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A Helmholiz iterative solver for 3D seismic-imaging problems

R.-E. Plessix

ABSTRACT

A preconditioned iterative solver for the 3D frequency-do-
main wave equation applied to seismic problems is evaluat-
ed. The preconditioner corresponds to an approximate in-
verse of a heavily damped wave equation deduced from the
(undamped) wave equation. The approximate inverse is com-
puted with one multigrid cycle. Numerical results show that
the method is robust and that the number of iterations increas-
es roughly linearly with frequency when the grid spacing is
adapted to keep a constant number of discretization points
per wavelength. To evaluate the relevance of this iterative
solver, the number of floating-point operations required for
two imaging problems are roughly evaluated. This rough es-
timate indicates that the time-domain migration approach
is more than one order of magnitude faster. The full-wave-
form tomography, based on a least-squares formulation and a
scale separation approach, has the same complexity in both
domains.

INTRODUCTION

The common workflow to build a depth-impedance image from
multishot, multireceiver data principally consists of two steps: (1)
the velocity analysis, which aims to retrieve the low spatial frequen-
cies, namely, a smooth velocity field; and (2) the depth migration,
which aims to build a depth image of the impedance contrasts as-
suming a smooth velocity field. Generally, the velocity analysis is
based on picked reflected events and is solved with a tomography al-
gorithm. Seismic data are then migrated with the smoothed velocity
found during the velocity analysis. For large 3D cases, Kirchhoff or
Born migrations, based on high-frequency assumptions, were and
are still commonly used. In the last 10 years, one-way, finite-differ-
ence solutions of the wave equation became popular for migration
because of its finite-frequency aspect. Finite-frequency solutions of
the wave equations are essential to correctly estimate the wavefront

when rapid lateral variations exist, for instance, at salt interfaces.
Unfortunately, one-way solutions, especially the amplitudes, be-
come inaccurate at large incidence angles.

To overcome the high-frequency and one-way limits, two-way so-
lutions of the wave equation at finite frequencies are needed. One
can solve the two-way wave equation either in the time domain or in
the frequency domain. Traditionally, time-domain solutions are ob-
tained with a marching algorithm in time, which leads to an explicit
scheme. The frequency-domain approach requires the solution of a
large linear system. Marfurt (1984) discusses the advantages of each
approach in 2D. In 2D, the linear system of the frequency-domain
scheme can be solved with a direct solver, and the frequency-domain
multishot migration algorithm is about one order of magnitude faster
than its time-domain counterpart, because the LU decomposition of
the matrix of the system has to be performed only once per frequen-
cy. Unfortunately, with realistic 3D cases, the linear system may be
difficult to solve with a direct solver, because of the high memory re-
quirement. This difficulty may limit the advantages of the frequen-
cy-domain formulation if no robust iterative solver of the frequency-
domain wave equation is available. In fact, the existing 3D two-way,
finite-difference migration algorithms are all based on a time-do-
main formulation (Yoon et al., 2003, 2004).

One approach to solve large 3D problems is based on domain de-
composition; see, for instance, Heikkola et al. (1999) or Larson
(1999). This approach may use a direct solver (Operto et al., 2007) or
an iterative solver in each domain. Several authors worked on Kry-
lov-based iterative solvers for the Helmholtz equation, the frequen-
cy-domain wave equation with constant density; see, for instance,
Elman et al. (2001), Plessix and Mulder (2003), Erlangga et al.
(2004, 2006), Riyanti et al. (2006), and the references mentioned in
those papers. These methods differ mainly by the preconditioner
they use to accelerate the convergence. The preconditioner is crucial
because, without it, the Krylov-based iterative methods require
more than 1000 iterations for a medium-sized 2D problem and more
than 10,000 iterations for a medium-sized 3D problem. For geo-
physical applications, the preconditioner proposed by Erlangga et al.
(2004, 2006), may be attractive. The method consists of a classic it-
erative solver for indefinite systems, for instance, the BICGSTAB
method (Van der Vorst, 1992), and a preconditioner based on a heavi-
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ly damped wave equation to accelerate the convergence. The pre-
conditioner does not change the solution, and the preconditioned it-
erative method gives the solution to the undamped wave equation
(Chen, 2005). The preconditioner based on a heavily damped wave
equation is approximately solved with one multigrid cycle. The use
of one multigrid cycle is efficient because its computational cost is
equivalent to the computation of a few matrix-vector products
(Briggs et al., 2000). Therefore, the preconditioner has an optimal
complexity. Numerical results show that the method has a O(n?)
complexity (i.e., is proportional to n3) in 2D (Riyanti et al., 2006),
with n the number of grid points per direction. In this paper, I present
3D results based on a slightly different implementation of the multi-
grid solver to facilitate high-order discretization schemes. The mul-
tigrid method is implemented with a symmetric Gauss-Seidel
smoothing, a standard full-weighting coarsening, a trilinear interpo-
lation, and a matrix-free implementation (Briggs et al., 2000). In this
way, I can compute realistic 3D models containing up to 80 million
grid points on a single computer unit with 16 GB of memory. I then
discuss the relevance of this approach for two imaging problems
based on a least-squares formulation (Tarantola, 1987). I consider
the migration of reflection data and the full-waveform tomography
of long-offset data. The migration is seen as the gradient of the least-
squares misfit function (Lailly, 1983) and aims to give a high-resolu-
tion impedance image. This is achieved by processing a large fre-
quency band. Because the wavenumber redundancy is limited as a
result of the short aperture of reflection data, a large number of fre-
quencies needs to be modeled, which tends to favor the time-domain
formulation. One time-domain wave-equation solution contains all
of the frequencies of the band, whereas many frequency-domain
wave-equation solutions must be computed within the frequency
band (Mulder and Plessix, 2004). With short-to-medium offset data,
the least-squares formulation is not suited to retrieve the long wave-
lengths of the velocity because of local minima. However, the full-
waveform tomography based on an iterative minimization of the
least-squares misfit functional seems to give satisfactory results with
long offset data and a reasonable starting model (Pratt, 1999; Operto
etal.,2004). The minimization of the least-squares misfit is achieved
per frequency and from low to high frequencies (Pratt, 1999). Be-
cause long-offset data contain a significant redundancy in the wave-
number domain, it is possible to invert only a limited number of fre-
quencies, which tends to favor the frequency-domain formulation.

