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Amplitude, Fresnel zone, and NMO velocity
for PP and SS normal-incidence reflections

Einar Iversen’

ABSTRACT

Inspired by recent ray-theoretical developments, the
theory of normal-incidence rays is generalized to ac-
commodate P- and S-waves in layered isotropic and
anisotropic media. The calculation of the three main
factors contributing to the two-way amplitude — i.e.,
geometric spreading, phase shift from caustics, and ac-
cumulated reflection/transmission coefficients — is for-
mulated as a recursive process in the upward direction
of the normal-incidence rays. This step-by-step ap-
proach makes it possible to implement zero-offset am-
plitude modeling as an efficient one-way wavefront con-
struction process. For the purpose of upward dynamic
ray tracing, the one-way eigensolution matrix is intro-
duced, having as minors the paraxial ray-tracing matri-
ces for the wavefronts of two hypothetical waves, re-
ferred to by Hubral as the normal-incidence point (NIP)
wave and the normal wave. Dynamic ray tracing ex-
pressed in terms of the one-way eigensolution matrix
has two advantages: The formulas for geometric spread-
ing, phase shift from caustics, and Fresnel zone ma-
trix become particularly simple, and the amplitude and
Fresnel zone matrix can be calculated without explicit
knowledge of the interface curvatures at the point of
normal-incidence reflection.

INTRODUCTION

For thirty years, the theory of normal-incidence rays has gar-
nered great attention and enthusiasm among researchers in
the field of seismic exploration. The period around 1980 was
especially creative for the development of ray theory in gen-
eral and for the theory of normal-incidence rays in particular.
Hubral and Krey (1980) give an excellent explanation of the

normal-incidence ray concept and its role in seismic modeling,
processing, and velocity estimation. It must be noted, how-
ever, that the normal-incidence ray was introduced with the
assumptions of isotropic layers and P-wave mode along the
entire path. Such limitations do not seem to harmonize with
the current focus on anisotropy and S-waves within seismic
exploration. Therefore, the principal objective of this paper is
to present an updated theory for normal-incidence rays that
takes into account propagation of P- and S-waves in isotropic
and anisotropic structures.

A normal-incidence ray is, by definition, subjected to a
normal-incidence reflection at some point located on the ray.
For this NIP, I use the notation M, and the surface on which M
is situated is the NIP interface (see Figure 1a). The original un-
derstanding of a normal-incidence reflection, based on the as-
sumption of isotropy, is that the ray is normal to the interface
at point M. For anisotropic conditions, this is not necessar-
ily the case, but to avoid complicating the terminology, I pre-
fer to use the term normal-incidence rays even for anisotropic
media. Such rays are understood to carry a normal-incidence
property — namely, the slowness vector of incidence is nor-
mal to the NIP interface. Other characteristics of the normal-
incidence ray are that the source point S and the receiver point
R coincide (at point X in Figure 1a) and that the one-way rays
referred to as the source ray (S — M) and the receiver ray
(R — M) are identical. The upward and downward directions
of the normal-incidence ray are understood, respectively, as
the directions M — X and X — M.

Normal-incidence rays have many applications. The most
obvious of these is modeling synthetic seismograms for the
zero-offset case. A zero-offset survey is a virtual seismic sur-
vey configuration where only one receiver point is attached to
each source point and where the source and receiver occupy
the same position. Other applications are mapping arrivals
from the zero-offset time domain to the depth domain, calcu-
lating normal moveout (NMO) velocities and corresponding
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approximations for traveltimes in the common midpoint (CMP)
domain, and estimating Fresnel zones and Fresnel volumes.

The objective of any zero-offset modeling approach is to
simulate a physical wave that is initiated as a point source at
the coinciding source/receiver point and then is propagated
downward to a certain interface, where it is reflected and prop-
agated back to the source/receiver (Figure 2a). For simplicity,
I refer to this physical wave as the reflected wave.

An important relation to the normal-incidence ray is pro-
vided by Hubral (1983). He shows that the wavefront cur-
vatures of the reflected wave can be expressed as a sum of
the wavefront curvatures of two hypothetical waves corre-
sponding to upward (one-way) propagation along the normal-
incidence ray. These one-way waves are (1) the normal wave
(Figure 2b), with the initial condition that the curvature matrix
of the wavefront at point M is equal to the interface curvature
matrix, and (2) the NIP wave (Figure 2c), which is initialized
as a point source at M. Hubral and Krey (1980) and Chernyak
and Gritsenko (1979) have proved the so-called NIP-wave
theorem, which states that knowledge of the second deriva-
tives of the traveltime function for the NIP wave is sufficient
for determinating a second-order approximation to the travel-
time within the CMP domain (Appendix E). Ursin (1982) de-
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Figure 1. (a) Normal-incidence ray (dashed) with coinciding
source/receiver at point X and normal-incidence point M. The
slowness vector p(M) is normal to the NIP interface. Finite-
offset ray (solid) is for source point S, receiver point R, com-
mon midpoint X, and reflection point Q. (b) Numbering of
ray/interface intersection points in a recursive scheme for am-
plitude calculation in the upward direction along the normal-
incidence ray.

velops quadratic approximations to the traveltime (parabolic
approximation) and the traveltime squared (hyperbolic ap-
proximation) valid for finite-offset rays in the vicinity of a ref-
erence normal-incidence ray. Gjgystdal et al. (1984) compare
the two approximations for 3D models of different complex-
ity. Iversen and Gjgystdal (1984) utilize the NIP-wave theo-
rem in a tomographic-inversion process based on minimizing
the misfit between observed and computed NMO velocities.
The kinematic attributes of the reflected wave, e.g., the trav-
eltime T(R, S), are obtained trivially by one-way tracing of
the normal-incidence ray. On the other hand, the determina-
tion of dynamic attributes by a one-way process is far from
trivial. This problem is addressed by Hubral et al. (1993),
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Figure 2. Rayfields corresponding to waves associated with
normal-incidence rays. (a) The physical reflected wave. (b)
The hypothetical normal wave. (c) The hypothetical NIP
wave.
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assuming the reflected wave to be a P-wave propagating in a
3D isotropic elastic medium. For a perfectly elastic medium,
the amplitude of the reflected wave is influenced by three main
propagation effects: the geometric spreading, the phase shift
from caustics that affects the shape of the recorded signal, and
the accumulated effect of reflection and transmission at in-
terfaces. Hubral et al. (1993) focus on the estimation of the
two former quantities by use of dynamic ray tracing (Cerveny,
1985) and surface-to-surface ray-propagator theory (Bortfeld,
1989). Assuming the complete normal-incidence ray to be
known, they show that the geometric spreading and the phase
shift from caustics can be obtained by dynamic ray tracing,
either in the downward or upward direction. A particularly
striking result is that a single downward integration of the dy-
namic ray-tracing system, with the initial condition of a point
source, is sufficient to obtain both quantities.

