number of operations for the time-domain
pproach is roughly 0.05n. This estimation indicates that the time-
omain migration is one order of magnitude faster for medium-sized
roblems and will be even more advantageous for larger problems.

ull-waveform tomography

The full-waveform tomography requires the minimization of a
east-squares misfit functional. In the frequency domain, the mini-

ization is carried out per frequency �or per narrow frequency
and�. In the time domain, the minimization is carried out per low-
ass filtered data. Given a frequency set �f j�, the full-waveform to-
ography consists of a sequence of minimization problems:

ṽ�f j� = argminv
1

2
�c�n�f j�,v� − d�2 �21�

ith ṽ�f j−1� as the starting model.
The number of operations to compute c�n�f j�,v� is given by equa-

ion 11 for the time domain and by equation 12 for the frequency do-
ain. The two approaches have the same complexity. The number of

perations of the frequency-domain approach is roughly one half
hat of the time-domain approach. Since the count of the floating-
oint operations is crude, this result indicates that the time-domain
nd the frequency-domain approaches require approximately the
ame number of floating-point operations.

If one considers a survey of ns shots, the gradient computation of
he least-squares misfit function requires Cinsn4 operations for the
requency-domain iterative method and Ctnsn4 for the time-domain
pproach �Ct �Ci�. The computation of the gradient with a direct
olver requires C1

dn6 + C2
dnsn4 �Ashcraft and Liu, 1998� �n6 corre-

ponds to the LU factorization of the matrix and n4 to the matrix-vec-
or products once the matrix is factorized, assuming a compact
cheme on the 27-point stencil �Operto et al., 2007�. If ns�n2, this
hows that the time-domain or the iterative approaches are the meth-
ds of choice. If the survey is fully 3D, ns = Csn2 and all of the ap-
roaches have the same complexity. For large problems, one should
se a parallelized implementation. The iterative method can a priori
e parallelized using domain-decomposition techniques. The time-
omain approach is also parallelized using domain-decomposition
echniques, for instance. The direct solver has been parallelized
Amestoy et al., 2000�. The method of choice now depends on the
onstants Ct,Cf, C1

d, C2
d, and Cs. Except Cs, these constants depend on

he efficiency of the parallelization and on the computer-cluster ar-
hitecture. An estimation of these constants is required to decide on
he method of choice from a computation-time point of view.

The memory requirement of these approaches is quite different.
he frequency-domain iterative method needs approximately 12 ar-

ays of n3 elements. Its memory requirement is then Din3 bytes. The
requency-domain direct solver needs Ddn4 bytes.Aclassic time-do-
ain implementation needs Dtn4 bytes for the gradient computation.
owever, with optimal checkpointing, the memory requirement de-



c
p
e
2
c
c
F
m
q

B
p
d
u
b
t
r

p
i
b
p
l
b
p
t
l
n
f
q
m
s

m
a
d
o
t
q

g

w
t
l
w
t
p
s

w
o

w
o
l
t
i
1
5
o
g
q
s
F
=
t
d
V
c
e
e
s
h
h
o

F
b
s
a
u

SM192 Plessix

D
ow

nl
oa

de
d 

09
/1

9/
13

 to
 3

5.
8.

11
.2

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/

reases to O�n3�log�n�, while the computation time is only multi-
lied by O�log�n�� �Griewank, 1992�. Symes �2007� showed the rel-
vance of this approach for reverse time migration. With n between
00 and 1000, log�n� is approximately 6 and can be included in the
onstants. Thus, the memory requirement for the time domain be-
omes D2

t n3 bytes. D2
t is a priori larger than Di, but of the same order.

rom a memory point of view, the time-domain or the frequency-do-
ain iterative approaches are much cheaper compared to the fre-

uency-domain direct solver.

CONCLUSIONS

A 3D iterative solver for the wave equation with a preconditioned
ICGSTAB method has been studied in a geophysical context. The
reconditioner consists of a multigrid cycle applied to a heavily
amped wave equation. This leads to a robust iterative solver for the
ndamped wave equation at seismic frequencies. A numerical study
ased on 3D examples shows that the number of BICGSTAB itera-
ions increases roughly linearly with frequency. This confirms the
esults obtained on 2D examples.