The outline of the paper is the following. In the first part, the itera-
tive solver is described. In the second part, two 3D examples are
shown. In the third part, by roughly counting the number of floating-
point operations, the complexity of the frequency-domain iterative
solver is compared to that of a time-domain solver for the least-
squares migration and the full-waveform tomography.

METHOD

The computation of the pressure wavefield in the frequency do-
main requires the solution of a linear system after discretization of
the wave equation. The accuracy of the solution depends on the order
of the scheme and the number of discretization points per wave-
length. In a smooth velocity field, a higher-order scheme generally
requires fewer points per wavelength without losing accuracy, be-
cause the partial derivatives are more accurately approximated. This
reduces the memory and computational cost. The higher-order
schemes generally lead to a larger finite-difference stencil, which

means that sharp contrasts will be smoothed. In practice, the scheme
orders are 2,4, 6, or 8.

Preconditioned iterative solver

The acoustic constant density frequency-domain wave equation
corresponds to the Helmholtz equation:

() u(x, ») — Au(x, ) = s(x,w), (1)

with u the pressure field, s the source function, w the angular fre-
quency, k the wavenumber, k = w/v with v the velocity, and x the
spatial coordinates. A is the Laplacian.

A centered finite-difference discretization with a 2J/-order scheme
in space gives

J J J

a; L
2 ];é(ul—j,m,p + ul+j,m,p) + Zé(u],m—j,p + ”I,m+j,p)
j=1

J dj
Zi - 2 —
+ h2 (”l,m,p—j + ”l,m,p+j) + h2 - kl,m,p ULmp = Stm,p>
(2)

where A is the spacing of the cubic grid; af, b}, ¢/, and &’ are the coef-
ficients of the scheme; and u;,, ,, S, and k; ,, , are the discrete val-
ues of the pressure field, the source function, and the wavenumber,
respectively. Equation 2 is valid for i,j,k € [J,n, — JIX[J,n, — J]
X [J,n, = J], with n,, n,, and n, being the number of discretization
points in each direction. Outside, the field values are set to zero. In
practice, absorbing boundary layers are added to the domain to mim-
ic an infinite domain. In the boundary layers, a complex part to the
wavenumber is added; this means that the wavefield is damped.
Therefore, the pressure field can be assumed to be zero close to the
boundaries.
In a matrix form, equation 2 reads

A(K)u =s, (3)

where u and s are now the pressure and source vectors, respectively.
A is generally indefinite because the left-hand side of equation 1 is
the sum of a positive operator (—A) and a negative operator (—k?).
With n being the number of discretization points in one spatial direc-
tion, A is an n® X n? sparse matrix. For realistic geophysical exam-
ples, n ranges between 200 and 1000.