In this paper I address aspects of the theory of normal-inci-
dence rays that extend the generality considered by Hubral
et al. (1993). The reflection at the normal-incidence point is
allowed to be PP or SS, and the velocity model may consist
of isotropic and anisotropic elastic layers. In the case of S-
wave propagation in anisotropic layers, [ consider elementary
S-wave modes only (e.g., S1 or S2) that are completely de-
coupled (not exposed to singularities). An important objec-
tive has been to reformulate the equations for the two-way
geometric spreading, the phase shift resulting from caustics,
and the accumulated effect of reflection/transmission to make
possible an efficient step-by-step calculation in the upward di-
rection.

The presented aspects are based on five theoretical build-
ing blocks: (1) the theory of (standard) ray-propagator ma-
trices (Cerveny, 1985), (2) the theory of surface-to-surface
ray-propagator matrices (Bortfeld, 1989), (3) the theory ex-
pressing seismic attributes for the reflected wave in terms
of the wavefront curvatures of the NIP wave and the nor-
mal wave (Hubral, 1983), (4) the theory expressing seismic
attributes for the reflected wave in terms of surface-to-
surface ray-propagator matrices (Hubral et al., 1983), and
(5) the theory describing reciprocity of normalized reflec-
tion/transmission coefficients for isotropic and anisotropic me-
dia (Chapman, 1994; Cerveny, 2001).

The paper is organized in four sections describing the
methodology, followed by a section including numerical ex-
amples. The first section presents formulas for one-way (up-
ward) calculation of the reflected-wave amplitude of P and S
types. The second section reviews the theories of standard ray-
propagator matrices and surface-to-surface ray-propagator
matrices. Based on these theories, I introduce in the third sec-
tion the one-way eigensolution matrix for the normal-
incidence ray. The fourth section describes the determination
of various seismic attributes: relative geometric spreading, the
Fresnel zone matrix, phase shift as a result of caustics, and
NMO velocity related to the traveltime function of the CMP
domain.

RAY AMPLITUDES

In the first of two subsections, I write the basic formulas
describing the amplitudes of generally reflected and transmit-
ted rays in a form applicable to models containing isotropic
and anisotropic layers. The second subsection concentrates

specifically on the computation of amplitudes along normal-
incidence rays.

Finite-offset rays

For a ray with separated start and end points S and R, the
high-frequency approximation to the displacement vector of a
body wave is

u(R, 1) = UR)F[t — T(R, S)]. (1)

In equation 1, the time variable is denoted as 7, and T(R, S) is
the traveltime along the ray. The scalar function F is a high-
frequency, complex-valued signal consisting of the source
wavelet (real part) and its Hilbert transform (imaginary part);
U denotes the vectorial ray-theory, complex-valued amplitude
function. Equation 1 is valid for any coordinate system but is
considered here for a local Cartesian system specified by three
orthonormal basis vectors £, m = 1, 2, 3. The basis £ is de-
fined differently for anisotropic and isotropic conditions. If the
medium is anisotropic, £ = g™ where gV, g@®, and g® are
the unit polarization vectors for, respectively, the S1-wave, the
S2-wave, and the P-wave. We assume that vectors gV and g
can be determined uniquely as eigenvectors of the Christof-
fel matrix. If the medium is isotropic, a natural choice for f (m)
is the basis of the ray-centered coordinate system (Popov and
Psencik, 1978), i.e., £ = e for m = 1,2, 3. The vector e®
is tangent to the ray and parallel to the slowness vector in this
case.

Formulas for components of the amplitude vector U cor-
responding to a point source at S are given separately for
isotropic and anisotropic structures (Cerveny, 2001, 458 and
510). Using the basis £, the two formulations can be com-
bined as

. p(S)c(5) 1"
U@ = L(RMR)]
exp[iT°(R, S)]

£ C (), o
L(R.S) R G (S;y. ). )

Here, ¢ denotes the phase velocity of the wave under con-
sideration at points S and R (P- or S-wave if the medium is
isotropic; P-, S1-, or S2-wave if the medium is anisotropic)
and p is the density. The quantities 7¢ and £ denote, re-
spectively, the total phase shift from caustics and the relative
geometric spreading along the ray. The quantity Q(f) in equa-
tion 2 is the so-called 3 x 1 radiation matrix, having as argu-
ments the ray parameters y; and y», e.g., two angles specifying
the direction of the slowness vector at S, and R~ is the 3 x
3 matrix of accumulated normalized reflection/transmission
(R/T) coefficients. The matrix R is given as a product of 3 x
3 matrices of normalized R/ T coefficients, one such matrix for
each interface encountered along the ray. For K ray/interface
intersections in points Q1, Qo, ..., Qk, we have

1
R = [[ R (00) = RT(0)R" (0x-1)... R (0.
k=K
(3)

The matrix of normalized R/T coefficients at a specific
point Q, is related to the matrix R of (nonnormalized) R/ T
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coefficients by
1/2

p(0r)v(Qx) cos ¥ (Oy)
p(Qi)v(Qr) cos ¥ ( Q)

Here, Q; and 0y refer, respectively, to the sides of incidence
and departure at point Q. The symbol ¥ is used for the acute
angle between the interface normal and the group velocity
vector. The group velocity is the length of the group velocity
vector, and is denoted as v. To calculate the R/ T coefficients
R;; of matrix R, see the detailed description in Cerveny (2001).

An important property of the matrix R is reciprocity, mean-
ing that

R(Q:) =R (4)

R(01) =R (Qx). )

Thus, the normalized matrix of R/T coefficients of a plane
wave approaching point Q, in the reverse direction of the ray
(R — S)is equal to the transpose of the corresponding matrix
of the plane wave approaching Q, in the forward direction
(S — R). The vectorial amplitude functions before and after
reflection or transmission in a point Q; are connected by the
linear relation

UD(Qr) = RT (00U (0y). (6)

Equations 2-6 can be simplified considerably for specific
wave types. For example, if a P-wave is to be simulated along
the entire ray, the formula for the complex-valued amplitude
has the scalar form

1/2
Fron [ 0(8)ec(S) T
Us"(R) = | =
p(R)c(R)
expliT°(R, S)]
L(R,S)

where the coefficient R is given by the product

REGI (S 1), ()

R = [[R(Q0) = RI@)IR(Qk-1) .. . R(Qk).  (8)

k=1

A formula similar to equation 7 pertaining to isotropic layers
is obtained by Ursin (1990).

