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Summary

This paper presents a model created by the author to predict stress—strain relationships for weak to
strong carbonate rocks (0. < 100 MPa) exhibiting axial strains up to 1%. The stress—strain model
based on Haldane’s distribution function (Haldane, 1919) relates the axial stress (or normalized axial
stress) to the square of an exponential function where the exponent is axial strain. To obtain accurate
stress—strain relationship over the whole pre-failure strain with the proposed stress—strain model, it
is necessary to have only one datum point (peak axial stress and maximum axial strain at this peak
stress). It is shown that the stress—strain relationships observed in laboratory compression tests on
samples collected from six carbonate rock formations (chalk, dolomites and limestones) from
different parts of Israel, agree well with the stress—strain prediction model proposed by the author.

Keywords: Haldane’s function, stress—strain model, uniaxial compressive stress.

1. Introduction

The stress—strain relationships for soils and rocks have been studied by many research-
ers (e.g. Kodner, 1963; Duncan and Chang, 1970; Haas, 1989; Tatsuoka and Shibuya,
1992; Tharp and Scarbrough, 1994; Muravskii, 1996; Puzrin and Burland, 1996;
Ching et al., 1997; Fairhurst and Hudson, 1999; Gutierrez et al., 2000; Shibuya,
2002; Chang et al., 2002; Habimana et al., 2002). Hyperbolic (Kodner, 1963; Duncan
and Chang, 1970; Tharp and Scarbrough, 1994; Habimana et al., 2002), logarithmic
(Puzrin and Burland, 1996) and double exponential (Shibuya, 2002) stress—strain
models for different rock types were proposed.

Some recent models (e.g. Tatsuoka and Shibuya, 1992; Puzrin and Burland, 1996;
Shibuya, 2002) can provide a better approximation of stress—strain data over the whole
pre-failure strain range. However, three free constants are involved in the double expo-
nential fitting of the stress—strain model proposed by Shibuya (2002) and, therefore, three
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data points over the pre-failure strain range are always required for successful fitting.

The model relates the normalized stress to the normalized tangent Young’s modulus:
1_1

-G | g
Oc AEmax ’
where A, k and m are three free constants, for the determination of which three data
points are necessary; o, is axial stress, o, is uniaxial compressive strength, Ey,,/Emax
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Fig. 1. Actual stress—strain curve (a) and normalized stress—strain curve (b) (after Shibuya, 2002).
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is normalized tangent Young’s modulus, E.x = 0¢/ey and e, = (0./04EL)Eq EL (S€€
Fig. 1) where o, g is axial stress at the elastic-threshold axial strain (e, g1, Fig. 1).

The actual stress—strain curve and the normalized stress—strain curve are shown in
Fig. 1. Here, o, is maximum value of o,, and the maximum value of ¢, is the axial
strain at the failure (g,¢).

A modified form of the hyperbolic model proposed by Tatsuoka and Shibuya
(1992) also has a large number of involved parameters, which increases the number
of data points needed for representing the stress—strain curve. The model has the
following mathematical form:

04 == XpL
— =Y+ "= (2)
O¢ 1 4 car EL

Cy G

where 0,/0. is the normalized axial stress, £, /¢, is the normalized axial strain, Y is
normalized stress at the elastic-threshold axial strain (see Fig. 1), Xy is the normal-
ized elastic-threshold axial strain (see Fig. 1), C; and C, are coefficients which vary
with the current strain level.

The logarithmic stress—strain model proposed by Puzrin and Burland (1996) has
the following mathematical form when small strain data are not available:

R
ﬁg—“ai[ln<1+€—“ﬂ , (3)
O¢ Ear Ear Ear

where « and R are two constants, 0,/0. is the normalized axial stress and &,/¢,, is the

normalized axial strain.

The model requires the values of normalized axial strain at two points (limiting
strain and strain at the peak stress) to calculate the constants « and R. The point
X =X in Fig. 1b indicates the normalized limiting strain.

Note that the stress—strain models mentioned above can be used only for rocks
which exhibit small to intermediate axial strain (¢, less than 0.5%).