The traditional direct method to solve equation 3 is a Gaussian
elimination technique, namely, an LU decomposition: A = LU,
with L alower triangular matrix and U an upper triangular matrix. A
is a very sparse matrix with approximately (2J + 1)n?® nonzero ele-
ments. With the natural ordering of the grid, the nonzero elements
are situated along some diagonals of the matrix. The largest distance
between the main (central) diagonal and the off-diagonals is Jn?; this
is the bandwidth of A. Here, I do not consider compact fourth-order
schemes that reduce the bandwidth of the matrix (Jo et al., 1996; Op-
ertoetal.,2007). An LU decomposition will generally introduce fill-
in within the bandwidth, which means that L. will have approximate-
ly Jn?n® nonzero elements. With a 3D medium-size problem, this is
not computationally affordable. We should notice that the memory
requirement is theoretically reduced to O(n*log(n)) in 2D and O(n*)
in 3D with a nested dissection reordering and a second-order scheme
or a compact fourth-order scheme (George and Liu, 1981; Ashcraft
and Liu, 1998). Because of the high memory and computational re-
quirements of the direct solver in 3D, to solve the linear system 3, a
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Krylov-based iterative method, for instance, the BICGSTAB meth-
od (Van der Vorst, 1992), is natural to try. (The BICGSTAB is an ex-
tension of the classic linear conjugate-gradient method for indefinite
matrices). The efficiency of the solver relies on the preconditioner.
The right preconditioned system, with the preconditioner M, is

AK)M 'v=s, with Mu =v. (4)

Within the iterations, the matrix-vector product A(k)M~'v needs to
be evaluated. This is carried out in two steps: first, system Mu = v is
solved, then the matrix-vector product A (K)u is computed. In order
to efficiently solve system Mu = v, Erlangga et al. (2004, 2006) pro-
posed to use one multigrid cycle (Briggs et al., 2000; Trottenberg et
al., 2000) and to consider M = A(k(B, + i), withi = =1 and 3,
and B; two (positive) real numbers. One multigrid cycle has the same
complexity as a matrix-vector product. Therefore, solving Mu = v
with one multigrid cycle leads to a preconditioner with optimal com-
plexity.

The choice of B, and B; should be such that M is close enough to A
and that the multigrid method is applicable to M. The first condition
means that 8, should be close to 1, and 8; should be as small as possi-
ble. The second condition means that 3; should be large enough. It
appears that 3, close to 1 and 3; between 0.25 and 1 generally lead to
a correct choice. M corresponds to the discretization of the wave
equation with a wavenumber equal to k(8, + i$3;), namely, the dis-
cretization of a heavily damped wave equation. Indeed, assuming k
constant, the solution of the damped wave equation is ae™*®B+#lk,
with a the amplitude (geometrical divergence) term and ||. || the L2-
norm. The term ; induces an extra damping equal to e~*#l, Over a
wavelength, i.e., for |[x|| = 27/k, the extra damping is 0.04 with 3;
= 0.5;96% of the energy is lost over one wavelength because of this
extra damping. The heavily damped wave equation almost behaves
like a diffusive equation, since the energy hardly propagates after a
wavelength. This explains why the multigrid method can be used on
M. A 1D numerical example is given in Appendix A.

The iterative solver to compute u, solution of equation 3, is imple-
mented as follows:

1) Solve AM-'v = s with the BICGSTAB iterative method, s be-
ing a given source term:

a) Initiate the iterations with v = 0.

b)  Update v with one BICGSTAB iteration. During this step,
one needs to evaluate twice a matrix-vector product of the
form AM™'y with y a vector determined by the BICG-
STAB method. This requires the solution of the system
Mz = y and the evaluation of Az.

c) If||[AM'v — s||<eg|s|| (in the examples, & = 107%), go to

2; otherwise, repeat step (b).

2) Compute u = M~'v. The requires the solution of the system
Mu =v.

The solution u satisfies ||A(k)u — s||<e||s|| and is then the solution
of the undamped equation 3. The preconditioner does not change the
solution of the initial system (Chen, 2005). Thus, the damping of the
preconditioner does not change the solution of equation 3.

Multigrid cycle

One obtains an efficient iterative method when system Mz =y is
quickly evaluated and when M is close to A. M contains O(n?) ele-
ments because it corresponds to the discretization of a damped wave
equation. One multigrid cycle requires O(n®) operations (Briggs et
al., 2000). Therefore, the method proposed by Erlangga et al. (2004,
2006) has an optimal complexity for the evaluation of the precondi-
tioner. This is why determining the inverse of the preconditioner
with one multigrid cycle is attractive.

I implemented a matrix-free algorithm in order to handle large-
scale problems and any discretization order. This is slightly different
from the implementation presented in Erlangga et al. (2004, 2006)
and Riyanti et al. (2006). A matrix-free algorithm requires less mem-
ory, because the coefficients of the matrix are not stored. It also al-
lows me to easily change the discretization of the matrix without
modifying the algorithm itself; only a few subroutines have to be re-
written. In my implementation, the boundary conditions are Dirich-
let boundary conditions, and absorbing layers are added to mimic an
infinite space.