Normal-incidence rays

Consider again the 3 x 3 matrices of normalized R/ T coeffi-
cients in equations 4 and 5, but let Q; be situated on a normal-
incidence ray. The matrices R(Qy) and R(Q;) now correspond
to propagation, respectively, in the upward and downward
direction along the normal-incidence ray. I infer from equa-
tions 4 and 5 that

R”(0:) = R(Qy) p(0i)v(Ox) cos ¥ (Qx)

p(Qu)v(Qr) cos Y (Qx)

For the normal-incidence ray, the sequence of ray/interface
intersection points Q;, k =0, 1, ..., K, corresponds to the up-
ward direction along the ray, with Q, as the normal-incidence
point (Figure 1b). Since the source and receiver coincide, we
have p(S) = p(R), and the symmetry of the source and re-
ceiver rays gives c¢(S) = c¢(R). Based on equation 2 as well as
on the reciprocal property of matrices of normalized R/T co-
efficients in equation 5, the vectorial amplitude function corre-
sponding to two-way propagation, obtained solely by one-way

©)

calculations, is

exp[iT*(R, S)] H {p@k)v(@)cosw@k)
L(R,S) P(Q)v(Qx) cos Y (Qx)

UY)(R) =
k=1

1 K
x [[R"(Q0OR"GO[R(2)EG(S: 1. ).

k=K k=1
(10)

Equation 10 is well suited for a recursive calculation of the
two-way amplitude function in the upward direction of the
normal-incidence ray. One can rewrite the equation as

eXp[lTC(R’ S)] ﬁC(QK)g(f)

UO(R) = L(R, S)

(S; 71, 72,
(11)
where the 3 x 3 matrix ’fZC(Q k) includes the accumulated
normalized R/ T coefficients corresponding to the two-way se-
quence of points Qx — M — Q. A natural way to proceed
during the calculation of 7A2’,C(Q k) is to do the operation

e p(01)v(Qx) cos ¥ (Qx)
R =
(0= (@00 cos (01
xR (QOR (e DR(Q))  (12)
successively for the values k = 1,2, ..., K. The process is ini-

tialized for k = 0 by setting
A C N
R (Qo) =R (M). (13)

If the wave mode is P along all ray segments, there will be
only R/T coefficients of type PP. From equations 11-13, the
two-way P-wave amplitude coefficient is then given by

) expliT*(R, 5)] 1,c 0

3 ( ) E(R, S) (QK)g3 ( V1 VZ) ( )
Here, the scalar R€(Qx) can be obtained recursively for k =
1,2,..., K by the formula

c ~ p(Q)v(0x) cos ¥ (Qx) 25C
R0 = p(Qi)v(Qx) cos 1/’(Qk)[R33(Qk)] R (ngllg;
with the initialization

RE(Qo) = Rx3(M). (16)

For an elementary S-wave propagating through a sequence of
anisotropic layers, the equations for recursive updating of the
accumulated normalized R/T coefficient are completely anal-
ogous to equations 14-16. On the other hand, if all layers are
isotropic, the complete S-wave amplitudes are expressed by
the two-component vector

expliT*(R, )]

U(R) = L(R. S)

RE(Qx)GV(S; 1, 1), (17)

where R and GV are 2 x 2 and 2 x 1 matrices, respectively.
The recursion formula for R is

c _ p(0r)v(Qx) cos ¥ (Oy)
R0 = L 0,)0(0s) cos ()
x RT(Q)RE(Qr-1)R(Qx).  (18)

All matrices in equation 18 are 2 x 2.
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For a P-wave, the vectorial amplitude function Uy is ei-
ther real valued or purely imaginary, depending entirely on
the phase shift attributable to caustics. For S-waves, however,
the real and imaginary parts of the vector UY) may both be
nonzero.

RAY-PROPAGATOR MATRICES

This section reviews the definitions of ray-propagator ma-
trices and two important results for normal-incidence rays ob-
tained by Hubral et al. (1993).

For a ray starting and ending, respectively, at points S and
R, a4 x 4 ray-propagator matrix has the definition

Qi(R,S) Q2(R,S)

(R, §) = Pi(R,S) Pi(R,S)

. (19)

The minors of types Q and P correspond to the wavefront-
orthonormal coordinate system (Cerveny, 2001), a local
Cartesian coordinate system with axes changing continuously
along the ray. The system has three orthonormal basis vec-
tors — e®, e@ and e® — where e® is normal to the wave-
front and points in the direction of the slowness vector. For
an isotropic medium the wavefront-orthonormal coordinate
system coincides with the ray-centered system. The submatri-
ces of the ray-propagator matrix are 2 x 2 paraxial ray-tracing
matrices. Moreover, the sets of matrices Q, P, and Q,, P, cor-
respond to wavefronts with initial conditions as a plane wave
and as a point source, respectively. Some characteristics of the
ray-propagator matrix IT are described in Appendix A.

The minors of the ray-propagator matrix II(R, S) may be
projected into local Cartesian coordinate systems associated
with interfaces on which points S and R are assumed to be
located. The transformations to local interface coordinates
lead to the so-called surface-to-surface ray-propagator ma-
trix T(R, S) (Bortfeld, 1989), with many useful properties and
applications (Hubral et al., 1992a, b). The 4 x 4 surface-to-
surface ray-propagator matrix is expressed in terms of four 2 x
2 submatrices A, B, C, and D:

A(R.S) B(R, S)]

T(R.§) = C(R,S) D(R,S)

(20)

A summary of the properties of the surface-to-surface ray-
propagator matrix is given in Appendix B. Matrix T(R, S) is
related to matrix II(R, S) by

T(R, S) = Y(R)II(R, S)YL(S). (21)

The 4 x 4 matrix Y describes the projection of paraxial ray
coordinates and slowness vector components from the wave-
front-orthonormal system to the local-interface system at ei-
ther S or R. To allow the surface-to-surface propagator matrix
T(R, S) to pertain to arbitrarily anisotropic inhomogeneous
media, I use the form of Y derived by Cerveny (2001; refer to
Appendix C for details).

Let the surface-to-surface ray-propagator matrices corre-
sponding to downward and upward propagation along the
normal-incidence ray be denoted as

A' BY
C! DY

A' B!
C' D’
(22)

The chain rule in equation B-5 for surface-to-surface ray-
propagator matrices yields

T(R,S) =T'T*. (23)

Following Hubral et al. (1993), the matrix T(R, S) can be ex-
pressed alternatively in terms of matrices corresponding to
downward propagation,

IR, ) = 2DV"AY -1 2B/'D! ”
T 24 et 2AYDY -1
or upward propagation,
IR, $) = 2AD —1  2A'BY 05)
B ) > 1Y L) IV.NES |

In equations 24 and 25, I'is the 2 x 2 identity matrix.

ONE-WAY EIGENSOLUTION MATRIX
FOR THE NORMAL-INCIDENCE RAY

As with the surface-to-surface ray-propagator matrix
T(R, S), it can be useful to express the matrix II(R, S) solely
in terms of paraxial ray-tracing matrices corresponding to in-
tegration in one direction along the normal-incidence ray. For
upward integration, I introduce in this section the one-way
eigensolution matrix.