In this paper, the author proposes a new stress—strain model based on Haldane’s
distribution function (Haldane, 1919) which allows one to predict the stress—strain
relationship over the whole pre-failure strain range using only one datum point (peak
axial stress and maximum axial strain at this peak stress). The proposed model is
suitable for weak to strong (o. < 100 MPa) carbonate rocks (chalk, dolomites and
limestones) exhibiting axial strains up to 1%. It is shown that the stress—strain curves
observed in laboratory compression tests at Ben-Gurion University (Beer-Sheva,
Israel) are similar to those predicted by the proposed model. To the author’s knowl-
edge, so far no results of experimental work have been published, which describe the
stress—strain relationship using Haldane’s distribution function.

2. New Stress—Strain Model Based on Haldane’s
Distribution Function

Distribution functions have many interesting mathematical properties, and therefore
they are widely used in science and engineering. Examples of their uses are: radioactive
decay, capacitor charging and discharging, rates of chemical reactions, population
growth, inflation in economics, engineering geology and many more. In particular,
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engineering geology uses a Weibull distribution to estimate the earthquake occurrence
(Hagiwara, 1973) and the failure probability of rocks under mechanical loading
(Weibull, 1939; Kettl and Diaz, 1988; Lawn, 1993; Gupta and Bergstrom, 1998), a
Gaussian (normal) distribution to predict the gob gas well productivity (Palchik, 2002)
and the subsidence of undermined rock masses (Muller, 1958), and a Poisson’s dis-
tribution to predict the development of Karst processes (Mulyukov, 1998), etc.
Howeyver, the use of the above-mentioned distribution functions to create a stress—
strain model is not convenient, since it requires the determination of at least three
unknown parameters and, hence, at least three data points are necessary. For example,
consider a canonical form of the Weibull distribution (Weibull, 1939) which is widely
used to estimate the failure probability of rock samples under mechanical loading:

W(X) =1-—-=, (4)

where W(x) is the Weibull function, x is a variable parameter, k and m are unknown
constants, e is Euler’s number (e =2.718).

Assuming that W(x) = o, and x = ¢,, the Weibull function for possible prediction
of the stress—strain relationship may have three unknown constants (k, m and \):

aazx[l—%], (5)
e
where o, is axial stress (in MPa), ¢, is axial strain (in %) at axial stress o,, A is a
parameter which reflects the influence of mechanical properties.

It is desirable to use only distribution functions which have a small number of
unknown constants, and, naturally, mathematical forms which are suitable for a stress—

studied carbonate rocks /
< >

=6a

H(x)

0 0.5 1 1.5 2 2.5 3 3.5 4
xX=¢gy %

Fig. 2. Dependence of H(x) on x according to Haldane’s function (Eq. (0)), e first segment,
= = = second segment
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strain model. Therefore, the author suggests using Haldane’s distribution function
(Haldane, 1919) that relates the probability (H(x)) of recombination between two loci
to their map distance (x). This suggestion is made for the following reasons:

1) Haldane’s distribution function has only known constants (% and 2):

H(x) :;<1 —i) (6)

2) The curve H(x) — x (Eq. (6)) presented in Fig. 2 may be suitable for stress—
strain descriptions when we assume that H(x) = 0, and x =¢, since:

e H(x) =0, =0 when the parameter of x =¢, =0 (zero stress at zero strain).
e H(x) =0, is always positive at positive x =¢,.