The idea of multigrid is to estimate the oscillatory part of the solu-
tion on the fine grid and to estimate the smooth part on a coarser grid.
In the preconditioned iterative method, one needs to solve

Mz =y, (5)

with y a given vector. The discretization of the damped wave equa-
tion, equation 2, is denoted M" after replacing k by k(8, + i3;). |
then rewrite system 5 as

M'z" = y", (6)

with M = M/, y" =y, and z = z". The superscript 4 means that the
quantities are related to the grid with the spacing /.

An approximation, w”, of z", with the smoother operator,
Sh(M",y" z}), is computed as

wh = SH(M" y", 27). (7)

z{ is an initial guess for z", generally z{ = 0. In the implementation,
the smoother is one iteration of the symmetric Gauss-Seidel method
(Briggs et al., 2000). Here, w" contains an approximation of the os-
cillatory part of the solution, but the smooth part of the solution is
difficult to obtain from the Gauss-Seidel method. The residual,
r'" = y" — M"w", satisfies

M'e" = ¢, with e = 2" — w". (8)

When w" approximates the oscillatory part of z”, r" and e" have
mainly smooth variations; r” and e" should then be correctly approx-
imated on a coarser grid with a 2/ spacing. With C3" the coarsening
operator from the fine grid to the coarse grid and P%, the prolongation
operator from the coarse grid to the fine grid, M"e” = r' becomes

CM'P! e = v?' with r? = C?'r"  and €' = P! 2.
h 2h h 2h
9

In the implementation, the coarsening operator is the full-weighting
operator and the prolongation operator is the trilinear interpolation
(Briggsetal., 2000).

The matrix-free implementation consists of approximating
C?"M'P%;, by M?", the discretization of the damped wave equation on
the grid with a 2/ spacing. So, one must solve on the coarse grid,
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MZheZh — r2h. (10)

One can solve this equation with the same approach as the one de-
scribed for system 6, namely, by applying recursively the two-grid
approach. The interpolation of €* can add artificial oscillations in e”.
One removes those oscillations by applying the smoother on the ap-
proximate solution w” + e”.

A multigrid cycle defines the way to go from the fine grid to the
coarsest grid (in the implementation, the coarsest gridisa 3 X3 X 3
grid) and to return to the fine grid. This gives an approximation of z".
One can iteratively apply the cycle to solve system 6. In the imple-
mentation, M"z" = y" is approximately solved with one cycle. There
are many possibilities to go back and forth from the fine grid to the
coarsest grid. I chose the full multigrid V-cycle (Briggs et al., 2000).

NUMERICAL EXAMPLES

In these numerical examples, [ use an eighth-order scheme. For a
given frequency, the grid spacing is determined such that there are
five points per minimum wavelength. To mimic an infinite medium,

4
0% x (km)

Figure 2. The 5-Hz pressure response on the SEG/EAGE salt model.

I added simple sponge layers. The sponge layers have 35 points in
each direction, in which the ratio between the imaginary and real
parts of the velocity varies from O to 0.5. Perfectly matched layers
(PML) could have been used to reduce the number of points in the
boundary layers (Berenger, 1994). The stopping criterion of the iter-
ative method is the classic normalized-residual norm, ||s — Aul|/|s|.
For the examples, I assume that convergence is reached when the cri-
terion is smaller than 10~°. The computations are carried out on an
AMD Opteron 2.2 GHz processor with 16 GB of memory.

3D SEG/EAGE salt-dome model

The 3D SEG/EAGE salt-dome model (Aminzadeh et al., 1997) is
amodel of 12 by 12 by 4.5 km. A section is plotted in Figure 1. The
minimum velocity is 1500 m/s, and the maximum velocity is
4482 m/s. The 5-Hz pressure response to a source located in the top
middle of the model is displayed in Figure 2. At 5 Hz , the core model
has 225 X 225 X 70 points and a spacing of 60 m. The computational
model has 295 X 295 X 140 points, namely 12.1 million grid points.
The run required 2.2 GB and took 154 min. The 10-Hz pressure re-
sponse is displayed in Figure 3. At 10 Hz, the core model has 450
X 450X 140 points, and the computational model has 520 X 520
X 210 points, meaning 56.8 million grid points. The run required
10.6 GB and took 1111 min. The BICGSTAB convergence history
is plotted for four different frequencies in Figure 4. The number of
BICGSTARB iterations depends on frequency and roughly doubles
when frequency doubles.