Applying the chain rule in equation A-6 to the normal-in-
cidence ray, we get

II(R, S) = II(R, M)II(M, M)TI(M, S),  (26)

where the interface propagator matrix II(M, M) is

r 0 27
20 (MYD(MIF 1| @)

(M, M) = l
Here, ¢(M) is the phase velocity in the direction normal to the
interface at point M, and D(M) is the 2 x 2 interface curvature
matrix, given relative to local interface coordinates. The 2 x 2
matrix I* has the definition

. _[-1 0
=0 e

The matrix II(M, S) in equation 26 can be expressed in
terms of the minors of matrix II(R, M), using equation A-5 de-
scribing back-propagation. The latter minors are subsequently
expressed in terms of paraxial ray-tracing matrices associated
with the NIP wave and the normal wave. The set of paraxial
ray-tracing matrices for the NIP wave is denoted as Qrp, Pnip-
Recalling the description of the NIP wave from the introduc-
tion, the matrices Qnip, Pnxip must be subjected to point-source
initialization at the starting point, which is the point of normal-
incidence reflection M. Hence, Qnip and Pyp have the defini-
tions

Qnip(R) = Q2(R, M), Pnip(R) = Po(R, M).  (29)

The dynamic ray tracing for the NIP wave must satisfy the ini-
tial conditions

Qnip(M) =0, Pnxip(M) =L (30)
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Furthermore, let the set of paraxial ray-tracing matrices for
the normal wave be denoted as Qu, Py. This set of matrices
is similar to the set Q;(R, M), P;(R, M) included in the stan-
dard ray-propagator matrix IT(R, M) belonging to the upward
direction of the normal-incidence ray, with the important dis-
tinction that the initialization of Qy, Py does not rely on an
initial plane wave at point M. Rather, Qy, Py must be initial-
ized such that the curvatures of the wavefront are equal to the
curvatures of the NIP interface at M.

At the receiver, the 2 x 2 matrices of second derivatives of
traveltime for the normal wave and the NIP wave are related
to the paraxial ray-tracing matrices by

My (R) = Py(R)Qy'(R). Mxip(R) = Pxip(R)QRjp(R).

(1)
The corresponding wavefront curvature matrices Ky (R) and
KNIP(R) are

Ky(R) = c(R)My(R), Knip(R) = c¢(R)Mnip(R).

(32)
It is assumed that the local interface coordinate system at
point M coincides with the initial wavefront-orthonormal co-
ordinate system defined for upward dynamic ray tracing. Con-
sidering equations 31 and 32, the initial conditions for normal-
wave dynamic ray tracing can be written

Qyv(M) =1,
Thus, after upward propagation we have the result

Qn(R)
Py(R)

Py(M) = c Y(M)D(M). (33)

1 =TI(R, M) [ (34)

I
cl(M)’D(M)] '

Using equation 34, one can express the paraxial ray-tracing
matrices corresponding to an initial plane wavefront at M as
follows:

Qi(R, M) = Qn(R) — ¢ (M)Qnip(R)D(M),
(35)
Pi(R, M) = Py(R) — ¢ 1 (M)Pxp(R)D(M).

By combining equations 26, 27, A-5, and 35, we can eliminate
the paraxial ray-tracing matrices Q;(R, M) and P, (R, M) from
the two-way ray-propagator matrix II(R, S). The result is

(2QnipPL +DI*  2QnpQLT*
PPl (2PnpQf — DI

Equation 36 illustrates that knowledge of the paraxial
ray-tracing matrices corresponding to the normal wave and
the NIP wave is sufficient to determine the two-way ray-
propagator matrix and hence to determine the paraxial ray-
tracing matrices of any wavefront considered for two-way
propagation along the normal-incidence ray. As a byproduct
of the derivation of equation 36, we find that the following re-
lations are invariant along the ray:

QnPlp — QuipPl =1, Qv QLp — QnipQL =0,
PyPLp — PaipPl =0, PrxipQf — Py Qe =L
(37)

TII(R, S) = (36)

In the spirit of Hubral (1983), I define the one-way eigensolu-
tion matrix associated with the normal-incidence ray as

Qn Qnrp

®(R, M) =
( ) Py Pxrp

(38)

Using equation 36 and the invariant relations in equation 37,
one can write the two-way ray-propagator matrix in terms of
the one-way eigensolution matrix as

o

I
II(R, S
( )[0—1* 01

®(R, M) = ®(R, M) l 0 ] . (39)

Equation 39 visualizes an important aspect mentioned by
Hubral (1983) — namely, that the NIP wave and the normal
wave can be considered as eigensolutions or eigenwavefronts
of the normal-incidence ray problem. Considering equa-
tion 21 and the equations in Appendix C, it is clear that the
one-way eigensolution matrix ®(R, M) has a simple relation
to the surface-to-surface ray-propagator matrix T(R, M) cor-
responding to upward propagation:

T(R, M) = Y(R)®(R, M). (40)

Thus, the one-way eigensolution matrix can be considered as
a special version of the surface-to-surface ray-propagator ma-
trix, for which the surfaces at M and R are, respectively, the
NIP interface and a plane perpendicular to the slowness vec-
tor at the receiver.

From the ray-propagator matrix in equation 36, one can de-
rive the relations (see Appendix D)

Q(R, S) = 2(Mnp — My) "I, (41)

M (R, S) = 1(Mnip + My). (42)

Equations 41 and 42 correspond, respectively, to Hubral’s
(1983) equations 24a and 24b. In the case of rays confined to a
plane, Hubral (1983) expresses in his equation 13 a matrix sim-
ilar to T(R, §) in terms of the wavefront curvatures (scalars)
Knip and K. The corresponding relation for the 3D case is

(Z(MNIP — MN)ilMN =+ I)I* Z(MNlp — MN)ill*
2Mnip(Mnip — My )" MyI* (2Mnip(Mnip — My) ™! = DI

(43)

T(R. S) =

DETERMINATION OF SEISMIC ATTRIBUTES

In the following we determine seismic attributes based on
numerical integration in one direction along the normal-
incidence ray, using either the surface-to-surface ray-propa-
gator matrix formulation or the one-way eigensolution formu-
lation. An important basis for this section is the fact that the
two-way surface-to-surface ray-propagator matrix T(R, §) can
be expressed in terms of submatrices of the one-way matri-
ces TY and T' by equations 24 and 25. The standard two-way
ray-propagator matrix II(R, S) is, on the other hand, given by
equation 36 in terms of the submatrices of the one-way eigen-
solution matrix ®.
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Relative geometric spreading

Consider the relative geometric spreading L(R, S) included
in equation 2 for the seismic amplitude function. The relative
geometric spreading is defined as

L(R, S) = |det Q(R, S)|'/2. (44)

Looking at the relative geometric spreading in the perspec-
tive of surface-to-surface ray-propagator theory, we can use
the result

v(R)

L(R, S) = B

obtained by Schleicher et al. (2001) (see also Appendix C).
For isotropic conditions at the common source/receiver, the
group and phase velocities are equal, and the angle of inci-
dence of the group velocity vector (group angle 1) equals the
angle of incidence of the slowness vector (phase angle ¢). This
gives

cos ¥ (R) |det B(R, $)|'/2, (45)

L(R, S) = cos¢(R) |det B(R, S)|"/* . (46)

The calculation of the determinant of the matrix B(R, S) can
be based alternatively on the submatrices of the matrices TV
or T' since, from equations 24 and 25, we have

B(R,S)=2B''D',  B(R,S)=2A"B'. (47

In dynamic ray tracing, matrix types A, B, C, and D occur in
pairs as the sets A, C and B, D. Therefore, one can observe
that the set of paraxial ray-tracing matrices B¥, DV is sufficient
to obtain L(R, S) if dynamic ray tracing is performed in the
downward direction of the normal-incidence ray. In the case
of upward integration, two sets of paraxial ray-tracing matri-
ces (A", C" and B, D') are required.