Table 1. Summary of test results

Rock Sample 0., MPa €a max» % E, MPa n, % A
Adulam chalk RC1 532 0.32 17400 21.5 224
RC3 51 0.41 16000 233 190
RC4 31.9 0.32 11700 28.5 138
RC6 63.3 0.41 19250 20.7 230
RC7 32.1 0.41 9500 30 116
RC8 60.3 0.37 17300 21.9 224
RC9 63.1 0.31 20500 19.6 266
STI1A 50.9 0.37 16200 20.5 198
ST1B 53.7 0.39 15400 20.2 202
ST2A 52.25 0.4 14300 20.7 196
ST2B 374 0.34 10700 23.7 152
Aminadav dolomite AD5 97.8 0.2 56000 5.8 590
ADI5 67.2 0.25 29000 20.9 340
ADB83 61.6 0.34 18000 15.4 235
Beit-Meir dolomite BM2 71.5 0.25 38100 17.1 370
BM3 45.6 0.22 21400 29 245
Bina limestone Bina 5 80 0.22 38700 13.6 424
Bina 6 89 0.48 24800 104 300
Bina 7 64 0.29 25000 14.3 284
TH5-15 84 0.25 37700 13.6 430
TH3-24 154 0.18 10000 21.8 100
THS5-13 31.3 0.14 24000 21.4 264
Bl 66.5 0.19 43100 7.5 430
B2 25 0.16 20900 21.1 190
B3 35 0.19 21000 26.4 216
B4 14 0.15 11500 37.9 114
B5 98 0.29 35200 13.7 436
B7 54.4 0.78 10900 20 140
Sorek dolomite BZ5-16 78 0.4 24300 17.5 282
BZ2-61A 85.8 0.5 22300 13.6 270
Yarka limestone Yarkal 38.7 0.63 6500 15.7 108
Yarka2 38.7 0.74 6200 17.9 99
Yarka3 41 0.69 6200 17.9 108
Yarka4 71 1.07 8400 16.4 158

Legend: o is the uniaxial compressive strength, €, max 1S maximum axial strain, E is elastic modulus, n
is porosity, A is the observed parameter for Eq. (7) using the method of successive approximations.
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e H(x) =0, increases from O to its maximum value with increasing x =¢, (in %)
from 0 to 2% (first segment). When x = €, > 2% (second segment), no increase
in H(x) =0, occurs. Since the studied carbonate rocks exhibit e, < 1% (see
Table 1), the left half of first segment of the curve H(x) —x (see Fig. 2) may
be suitable for stress—strain predictions of these rocks.

e The left half of the first segment of the curve H(x) —x is linear at small axial
strains (x = &,), while at relatively large axial strains it is slightly concave upward,
which is typical of stress—strain relationship for the studied carbonate rocks.

Let us therefore assume that the inserting o, = H(x) and ¢, = x in Eq. (6) may give
the possible stress—strain model to describe the stress (o,) — strain (¢,) relationship
from zero stress at zero strain up to failure:

A 1
O'a:§<l—%>. (7)

Here, there is only one unknown parameter A\, which reflects the influence of mechan-
ical properties.

Of course, the assumption that the above-mentioned mathematical expression
(Eq. (7)) may be used to predict the stress—strain relationship requires detailed exam-
ination based on the comparison of the observed and predicted stress—strain relation-
ships as discussed below in Section 4.

3. Testing

Stress—strain relationships for six different carbonate rocks (Adulam chalk, Aminadav
dolomite, Beit-Meir dolomite, Bina limestone, Sorek dolomite and Yarka limestone)
were observed at the Rock Mechanics Laboratory of the Ben-Gurion University. The
chalk, dolomite and limestone samples were taken from different regions of Israel.
Rock samples were prepared following ISRM suggested methods with NX size (dia-
meter of 54mm and length/diameter ratio of 2). The samples were ground to a
planeness of 0.01 mm and cylinder perpendicularity within 0.05 radians.

The load frame used in this study (TerraTek system, model FX-S-33090) operates
under hydraulic closed-loop servo-control with a maximum axial force of 1.4 MN and
load frame stiffness of 5 x 10°N/m. The load was measured by a sensitive load cell
located in series with the sample having a maximum capacity of 1000kN and a
linearity of 0.5% of full scale. The axial strain cantilever set has a 10% strain range,
and the radial strain cantilevers have a strain range limit of 7%, with linearity of 1%
for the full scale in both sets. The load frame and sample with radial and axial
cantilever sets are described in detail elsewhere (Palchik and Hatzor, 2000; Palchik
and Hatzor, 2004). All samples were tested at a constant strain rate of 107 /s and at an
ambient temperature of 25°. The load frame is presented in Fig. 3a.