3D SEG/EAGE overthrust model

The second set of computations is carried out on the SEG/EAGE
overthrust model (Aminzadeh et al., 1997). The model is 20 km
long, 20 km wide, and 4 km deep; see Figure 5. The minimum ve-
locity is 2179 m/s, and the maximum velocity is 6000 m/s. The
5-Hz pressure response to a source located in the middle top of the
model is displayed in Figure 6. At 5 Hz, the core model has 236
X 236 X 56 points, which means a computational grid of 11.8 mil-
lion grid points after having added the sponge layers. The run re-
quired 2.2 GB and took 126 min. The 10-Hz pressure response is
displayed in Figure 7. At 10 Hz, the core model has 471 X471 X 111

.{«W/( L

nnw

4
0 x (km)

Figure 3. The 10-Hz pressure response on the SEG/EAGE salt
model.
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points, leading to a computational model of about 53.0 million
grid points. The run required 9.9 GB and took 1380 min. The
BICGSTAB convergence history is displayed in Figure 8 for four
different frequencies. The number of BICGSTAB iterations depends
again on frequency and roughly doubles when frequency doubles.

Convergence results

To analyze this iterative solver, the number of BICGSTAB itera-
tions is plotted versus the average number of points per direction, 7.
Since the number of points per minimum wavelength is kept con-
stant during the computation, this means that n is proportional to fre-
quency f. The results are given for the 2D Marmousi example (Riy-
anti et al., 2006), the 3D SEG/EAGE salt model, and the 3D SEG/
EAGE overthrust model. The largest 3D model that fits on 16 GB of
RAM corresponds to the 12-Hz case and a model of about 85 million
unknowns. Figure 9 numerically shows that the number of iterations
increases roughly linearly with . Because one multigrid cycle is in
O(n?) in 3D, one BICGSTAB iteration requires O(n’) iterations.
This numerical result indicates that the complexity of the iterative
solver for the 3D Helmholtz equation is O(n*). This complexity is

10°

_‘
<

102 F

10°

Log of the normalized error

10 F

0 50 100 150 200 250
Number of BICGSTAB iterations

Figure 4. Convergence of the BICGSTAB for the 5-, 7.5-, 10-, and
12-Hz cases with the SEG/EAGE salt model.

z (km)

10

x (km)

Figure 5. A section of the SEG/EAGE overthrust model.

suboptimal because the optimal one is O(n?). The optimal complexi-
ty implies that the number of iterations is independent of the number
of grid points. The possibility to improve this approach to reach opti-
mal complexity is still an open question.

APPLICATIONS TO SEISMIC IMAGING

The numerical results seem to indicate that this iterative solver is
more efficient and robust than the ones based on the incomplete low-
er-upper (ILU) decomposition or separation of variables (Plessix
and Mulder, 2003; Erlangga et al., 2004). However, is it good
enough for geophysical applications?

The imaging problem can be formulated as a least-squares inverse
problem (Tarantola, 1987). The computation of the gradient requires
the solution of the adjoint of system 3. The adjoint system can be
solved with the same modeling method. I consider two different im-
aging problems:

1) The migration of reflection seismic data aims to reposition in
depth the events recorded in time assuming a smooth velocity
field. It corresponds to the first step of the optimization, i.e., the
gradient computation (Lailly, 1983). It requires processing a

0.00~~
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2.50\.“..... ........
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“20

y (km) 070 X (km)

Figure 6. The 5-Hz pressure response on the SEG/EAGE overthrust
model.
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Figure 7. The 10-Hz pressure response on the SEG/EAGE over-
thrust model.
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sufficiently large frequency band to obtain an impedance-con-
trast image with a good resolution. A large number of frequen-
cies must be computed because the wavenumber redundancy is
limited with reflection data.

2) The full-waveform tomography aims to recover the velocity
field from long-offset data (Pratt, 1999; Operto et al., 2004). It
does require an iterative approach and a reasonable initial
guess. The minimization of the least-squares misfit functional
with respect to the velocity may be done per frequency, or per
small overlapping frequency band, from low to high frequen-
cies. Thanks to the wavenumber redundancy with long-offset
data, inverting a limited number of frequencies is generally suf-
ficient. This scale separation is natural with a frequency-do-
main formulation. It is also feasible in the time domain after
data filtering (Bunks et al., 1995).

10°

102 F

10°F

Log of the normalized error

10+ F

0 50 100 150 200 250 300
Number of BICGSTAB iterations

Figure 8. Convergence of the BICGSTAB for the 5-, 7.5-, 10-, and
12-Hz cases with the SEG/EAGE overthrust model.
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Figure 9. Convergence results: the number of BICGSTAB iterations
versus the average number of discretization points in one direction.
The solid green line corresponds to the 2D Marmousi model, the
dashed black line to the 3D SEG/EAGE salt model, and the dotted-
dashed red line to the 3D SEG/EAGE overthrust model.

One should estimate the approximate number of floating-point
operations to determine in which domain the migration and the full-
waveform tomography should be done.