On the other hand, we have from equation 36 that the par-
axial ray-tracing matrix Q,(R, S) can be obtained by

Qa(R, S) = 2QnpQLT". (48)

Thus, the relative geometric spreading for the reflected wave
can be computed from the simple formula

L(R, S) =2LnpLy. (49)

On the right-hand side of equation 49, we find the geomet-
ric spreading corresponding to the NIP wave and the normal
wave:

Lnip = |det Qurpl'/?, Ly =|detQy[*.  (50)

Fresnel zone matrix

The next attribute to be considered is the Fresnel zone ma-
trix for the NIP interface. Let f denote the frequency of a har-
monic wave. We establish a local coordinate system with co-
ordinates (z1, z2, z3) at the normal-incidence point M, with the
zz-axis normal to the interface. Furthermore, a two-
component vector Z = (z1, z2)7 is defined to contain only the
tangential components of position with respect to the inter-
face. The projected Fresnel zone on the NIP interface corre-
sponding to the frequency fis then

Z’MFz| = £, (51)

where the 2 x 2 matrix MF is the Fresnel zone matrix.

Hubral et al. (1993) derive the following expressions for the
Fresnel zone matrix:
M’ =2D'B', MF=2BTT'AT. (52)
The formulas in equation 52 are valid for isotropic and ani-
sotropic media if appropriate projections are used (Ap-
pendix C). For downward and upward propagation, the matrix
B(R, S) can be decomposed by
B(R,S)=B''M'B',  B(R.5)=B'M'B'". (53
The Fresnel zone matrix can be expressed in terms of the
Q matrices for the NIP wave and the normal wave as

M’ =2Q5Qw- (54)

The matrix Q,(R, S) is decomposed with respect to the matri-
ces Qnrp and M7 by

Qu(R, S) = QuipM" QfpI". (55)

Phase shift from caustics

The phase shift 7¢(R, S) from caustics in equation 2 is given
by

T(R, S) = —k(R, S)%. (56)

The quantity k(R, S) is the KMAH index, defined as the to-
tal number of elementary caustics passed between points S
and R. The term, introduced by Ziolkowki and Deschamps
(1980), acknowledges the work of Keller, Maslov, Arnold,
and Hormander. Kravtsov and Orlov (1980) use the term in-
dex of the ray trajectory. The theory for decomposition of
the KMAH index (Goldin, 1991; Goldin and Piankov, 1992;
Hubral et al., 1992b; Schleicher et al., 1993a), and equation 55
for the decomposition of the matrix Q,(R, ) yield the KMAH
index for the reflected wave as

k(R, S) = 2knip + k¥ (M). (57)

Here, knip is the KMAH index for the NIP wave and k¥ (M)
can be obtained by

k"(M) = 1[2 — SgnM" (M; R, S)]. (58)

The signature SgnM” represents the number of positive eigen-
values minus the number of negative eigenvalues. As pointed
out by Cerveny (2001, 383-384), one also can write

SgnM* = SgnM; + SgnM,, (59)

where M; and M, denote the two eigenvalues of the Fres-
nel zone matrix. Thus, the KMAH index for the reflected
wave can be computed by checking the KMAH index for the
NIP wave during the upward propagation toward the receiver,
followed by calculation of the term k(M) once R has been
reached.

Equation 48 shows that the KMAH index for the reflected
wave can be expressed alternatively as the sum

k(R, S) = ky + knip, (60)
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where ky is the KMAH index for the normal wave. Thus,
k¥ (M) can be reformulated as

k(M) = ky — knip. (61)

The KMAH index for a wave originating as a point source
is reciprocal (Klimes, 1997). This makes equations 57 and 60
also applicable to elementary S-waves in anisotropic media,
for which a so-called anomalous phase shift may occur at the
source. Klime§ (1997) and Bakker (1998) give mathematical
recipes for how the KMAH index can be computed along a
ray in an anisotropic model.

NMO velocity

The hyperbolic aproximation to the traveltime function of

the CMP domain is
2

-
vmo(?)
Here, Ty is the two-way zero-offset traveltime, r is the source-
receiver offset, and 6 denotes the azimuth of the line pro-
file under consideration. Following Hubral et al. (1993), the
squared NMO velocity can be expressed as

v2 ) = ;
NMOR/™ ToeT (0)M™e(6)

Teup(R. S) = Ty + (62)

(63)

where the 2 x 2 matrix M® is related to the minors of the
matrices TV and T' as follows (Schleicher et al., 1993b):

-1 -1
MO =B AY, MW =D'B'. (64)
a)
1.0 - |
T 20
=3
w30
=
é} 4.0 1
5.0
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E—
7.0
20 80
40 80 80 100 120 140 2_04_060
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Figure 3. Velocity model for numerical examples. A cross sec-
tion at horizontal coordinate y = 5.0 km is shown for (a) ver-
tical P-wave phase velocity, (b) Thomsen’s parameter €, and
(c) Thomsen’s parameter §. The model is truly 3D since the
high-velocity region is spherical.

A proof is included in Appendix E. The two-component unit
vector €(6) in equation 63 has the definition

€(0) = (cos,sinh). (65)

Equation 63 is valid for isotropic and anisotropic models. For
anisotropic conditions at sources and receivers distributed on
a planar and horizontal surface, the projection formula for the
matrix Myyp is

M = E(R)+[G(R)— A" (R)Mnir [G(R)— A" (R)]".

(66)
For a definition of the quantities in equation 66, see App-
endix C.

The hyperbolic approximation in equation 62 is exact for a
homogeneous isotropic medium but is generally inadequate
for large source-receiver offsets in anisotropic media. To at-
tain better accuracy and provide a more relevant basis for ve-
locity analysis, equation 62 is expanded to the fourth order
(Tsvankin and Thomsen, 1994) and higher. In such nonhyper-
bolic approximations, the NMO velocity given by equation 63
has a role even in the higher-order terms, e.g., in the quartic
coefficient.

NUMERICAL EXAMPLES

The recursive approach that permits the amplitude of the
reflected wave to be obtained solely by upward calculations
along the normal-incidence ray has been implemented for 3D
layered models with vertical polar anisotropy in the layers. In
the following, examples are shown that demonstrate the appli-
cability of this one-way amplitude-modeling method.