Based on the numerical results, the relevance for two imaging
roblems has been studied. The migration is more efficiently solved
n time domain than in frequency domain.Arough count of the num-
er of floating-point operations indicates that the time-domain ap-
roach is at least one order of magnitude faster for realistic size prob-
ems. The situation is different for the full-waveform tomography
ased on a least-squares formulation and a scale separation. For this
roblem, the two approaches have the same complexity and roughly
he same number of floating-point operations. With a full 3D prob-
em, when the number of sources is proportional to the square of the
umber of grid points in one direction, the time-domain and iterative
requency-domain methods have the same complexity as the fre-
uency-domain method based on a direct solver. However, their
emory requirement is much smaller compared to that of the direct

olver.
The imaging problem requires the processing of multishot data. It
ay still be possible to speed up the frequency-domain iterative

pproach. For instance, solutions already computed may serve to
efine a good initial guess. This remains an open question. A priori,
ne can parallelize the iterative solver with a domain-decomposition
echnique. The efficiency of this parallelization is also an open
uestion.
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APPENDIX A

MULTIGRID ON A 1D WAVE EQUATION

In this appendix, I directly apply the multigrid method on the
ave equation. With a simple 1D homogeneous model, I illustrate

hat the multigrid solver for the wave equation only works with a
arge viscous term, but does not work in a pure acoustic case. This is
hy one cannot directly apply the multigrid method to solve equa-

ion 3 and a preconditioned Krylov-based iterative method is pro-
osed. This behavior has been discussed in the literature, for in-
tance, in Elman et al. �2001�.
Let us consider the 1D wave equation

−
�2u�x�

�x2 − k2��r + i�i�2u�x� = s�x� , �A-1�

ith Dirichlet boundary conditions, namely, u = 0 at the boundary
f the numerical domain.Asecond order scheme gives

−
uj+1 − 2ui + uj−1

h2 − kj
2��r + i�i�2us = sj , �A-2�

ith j� �1,n − 1	, u�0� = 0 and u�n� = 0, and n + 1 is the number
f discretization points. This leads to a linear system with a triangu-
ar matrix that can be solved with an LU decomposition. The solu-
ion obtained with this direct solver is called “exact.” For the numer-
cal examples, I consider a velocity of 2000 m/s, a frequency of
0 Hz, i.e., a wavenumber equal to �/100, and a discretization of
m and 257 points. I apply one multigrid V-cycle and a direct solver

n the coarsest grid. When the discretization spacing on the coarse
rid is 2q, this corresponds to q coarsening levels. I look at the cases
= 1,2,3,4, and 5. The results after one multigrid V-cycle are

hown in Figure A-1 for the pure acoustic case ��r = 1,�i = 0�, in
igure A-2 for a viscoacoustic case with a mild damping ��r

1, �i = 0.1�, and in Figure A-3 for a heavily damped viscoacous-
ic case ��r = 1, �i = 1�. With the pure acoustic case or the mildly
amped viscoacoustic case, the results obtained with one multigrid
-cycle do not approximate the true solution when more than three
oarsening levels are applied. In fact, as noted by many authors, for
xample, Elman et al. �2001�, because of the indefiniteness of the lin-
ar system, the solution on the coarse grid does not approximate the
mooth part of the true solution. The situation is different with the
eavily damped viscoacoustic case, because now the equation be-
aves like a diffusive equation, namely, the response is attenuated
ver approximately a wavelength. One multigrid V-cycle does ap-
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igure A-1. Solutions in the pure acoustic case ��r = 1,�i = 0�. The
lue line corresponds to the exact solution �obtained with a direct
olver�, and the dotted red lines correspond to the solutions obtained
fter one multigrid V-cycle when one to five coarsening levels are
sed.
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roximate the true solution. The multigrid method is not the only
ethod that would successfully solve the damped system. One uses

t because it has the optimal complexity.
I now use the heavily damped viscoacoustic approximated solu-

ion as a preconditioner to solve iteratively the undamped acoustic
ase as proposed in Erlangga et al. �2004, 2006�. The BICGSTAB it-
rative solver without preconditioner converges in 440 iterations to
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igure A-2. Solutions in the mildly damped viscoacoustic case ��r

1,�i = 0.1�. The blue line corresponds to the exact solution �ob-
ained with a direct solver�, and the dotted red lines correspond to the
olutions obtained after one multigrid V-cycle when one to five
oarsening levels are used.
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igure A-3. Solutions in the heavily damped viscoacoustic case ��r

1,�i = 1�. The blue line corresponds to the exact solution �ob-
ained with a direct solver�, and the dotted red lines correspond to the
olutions obtained after one multigrid V-cycle when one to five
oarsening levels are used.
he undamped 1D acoustic solution. If the BICGSTAB method is
reconditioned by a mildly damped viscoacoustic wave equation,
he solver converges in seven iterations to the undamped 1D acoustic
olution. Unfortunately, the mildly damped viscoacoustic equation
annot be easily solved. If the BICGSTAB method is preconditioned
y a heavily damped viscoacoustic wave equation, the solver con-
erges in 19 iterations to the undamped 1D acoustic solution, and
ne can approximately solve the heavily damped viscoacoustic
quation with one multigrid cycle.
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