Rough estimation of the number of operations
of the time-domain approach

I consider an explicit time-domain scheme with an eighth-order
scheme in space and a second-order scheme in time. The evaluation
of a time step requires approximately 35n° operations (the factor 35
corresponds mainly to the number of operations needed to evaluate
the Laplacian operator; see equation 2). The total number of opera-
tions is roughly 35n,n3, where n is the number of grid points in one
direction and n, is the number of time steps. For stability reasons, the
time sampling Az and the spacing Ax satisfy At = a;/Ax/v ., With
Unmax the maximum velocity; ¢, is generally smaller than 1, depend-
ing on the particular implementation; here, we assume a; = 0.2. By
definition, the length of the model L = nAx and the recording time
T = n,At. In practice, the recording time is also linked to the length
of the model, for instance, T = a,/L/v ;,, With v,,;, the minimum ve-
locity and a, around two. This gives n, = (/@) (Umax/Umin) 11, With
Umax/Umin = 3, 1, = 30n. This crude calculation gives the total number
of operations for the time-domain solver N¢7:

N = an®*, with @ = 1000. (11)

Rough estimation of the number of operations
of the frequency-domain approach

Whereas, in the time-domain approach, the number of grid points
is fixed for a given frequency band (and related to the highest fre-
quency modeled during the computation), the number of grid points
in the frequency domain can be adapted to the current frequency to
save computation time. Let us call n the (average) number of dis-
cretization points in one direction associated with a given frequency.
The cost of the frequency-domain approach equals the cost of one
BICGSTAB iteration multiplied by the number of iterations. One
BICGSTAB iteration mainly consists of 12 vector-vector products
and two matrix-vector products. Since the calculus is carried out in
the complex space, the 12 vector-vector operations represent ap-
proximately 75n* (scalar) operations. A matrix-vector product is
constituted by one multigrid cycle to solve Mz = y and one wave-
operator evaluation Az. The cost of the multigrid cycle is the cost on
the fine grid multiplied by =2, 1/87= % =1.15, with Q the number
of coarsening levels. On the fine grid and with the current implemen-
tation, the main operations are two Gauss-Seidel evaluations (corre-
sponding to one post-smoother with a symmetric Gauss-Seidel), one
wave-operator evaluation (related to the computation of the residu-
al), two restrictions (one for the pressure field and one for the veloci-
ty), one prolongation (for the pressure field), and one vector-vector
operation. A Gauss-Seidel evaluation is more or less similar to the
wave-operator evaluation. With a an eigth-order scheme, this means
approximately 70n° (because one works with complex numbers). A
restriction or a prolongation takes approximately 50n* operations.
After adding all of these operations, the number of floating-point op-
erations of one BICGSTARB iteration is y,n®, with 7, = 1200. From
the numerical results and the convergence plot, Figure 9, n;, = y,n,
with y,=0.5 and n; the number of BICGSTAB iterations. This
calculation gives the total number of operations for the iterative
solver, N%:
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NP = yn®,  with y = 600. (12)

Gradient computation

The number of discretization points depends on the current fre-
quency in the frequency domain and on the maximum frequency in
the time domain. We can write a formal system satisfied by the syn-
thetics c(n(f),v):

B(n(f),v)c(n(f),v) = s, (13)

where B is the wave operator and f is the current frequency in the fre-
quency domain or the maximum frequency in the time domain. The
least-squares misfit function is simply, with d the data,

% (14)

1) = Jleta0) - d

and the gradient (Plessix, 2006) is

‘”a(vv)= A(nm,v),%c(nm,v) . as)
with
Bn(.0) An(H.v) = (c - d). (16)

where (,) is the scalar product (in the time domain, this would corre-
spond to the crosscorrelation); B(n(f),v)" is the reverse time opera-
tor in the time domain and the adjoint operator in the frequency do-
main. System 16 is solved like system 13. If one ignores the memory
or input/output (I/O) requirements for the moment, the computation-
al cost of the gradient is roughly equal to twice the computational
cost of the wave operator.

Migration

As mentioned before, the migration requires the processing of a
large enough frequency band. Let us call f,,,, the maximum frequen-
cy. In the time domain, the least-squares misfit functional is

1
EHC(n(fmax)vv) - d||2 (17)

Therefore, the number of operations for the time-domain migration
isroughly

4
N?,fnig = 2N;)p =2an (fmax)' (18)
In the frequency-domain, the least-squares misfit functional is
l’lf 1
> llet(fy.v) - dlP, (19)
j=1

with n, the number of frequencies and f; € [0, fin.). When the num-
ber of grid points per wavelength is kept constant, n(f)
= filfmaxtt(finax) - For migration, the full frequency band is needed to
obtain a good resolution; f; = jAf, with Af the frequency spacing
and ;= fi/ Ay. Using equation 12 and the fact that 27, j*=n°/5,
the number of operations for the frequency-domain approach is
Znm*(fiw)- The Nyquist theorem tells us that Af = 1/T, with T the
recording time (this criterium can be slightly relaxed if we consider
the maximum offset [Mulder and Plessix, (2004)]. As mentioned

previously, T = ayn(fina) Ax/Umin. A discretization of five points per
minimum wavelength gives 5Ax = v, /nAf. Therefore, n,
= a,/5n(fmay)- The total number of operations for the migration with
the iterative Helmholtz solver is then roughly

Nig = 28 () With B = % ~48.  (20)
This shows that the number of operations for the frequency-domain
approach divided by the number of operations for the time-domain
approach is roughly 0.05x. This estimation indicates that the time-
domain migration is one order of magnitude faster for medium-sized
problems and will be even more advantageous for larger problems.