The model coordinates are referred to in this section as x, y,
and z. Consider a velocity model consisting of three main lay-
ers (Figure 3) separated by two interfaces. The upper inter-
face is a horizontal plane; the lower interface is shaped as a
syncline with no variation in the y-direction. The upper layer
is homogeneous, with parameters Vp = 2.0 km/s, ¢ = 0.2, and
8 = —0.2. In the middle layer is a spherical body with high P-
wave velocity (3.5 km/s) and isotropic conditions. The region
outside the sphere has vertical P-wave velocity of 2.5 km/s and
anisotropic parameter values of ¢ = 0.1, and § = 0. The lower
layer is isotropic with P-wave velocity of 3.0 km/s. In the en-
tire model, the vertical S-wave velocity V; is set to Vp /\/5,
while the anisotropy parameter y is set to zero. I also made
an isotropic version of this velocity model (¢ = § = y =0
everywhere).

Four experiments were conducted, corresponding to P- and
S-wave propagation for the isotropic and the anisotropic mod-
els. The results are shown in Figures 4-7. In each experi-
ment, the wavefront construction method was used initially
to find the arrivals. Based on these arrivals, normal-incidence
rays were traced between the NIP interface and the given
source/receiver locations. Thereafter, the recursive one-way
approach was applied along each ray to compute amplitude
coefficients and synthetic seismograms.

The sources/receivers were chosen to be along the line y =
5.0 km. Because of the symmetry of the velocity model with
respect to the plane y = 5.0 km, all rays were, in principle,
confined to this plane. The motivation for setting up the ex-
periments in this way was twofold. First, a simple example of
the recursive algorithm could be made for S-waves exposed to
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anisotropic conditions. The direction of the initial single force
and the direction of the recording axis were both defined to be
along the x-axis of the model coordinate system. By this setup,
the S-wave propagation was exclusively SV made; there was
no conversion to the SH mode at the interfaces encountered
along the rays. For the P-wave simulations, the initial force
and the recording component were both chosen along the z-
axis. Second, the two model versions and the survey setup
were designed to create a prominent number of caustics and
multiple arrivals. In the isotropic model, multiple arrivals arise
because of the syncline-shaped NIP interface and the high ve-
locity contrast between the sphere and its surroundings. The
same type of multiple arrivals appears for P-wave rays in the
anisotropic model. For the anisotropic model, the S-waves are
also subjected to multipathing in the upper layer because of
the concavity of the slowness surface.

In all four sections (Figures 4-7), the central triplication is
caused by the NIP interface, while the two side triplications
are generated by the large velocity contrast in the middle
layer. The late arrivals of the central triplication have a phase
shift of 90° relative to the earlier arrivals. On the other hand,
the late arrivals of the side triplications have a phase shift of
180°. The reason for this difference is that the late arrivals of
the side triplications have been exposed to a caustic twice —
one on the way down, one on the way up. We can observe that
the left- and right-most dipping events arrive earlier for the
anisotropic model than for the isotropic model.

a)
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5.0 1
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7.0
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Figure 4. (a) Rays and (b) seismograms for reflected PP-waves
for the isotropic model. The initial force and the recording di-
rection are along the vertical axis. Rays are plotted for every
second trace.

The validity of the theory and implementation of the one-
way approach was checked by performing the amplitude cal-
culation as a two-way process with point-source initialization
at the source/receiver. In all four experiments, acceptable con-
sistency was achieved for the modulus as well as for the phase
of the amplitude coefficient, which is shown in Figure 8 for P-
wave rays in the anisotropic model (Figure 5). The real and
imaginary parts of the complex-valued amplitude coefficient
in equation 14 were computed by the one-way approach (Fig-
ure 8a) and by two-way dynamic ray tracing. Figure 8b shows
the discrepancies in estimated real and imaginary parts of the
amplitude coefficient, expressed as a percentage of the one-
way result. For most of the events, the amplitude difference is
less than 0.25%, and the difference exceeds 0.5% only in two
cases, where we find the receiver located very close to a caus-
tic. Since the standard ray method is generally known to give
unreliable amplitudes in the vicinity of a caustic, one should
not give too much attention to inconsistencies between the
one- and two-way amplitude-estimation approaches in such
regions.

DISCUSSION

Hubral et al. (1993) point out that the calculation of geomet-
ric spreading and phase shift resulting from caustics should be
done in either the upward or downward direction and not by
a two-way round trip along the normal-incidence ray. The cal-
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Figure 5. (a) Rays and (b) seismograms for reflected PP-waves
for the anisotropic model. The initial force and the recording
direction are along the vertical axis. Rays are plotted for every
second trace.
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culation of the reflected-wave amplitude coefficient was, how-
ever, outlined as a two-way process. By utilizing the reciprocal
property of normalized R/ T matrices (Cerveny, 2001), we see
that the calculation of the accumulated normalized R/T co-
efficients for reflected P- and S-waves can be formulated as a
one-way recursion process.

The surface-to-surface ray-propagator matrix T' for up-
ward propagation along the normal-incidence ray is com-
monly computed by dynamic ray tracing in terms of the stan-
dard ray-propagator matrix I1', followed by projections to the
NIP interface and to the surface of source/receiver locations.
The matrix T' can alternatively be computed as the product of
the one-way eigensolution matrix ® and a projection matrix
belonging to the receiver location. The minors of the one-way
eigensolution matrix are paraxial ray-tracing matrices for the
normal wave and the NIP wave, and the formulas for the rel-
ative geometric spreading, the KMAH index, and the Fresnel
zone matrix become particularly simple if expressed in terms
of these minors. Another consequence is that the reflected-
wave amplitude and the Fresnel zone matrix can be calculated
at the receiver without explicit knowledge of the interface cur-
vature matrix. The reason is that the effect of the interface
curvatures is completely embedded in the paraxial ray-tracing
matrices belonging to the normal wave. This property is ex-
pected to be important in zero-offset modeling by one-way
wavefront construction since it eliminates the need for access-

a)
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b)

]||||n|||;§m11u5:uunu||
A

il

20 4.0 6.0 8.0 10.0 12.0 14.0
Horizontal distance (km)

0
il

Time (s)

Figure 6. (a) Rays and (b) seismograms for reflected SS-waves
for the isotropic model. The initial force and the recording di-
rection are along the horizontal axis. Rays are plotted for ev-
ery second trace.

ing parameters of the NIP interface at the stage of calculating
attributes in the receivers.

Dynamic ray tracing based on the one-way eigensolution
matrix opens up two possibilities for calculating the KMAH
index for the reflected wave. The approach described by
Hubral et al. (1993) implies checking the KMAH index for
the NIP wave along the ray and calculating the signature of
the Fresnel zone matrix once an event has been obtained in
a receiver. An alternative computation is based on the result
that the KMAH index for the reflected wave is the sum of
the KMAH indices corresponding to the normal wave and the
NIP wave. Having two such approaches available provides the
possibility of verifying that the KMAH index calculation is
correct and consistent.