Mechanical properties of carbonate rocks from the Adulam, Aminadav, Beit-Meir,
Bina, Sorek and Yarka formations are summarized in Table 1. Samples presented in
Table 1 were selected to be free of cracks, fissures and veins, which would act as
planes of weakness and have an undesirable effect on the stress—strain curves. Note
that Table 1 includes only rock specimens which may be described according to the



Stress—Strain Based on Haldane’s Distribution Function 221
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Fig. 3. Mechanical testing at the Rock Mechanics Laboratory of the Negev: a) load frame, b) determination
of the elastic modulus

ISRM suggested methods (ISRM, 1981) as weak (5 < 0. < 25 MPa), medium strong
(25 < 0. <50MPa) and strong (50 < o, < 100 MPa), where o, is the uniaxial com-
pressive strength. Very strong and extremely strong samples (o, > 100 MPa according
to the ISRM suggested methods) were omitted in this study. We did perform only few
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unconfined compression tests on very strong and extremely strong carbonate samples
that are insufficient for a detailed analysis. The development of the stress—strain model
based on Haldane’s distribution function for carbonate rock exhibiting o, > 100 MPa
is subject to further investigation.

The values of the uniaxial compressive strength (o.) in Table 1 are between 14 and
98 MPa, maximum axial strain (&, max) at o. ranges between 0.14 and 1.07%, elastic
modulus (E) values range from 6200 to 56000 MPa, and the porosity values (n) have a
range of 5.8 <n <37.9%. The elastic modulus (E) was determined as the slope of
linear portion of the axial stress—strain curve (see Fig. 3b): E= Aoc,/Aes, where
Ao, and Ae, are changes in axial stress and strain, respectively. Porosity (n) was
calculated (n=(1— p/G) x 100%) from measured values of dry bulk density
(p=1.68-2.54 g/cmB) and specific gravity of the solids (Gy=2.7 g/cmS). The pre-
cision of the porosity estimation is 0.1%.

Physical properties of the studied rock formations and their microstructural char-
acteristics are presented in detail elsewhere (Hatzor and Palchik, 1997, 1998; Palchik
and Hatzor, 2002, 2004).

4. Examination of Proposed Stress—Strain Model

The assumed stress—strain prediction model (7) based on Haldane’s distribution func-
tion is valid only when:

e It is evident that there are values of the parameter A at which the predicted and
observed (at laboratory testing) stress—strain relationships are similar.

e The parameter A has a physical meaning.

e Values of the parameter \ are pre-known.

4.1 Statistical Determination of Values of the Parameter \

Inserting initially assumed values of A =20, 30, ..., 100, and then 200, 300, ..., 1000
into the model (7) and using a statistical method of successive approximations, we
have determined that there are values of the parameter A (between 99 and 590) at
which the observed stress—strain curve in each of the studied rock samples can be
described by Eq. (7). In order to explain in detail the statistical technique, consider, for
example, determination of A for sample RC9 (Fig. 4). Let us assume that A =50.
Figure 4 shows that the calculated stress—strain curve (Eq. (7), A = 50) is located below
the observed stress—strain curve. This fact suggests that the value of A =50 is too
small and, therefore, it must be increased. We then assume that the value of A\ = 100.
However, in this case, calculated stress—strain curve (Eq. (7), A=100) is still below
the observed stress—strain curve. This means that the value of A must be increased
again. We then assume that the value of A =300 and see from Fig. 4 that the calculated
stress—strain curve (Eq. (7), A=300) is located above the observed stress—strain
curve. This means that the value of A is too large and, therefore, that it must be de-
creased. We again change the value of A using successive approximations and, finally,
determine that A =266 since, in this case, observed and calculated (with A =266)
stress—strain relationships are similar.
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Fig. 4. Example of determination of A (sample RC9) using the method of successive approximations

Figures 5—10 show examples of the observed and predicted (Eq. (7)) stress—strain
curves for four Adulam chalk samples (A =116, 152, 224 and 266), two Aminadav
dolomite samples (A =235 and 590), two Beit-Meir dolomite samples (A =245 and
370), four Bina limestone samples (A =100, 264, 300 and 436), two Sorek dolomite
samples (A=270 and 282) and two Yarka dolomite samples (A= 108 and 158),
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Fig. 5. Observed (O) and predicted (——) (Eq. (7)) stress—strain relationships for different samples of
Adulam chalk
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Fig. 6. Observed (O) and predicted (——) (Eq. (7)) stress—strain relationships for different samples of
Aminadav dolomite
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Fig. 7. Observed (O) and predicted (——) (Eq. (7)) stress—strain relationships for different samples of Beit-
Meir dolomite

respectively. The values of A (in brackets) in Figs. 5-10 were obtained using the
method of successive approximations.