Full-waveform tomography

The full-waveform tomography requires the minimization of a
least-squares misfit functional. In the frequency domain, the mini-
mization is carried out per frequency (or per narrow frequency
band). In the time domain, the minimization is carried out per low-
pass filtered data. Given a frequency set (f;), the full-waveform to-
mography consists of a sequence of minimization problems:

5(f) = argmin, S en(f).0) ~ dF @)

with 0(f;-,) as the starting model.

The number of operations to compute c(n(f;),v) is given by equa-
tion 11 for the time domain and by equation 12 for the frequency do-
main. The two approaches have the same complexity. The number of
operations of the frequency-domain approach is roughly one half
that of the time-domain approach. Since the count of the floating-
point operations is crude, this result indicates that the time-domain
and the frequency-domain approaches require approximately the
same number of floating-point operations.

If one considers a survey of n; shots, the gradient computation of
the least-squares misfit function requires C'ngn* operations for the
frequency-domain iterative method and C'nn* for the time-domain
approach (C'=C'). The computation of the gradient with a direct
solver requires C{n® + C¢n,n* (Ashcraft and Liu, 1998) (n® corre-
sponds to the LU factorization of the matrix and n* to the matrix-vec-
tor products once the matrix is factorized, assuming a compact
scheme on the 27-point stencil (Operto et al., 2007). If n,< n?, this
shows that the time-domain or the iterative approaches are the meth-
ods of choice. If the survey is fully 3D, n, = C,n? and all of the ap-
proaches have the same complexity. For large problems, one should
use a parallelized implementation. The iterative method can a priori
be parallelized using domain-decomposition techniques. The time-
domain approach is also parallelized using domain-decomposition
techniques, for instance. The direct solver has been parallelized
(Amestoy et al., 2000). The method of choice now depends on the
constants C',C’, C{, C4, and C,. Except C;, these constants depend on
the efficiency of the parallelization and on the computer-cluster ar-
chitecture. An estimation of these constants is required to decide on
the method of choice from a computation-time point of view.

The memory requirement of these approaches is quite different.
The frequency-domain iterative method needs approximately 12 ar-
rays of n3 elements. Its memory requirement is then D'n?® bytes. The
frequency-domain direct solver needs D?n* bytes. A classic time-do-
main implementation needs D'n* bytes for the gradient computation.
However, with optimal checkpointing, the memory requirement de-
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creases to O(n’)log(n), while the computation time is only multi-
plied by O(log(n)) (Griewank, 1992). Symes (2007) showed the rel-
evance of this approach for reverse time migration. With n between
200 and 1000, log(n) is approximately 6 and can be included in the
constants. Thus, the memory requirement for the time domain be-
comes D5n® bytes. D5 is a priori larger than D/, but of the same order.
From a memory point of view, the time-domain or the frequency-do-
main iterative approaches are much cheaper compared to the fre-
quency-domain direct solver.

CONCLUSIONS

A 3D iterative solver for the wave equation with a preconditioned
BICGSTAB method has been studied in a geophysical context. The
preconditioner consists of a multigrid cycle applied to a heavily
damped wave equation. This leads to a robust iterative solver for the
undamped wave equation at seismic frequencies. A numerical study
based on 3D examples shows that the number of BICGSTAB itera-
tions increases roughly linearly with frequency. This confirms the
results obtained on 2D examples.

Based on the numerical results, the relevance for two imaging
problems has been studied. The migration is more efficiently solved
in time domain than in frequency domain. A rough count of the num-
ber of floating-point operations indicates that the time-domain ap-
proach is at least one order of magnitude faster for realistic size prob-
lems. The situation is different for the full-waveform tomography
based on a least-squares formulation and a scale separation. For this
problem, the two approaches have the same complexity and roughly
the same number of floating-point operations. With a full 3D prob-
lem, when the number of sources is proportional to the square of the
number of grid points in one direction, the time-domain and iterative
frequency-domain methods have the same complexity as the fre-
quency-domain method based on a direct solver. However, their
memory requirement is much smaller compared to that of the direct
solver.