When merging the formulas in Cerveny (2001) for ampli-
tude calculation for isotropic and anisotropic structures into
equation 2, it is important to be aware of the meaning of the S-
wave amplitude coefficients that will be computed for a given
ray. The reason is that the amplitude coefficients of S-wave ray
tracing for anisotropic structures pertain to one of the elemen-
tary S-waves (S1 or S2), whereas the amplitude coefficients
for isotropic structures correspond to all possible combina-
tions of such waves. For isotropic structures the elementary
wave modes S1 and S2 always have equal traveltimes, which is
not the case for anisotropic structures because of shear-wave
splitting. To include all S-wave combinations for anisotropic
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Figure 7. (a) Rays and (b) seismograms for reflected SS-waves
for the anisotropic model. The initial force and the recording
direction are along the horizontal axis. Rays are plotted for
every second trace.
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Figure 8. (a) P-wave amplitude coefficient corresponding to
the rays and seismograms in Figure 5 plotted versus the hori-
zontal coordinate of the reflection point. The amplitudes have
been normalized by the value obtained for the flat parts of the
syncline-shaped interface. (b) Discrepancy in percent of the
amplitude coefficient estimated by two-way dynamic ray trac-
ing relative to the amplitude coefficient estimated by one-way
dynamic ray tracing.

media, one must, in principle, trace one ray for each combi-
nation. The quasi-isotropic approximation (Coates and Chap-
man, 1990; PSencik, 1998; PSencik and Dellinger, 2001) and
the common anisotropic ray approximation (Bakker, 2002;
Bulant and Klimes, 2002) are introduced with the intention
to make the computations of S-wave amplitudes less compli-
cated, more efficient, and more robust. Such approximations
have not been considered in this paper, but the presented the-
ory forms a basis for possible future extensions, taking into
account frequency-dependent S-wave coupling.

CONCLUDING REMARKS

The well-established theory of normal-incidence rays is gen-
eralized to include P- and S-waves in isotropic layers as well
as P-waves and elementary S-waves in anisotropic layers. The
theory has been formulated in such a way that the three
main parameters contributing to the amplitude of the re-
flected wave (geometric spreading, phase shift from caustics,
and accumulated normalized R/ T coefficients) can be propa-
gated step by step from the NIP interface toward the coincid-
ing sources/receivers. This recursive formulation prepares the
ground for implementing zero-offset amplitude modeling as a
one-way wavefront construction process.
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APPENDIX A

PROPERTIES OF THE STANDARD
RAY-PROPAGATOR MATRIX

This appendix summarizes some essential properties of a
4 x 4 ray-propagator matrix II. The ray-propagator matrix is
symplectic, which means that the property

s l—oltl)] = [—OI(I)] A

is satisfied in all points along the ray. Equation A-1 implies
that the inverse of the ray-propagator matrix is

PT _OT
m'= [—13{ Q%} ) (A-2)

The ray-propagator matrix has determinant equal to one. A
number of relations, including the minors of the ray-propa-
gator matrix, are invariant along the ray, e.g.,

QP] — QP =1, Q:Q] — Q:Qf =0,

(A-3)
PP —PP[ =0, P,Qf —PQ] =L
Given that the forward direction of propagation is defined as
the direction from point S to point R, one can write the ray-
propagator matrix corresponding to back propagation (from
R to S), with the third axis of the wavefront-orthonormal sys-
tem pointing in this direction, as

| G =0
e

II(S, R) = o1

The inverse IT"'(R, §) and the 2 x 2 matrix I* are given by
equations A-2 and 28, respectively. From equation A-4 one
can write the ray-propagator matrix corresponding to back-
ward tracing compactly as

P! (R, S)I* I*QI (R, S)I*

TI(S, R) =
(5. ) L*P{(R,S)I* Q7 (R, S)I*

] . (AS)

For a ray intersecting K interfaces at points Q1, 0, ..., Ok
between points S and R, the ray-propagator matrix can be
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chained as follows:

(R, S) = TI(R, Ox)I(Qk, Qx)TI(Qk, Ok-1)
xI(Qk-1. Qk-1)
- x TI(Q2, ODIL(Q1, Q1II(Q1, ).
(A-6)

A type TI( O, Q)) matrix is called an interface propagator ma-
trix. Equation A-6 is the chain rule of ray-propagator matrices.

By invoking the reciprocity principle (Hubral, 1983), one
can utilize that the ray-propagator matrix corresponding to
two-way propagation along the normal-incidence ray must re-
main the same if we interchange source and receiver as well as
the direction of the ray. Thus,

II(R, S) = II(S, R), (A-7)

where II(S, R) is given by equation A-5. A consequence of the
reciprocity relation A-7 is that

Qi(R, S) =I'Py(R, S)'TI*. (A-8)

Moreover, the matrix products Q,(R, S)I* and P;(R, S)I* are
symmetric. These symmetry properties are not generally valid;
they pertain specifically to two-way tracing along normal-
incidence rays.

APPENDIX B

PROPERTIES OF THE SURFACE-TO-SURFACE
RAY-PROPAGATOR MATRIX

Properties of a 4 x 4 surface-to-surface ray-propagator ma-
trix T are described in this appendix. As with the standard
ray-propagator matrix, the surface-to-surface ray-propagator
matrix is symplectic, which yields the inverse

a DT _BT
T ! = o7 AT (B-1)
The relations
ADT —BCT =1, ABT —BAT =0,
(B-2)

CD" -DC" =0, DA’ -CB' =1,
are invariant along a ray. For tracing in the backward direction
(from R to S), the surface-to-surface propagator matrix is

OI T (R, S) I 0]. (B-3)

1
TS, Ry = lo 0 -1

Insertion of the inverse matrix given by equation B-1 yields
the compact expression

D7 (R, S) B’ (R, 5)

TS, R) = C’(R, S) A7(R, S)

. (B-4)

For a ray intersecting N interfaces between points S and R, the
chain rule for surface-to-surface ray-propagator matrices is

T(R,S) =T(R, On)T(QOn, On-1)
x - T(Q2, Q1)T(Q1, S). (B-5)

No interface-propagator matrix is included in the terminology
of surface-to-surface ray-propagator matrices.

The matrix T(R, S) for two-way propagation along the
normal-incidence ray satisfies the reciprocity relation

T(R, S) = T(S, R), (B-6)

where T(S, R) is given by equation B-4. From equation B-6
one can conclude that

A(R,S) =D’ (R, S) (B-7)

and that matrices B(R, S) and C(R, S) are symmetric. Equa-
tion B-7 corresponds directly to Hubral’s (1983) condition
A = D, valid for a normal-incidence ray in a 2D medium.