Values of the parameter A observed in each of the studied samples using the
method of successive approximations are also reported in Table 1. It should be noted
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Fig. 8. Observed (O) and predicted (——) (Eq. (7)) stress—strain relationships for different samples of Bina
limestone
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Fig. 9. Observed (O) and predicted (——) (Eq. (7)) stress—strain relationships for different samples of
Sorek dolomite

that the parameter A is not constant even for a single set of samples within the same
rock: 116 <\ <266,235 <X <590,245 < X< 370,100 < X <436,270 < X <282 and
99 < A < 158 for Adulam chalk, Aminadav dolomite, Beit-Meir dolomite, Bina lime-
stone, Sorek dolomite and Yarka dolomite, respectively. The explanation of this scatter
in the values of A is presented in the next section.
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Fig. 10. Observed (O) and predicted (——) (Eq. (7)) stress—strain relationships for different samples of

Yarka limestone

4.2 Physical Meaning of the Parameter \

In order to determine the physical meaning of the parameter A, the latter was plotted
versus elastic modulus (E), porosity (n) and uniaxial compressive strength (o) in each
of the studied samples (see Fig. 11). Here thin, thick continuous and dashed lines show

Rock properties
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20

0

R2=0.6428

R?=0.9615

50

100 150 200 250 300 350 400 450 500 550

600
Parameter A
on % mE, GPa AUCS, MPa

Fig. 11. Observed parameter A versus elastic modulus (E, GPa), porosity (n, %) and uniaxial compressive
strength (0., MPa) for all studied samples. Thin, thick continuous and dashed lines show the best fit for

o.— A, E— X and n — \ dependencies, respectively
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the best fit for o, — A, E — X and n — X dependencies, respectively. Figure 11 allows
one to make the following observations:

e Porosity (n) and uniaxial compressive strength (o) are only weakly correlated with
the parameter A (R?=0.529 and 0.6428, respectively).

e On the other hand, the parameter \ seems to correlate well (R?=0.9615) with
elastic modulus (E).

The relationship between the parameter A and elastic modulus (E) can be approxi-
mated by the following linear expression:

A=aE + b, (8)

where E is expressed in MPa, a and b are empirical coefficients: a =0.098, b =38.18.
Note, however, that the relative error (A) between the statistically observed
(Table 1) and calculated (Eq. (8)) parameter A can be as high as 27-31%. Figure 12
shows the relative errors between calculated (Eq. (8)) and observed A in each of the
studied samples, which are represented by closed circles. The x-axis shows the
observed A for each of studied samples. The relative error (A) between the observed
and calculated \ has been calculated as
|A0bs - Acal|
A= 05 Chome  Aeat) 100%, 9)
where \ps and A, are the observed and calculated values of the parameter A, respectively.
Thus, the expression (8) is only used to show the physical meaning of the para-
meter A and is not to be considered to be precise. Since the parameter A is related to

35

_ N N w
o o [&] o
! ! ! !

Relative error (A), %

-
o
!

5 | [ o]

g’ﬁ
ol 83

75 100 125 150 175 200 225 250 275 300 325 350 375 400 425 450 475 500 525 550 575 600
Parameter A

--0--Eq11 —e— Eq.8

Fig. 12. Relative errors between calculated (Egs. (8) and (11)) and observed A for each of studied samples.
The closed and open circles represent the relative errors for Eqgs. (8) and (11), respectively
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stiffness (elastic modulus) of the rock samples, a large scatter in parameter A is
probably due to a large scatter in elastic modulus of the different rock samples: an
increase in the elastic modulus by a factor of 9 (from 6.2 to 56 GPa) leads to an
increase in A by a factor of 6 (from 99 to 590) as shown in Fig. 11.