The imaging problem requires the processing of multishot data. It
may still be possible to speed up the frequency-domain iterative
approach. For instance, solutions already computed may serve to
define a good initial guess. This remains an open question. A priori,
one can parallelize the iterative solver with a domain-decomposition
technique. The efficiency of this parallelization is also an open
question.
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APPENDIX A

MULTIGRID ON A 1D WAVE EQUATION

In this appendix, I directly apply the multigrid method on the
wave equation. With a simple 1D homogeneous model, I illustrate
that the multigrid solver for the wave equation only works with a
large viscous term, but does not work in a pure acoustic case. This is
why one cannot directly apply the multigrid method to solve equa-
tion 3 and a preconditioned Krylov-based iterative method is pro-
posed. This behavior has been discussed in the literature, for in-
stance, in Elman et al. (2001).

Letus consider the 1D wave equation
Pulx
0. (2 ) - kz(ﬂr + iﬁi)zu(x) = S()C), (A'l)
X

with Dirichlet boundary conditions, namely, # = 0 at the boundary
of the numerical domain. A second order scheme gives

Ui — 2u; + u;_ . B
- s e o L KB, + iB)uy =5, (A-2)

with j e [1,n — 1], u(0) = 0 and u(n) = 0, and n + 1 is the number
of discretization points. This leads to a linear system with a triangu-
lar matrix that can be solved with an LU decomposition. The solu-
tion obtained with this direct solver is called “exact.” For the numer-
ical examples, I consider a velocity of 2000 m/s, a frequency of
10 Hz, i.e., a wavenumber equal to 7/100, and a discretization of
5 mand 257 points. I apply one multigrid V-cycle and a direct solver
on the coarsest grid. When the discretization spacing on the coarse
grid is 24, this corresponds to g coarsening levels. I look at the cases
g =1,2,3,4, and 5. The results after one multigrid V-cycle are
shown in Figure A-1 for the pure acoustic case (B8, = 1,8, = 0), in
Figure A-2 for a viscoacoustic case with a mild damping (3,
=1, B; = 0.1), and in Figure A-3 for a heavily damped viscoacous-
tic case (B, = 1, B; = 1). With the pure acoustic case or the mildly
damped viscoacoustic case, the results obtained with one multigrid
V-cycle do not approximate the true solution when more than three
coarsening levels are applied. In fact, as noted by many authors, for
example, Elman etal. (2001), because of the indefiniteness of the lin-
ear system, the solution on the coarse grid does not approximate the
smooth part of the true solution. The situation is different with the
heavily damped viscoacoustic case, because now the equation be-
haves like a diffusive equation, namely, the response is attenuated
over approximately a wavelength. One multigrid V-cycle does ap-

One coarsening level

Normalized amplitudes

0 0.2 0.4 0.6 0.8 1 1.2
x (km)

Figure A-1. Solutions in the pure acoustic case (8, = 1,8; = 0). The
blue line corresponds to the exact solution (obtained with a direct
solver), and the dotted red lines correspond to the solutions obtained
after one multigrid V-cycle when one to five coarsening levels are
used.
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proximate the true solution. The multigrid method is not the only
method that would successfully solve the damped system. One uses
it because it has the optimal complexity.

I now use the heavily damped viscoacoustic approximated solu-
tion as a preconditioner to solve iteratively the undamped acoustic
case as proposed in Erlangga et al. (2004, 2006). The BICGSTAB it-
erative solver without preconditioner converges in 440 iterations to

One coarsening level

o —

|
-

Two coarsening levels

o -

|
-

Normalized amplitudes

0 0.2 0.4 0.6 0.8 1 1.2
x (km)

Figure A-2. Solutions in the mildly damped viscoacoustic case (3,
= 1,8, = 0.1). The blue line corresponds to the exact solution (ob-
tained with a direct solver), and the dotted red lines correspond to the
solutions obtained after one multigrid V-cycle when one to five
coarsening levels are used.

One coarsening level

. N

Two coarsening levels
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;

Three coarsening levels
T T

Normalized amplitudes
o

:

Four coarsening levels
‘ ‘

Five coarsening levels
! /\ |
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Figure A-3. Solutions in the heavily damped viscoacoustic case (3,
=1,B; = 1). The blue line corresponds to the exact solution (ob-
tained with a direct solver), and the dotted red lines correspond to the
solutions obtained after one multigrid V-cycle when one to five
coarsening levels are used.

the undamped 1D acoustic solution. If the BICGSTAB method is
preconditioned by a mildly damped viscoacoustic wave equation,
the solver converges in seven iterations to the undamped 1D acoustic
solution. Unfortunately, the mildly damped viscoacoustic equation
cannot be easily solved. If the BICGSTAB method is preconditioned
by a heavily damped viscoacoustic wave equation, the solver con-
verges in 19 iterations to the undamped 1D acoustic solution, and
one can approximately solve the heavily damped viscoacoustic
equation with one multigrid cycle.
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