APPENDIX C

RELATING GEOMETRIC SPREADING TO
RAY-PROPAGATOR MATRICES

The connection between the standard ray-propagator ma-
trix IT and the surface-to-surface ray-propagator matrix T and
their relations to geometric spreading are addressed in this ap-
pendix. For a ray between two points S and R, the equation
linking the two 4 x 4 matrices T and IT is

T(R, S) = Y(R)II(R, S)Y'(S). (C-1)
The 4 x 4 matrix Y has the form
(G — A" 0
Y= . (C2)

(E - pi!D)(G — A)"'" (G — A™)

The various quantities in equation C-2 are explained in the
following; see also Cerveny (2001, 411-414). The scalar ps(z)
is the component of the slowness vector with respect to the
third coordinate axis of the local interface system. This coor-
dinate axis is perpendicular to the interface at the point un-
der consideration (S, R, or some other point on the ray). The
2 x 2 matrices E and A" are, respectively, the inhomogeneity
matrix and anisotropy matrix, with elements given by

E;=c" [GISGJMnS\};) + GJ3G1K’7(1(y)
+GisGus(ns” =) (©3)

Ay = pi). (C4)
The inverse of Y is
vl = (G- A 0 |
—(G _ Aan)fl (E _ pgz)rD) (G _ Aan)—l
(C-5)

The matrix G is the upper-left 2 x 2 submatrix of the 3 x
3 matrix G that describes rotation from wavefront-
orthonormal coordinates to local interface coordinates.
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In the case of a two-way normal-incidence raypath, the ma-
trices Y(S) and Y(R) are related through the transformation

I 0 1
. (C-6)

Y($) =Y(®) |

With the help of equations C-1, C-2, C-5, and C-6, we can ex-
press the 2 x 2 matrix B(R, S) in terms of the 2 x 2 matrix

Qz(R, S)
B(R., S) = —(G — A Qy(R, $)I*(G — A",

(C-7)
The corresponding determinants are related by the equation
det R, S
detB(R, S) = Q:(R, ) (C-8)

[det(G — Ae)]2”

By examining the nature of the transformation matrix G—A®",
one finds that
v(R)cos (R
det(G — A = LRI COSV(R)

c(R) ’

where the quantities ¢(R), v(R), and ¥(R) denote, respec-
tively, the phase velocity, group velocity, and angle of inci-
dence of the group velocity vector (group angle) of the ray at
the receiver. For a normal-incidence ray the points S and R
are identical, and the two-way relative geometric spreading is
given by the expression

L(R, S) = |det Qz(R, S)|'/?

_ uB) cos ¥ (R) [detB(R, §)|'/? .  (C-10)
c(R)

(C-9)

APPENDIX D

RELATIONS BETWEEN REFLECTED WAVES,
NIP WAVES, AND NORMAL WAVES

We derive the matrix relations in equations 41-42 from
equation 36 for the two-way ray-propagator matrix, i.e.,

2QnipPL +DI*  2QnpQLI*

2PnipPLTF (ZPNIPQL — I) I
(D-1)
Consider the following invariant from equation 37:

PnipQy — Py Qe =L, (D-2)

in which we insert PNIP = MNIPQNIP and PN = MNQN. The
matrix My contains the second derivatives of one-way time
corresponding to initialization as a normal wave at the normal-
incidence point. By noting that the matrix product QuipQJ is
symmetric, we get

QuipQL = Mnpp — My) 7', (D-3)
Qz(R, S) = Z(MNIP — MN)ill*. (D-4)

II(R, S) =

From the two-way ray-propagator matrix in equation D-1, we
find that P,(R, S) = 2PxipQL — DI* = 2Myp Quip Q% — DI,
which gives

Pz(R, S) = [ZMNIP(MNIP — MN)71 - I]I* (D-5)

The matrix M, (R, S) containing the second derivatives of two-
way time corresponding to an initial point source is given by

M(R, ) = Py(R. S)Qa(R. 5)~". (D-6)

Inserting equations D-4 and D-5 in equation D-6 leads to the
result

M,(R, S) = 3(Mxip + My). (D-7)

APPENDIX E

SECOND-ORDER APPROXIMATION TO
TRAVELTIMES IN THE CMP DOMAIN

This appendix reviews the derivation of a second-order ap-
proximation to traveltimes in the CMP domain, based on
second-order approximations to paraxial traveltimes derived
by Cerveny et al. (1984) and Bortfeld (1989). In the latter for-
mulation, the general expression for the paraxial traveltime is

T(R.S)=T(R.S)+pO(R)ZR) —p(5) «S)
+12(R)"D(R, S)B7(R, S)Z(R')
+12(S)" B (R, S)A(R, 5)x(S")
—Z(R)"B7Y(R, $)z(S). (E-1)

The quantities in equation E-1 having S and/or R as argu-
ments all correspond to a (central) ray between points S and
R. The notation S" and R’ is used for two points on a neigh-
boring ray (paraxial ray). Points S’ and S are located close to
each other, and so are points R’ and R. The two-component
vectors z(S”) and p©(S’) specify, respectively, the projections
of the paraxial-position vector and slowness vector into the
z1—22-plane of the local-interface system at the source point S.
The vectors Z(R’) and p@(R’) denote the corresponding pro-
jections of the paraxial position vector and slowness vector at
receiver-point R. Points S and R correspond to zero offset and
are therefore identical, and the coordinate axes of the local
interface systems at S and R are both parallel to those of the
model coordinate system. Thus, we have

2(8") = AX(S") = x(S') — x(9),
(E2)
Z(R) = AX(R') = X(R") — X(R).
The midpoint between points S” and R’ is denoted as X'. We

can then apply the linear transformations from source/recei-
ver to midpoint/half-offset coordinates (Ursin, 1982):

(X)) = LR(S) +X(R)]. ¥ =LX(S) —x(R)].
(E-3)
The CMP domain of the seismic data is characterized by the
fact that

AX(X') = 0,

¥ = AX(S") = —Ax(R). (E-4)
This yields
Temp(¥) = To+ 35" D(R, S)B™!(R, S)y
+ 1§"B7I(R, S)A(R, S)y
- B7(R, 9)y, (E-5)
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where T is the two-way traveltime at zero offset. By intro-
ducing paraxial ray-tracing matrices corresponding to one-
way propagation, one can alternatively write the traveltime
Teme(¥) in terms of paraxial ray-tracing matrices propagated
in the upward direction,

_ _ —1_
Teme(§) = To +y ' D'BT 'y, (E-6)
or in the downward direction,
_ _ -1 _
TCMP(y) =To+ yTBi Aiy (E—7)

We can conclude that the second derivatives of the traveltime
in the CMP domain, evaluated for zero offset (y = 0), are
given by
9*Temp
dy19ys
Equation E-8, derived by Chernyak and Gritsenko (1979); is

referred to as the NIP-wave theorem. The quantity [MNIP]?)
denotes the elements of the 2 x 2 matrix

X -1 -1
M), =D'B' =B' A, (E-9)

= 2[Mnre]y5. (E-8)

containing the second-order derivatives of the traveltime of
the NIP wave, taken with respect to the coordinates xy, x, of
the model coordinate system. Thus, propagation of a single
hypothetical wavefront from the normal-incidence point M,
i.e., the wavefront of the NIP wave, is sufficient to determine
a second-order approximation to a traveltime function within
the CMP domain.
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