5. Discussion

It is clear that the stress—strain prediction requires the prior knowledge of the para-
meter A that cannot be precisely obtained from Eq. (8) as discussed above. However,
the value of A can be obtained from the model (7) when there is only one point
measurement (i.e., axial stress and axial strain in the same point):

2041

325111

A:

(10)

where 0, and €,; are axial stress and axial strain measured at the same point.
When we know the stress and strain at the final point of pre-failure strain (i.e.
when 0,; =0, and €,1 = €, max) the model (10) can be rewritten as:

20,

e2ca max

The relative error (A, Eq. (9)) between the calculated (Eq. (11)) and statistically
observed (see Table 1) parameter X is relatively small (0.045 < A < 5.84%), as shown
in Fig. 12. In Fig. 12 these relative errors between the calculated and observed A for
each of the studied samples are represented as open circles.

Figure 13 shows a comparison between the observed and calculated (Eq. (8) and
Eq. (11)) parameter A. Although, Eq. (8) has a relatively good squared regression
coefficient (R2 =0.9615, Fig. 13a), the value of 0.9615 is insufficient to decrease the
relative errors between calculated (Eq. (8)) and observed parameter ) in Fig. 12. Only
the use of Eq. (11) (with very good R* = 0.996, Fig. 13b) allows one to decrease these
errors (see Fig. 12). Figure 13c demonstrates the relatively large vertical distances
(errors) between values of A calculated according to Eq. (8) and the linear slope of
s =1, whereas such errors for )\ calculated according to Eq. (11) is small. The large
errors presented in Fig. 13c correspond to maximum relative errors in Fig. 12.

Inserting Eq. (11) into Eq. (7) provides the final model based on Haldane’s dis-
tribution function for predicting the stress—strain relationship:

Ja:%[l—(eg%)z}, (12)

where A = 1 — (1/e*«m=), o is the uniaxial compressive strength and &, max is the
maximum axial strain.

»
»

Fig. 13. Comparison between observed and calculated (Egs. (8) and (11)) values of A: a) calculated

(Eq. (8)) versus observed A\, b) calculated (Eq. (11)) versus observed A, ¢) calculated (Eqgs. (8) and (11))

versus observed A (the closed ® and open circles o represent the A calculated according to Egs. (8) and (11),
respectively)
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Fig. 14. Examination of model (12) for Tel-Sheva chalk which was not involved in determination of
parameter \; ¢ observed and calculated normalized axial stress

The final model (12) relates the axial stress (o,) to the square of an exponential
function where the exponent is axial strain (¢,). The proposed model (12) can be used
to predict the stress—strain relationship over the whole pre-failure strain range for
weak to strong carbonate rocks (o, <100MPa) when the uniaxial compressive
strength (0.) and maximum axial strain (€, max ) at o, are known.

To show the validity of the proposed relation we used two Tel-Sheva chalk samples
which were not involved in determination of parameter . These samples (CTS1 and
CTS2) exhibit uniaxial compressive strengths of 0. = 24.5 and 23.2 MPa, respectively,
and maximum axial strains of €, max = 0.94 and 0.75%, respectively. Inserting values
of o, and &, nax in the model (12) allows one to calculate the normalized axial stress
(0a/0.) over entire pre-failure strain range for samples CTS1 and CTS2. The compar-
ison of the calculated (Eq. (12)) and observed normalized axial stresses for these two
samples is presented in Fig. 14, which shows that the observed and predicted o,/0, are
similar. Thus, model (12) is also suitable for Tel-Sheva chalk.

6. Conclusions

A stress—strain prediction model based on Haldane’s distribution function for weak to
strong carbonate rocks (o, <100 MPa) exhibiting axial strains less than 1% is pro-
posed. The proposed analytical model relates the axial stress (or normalized axial
stress) to the square of an exponential function of axial strain (¢,). The comparison of
the predicted and observed stress—strain curves shows that these curves are very close
to each other and thereby confirms the suitability of Haldane’s distribution function to
predict the stress—strain relationships in carbonate rocks.
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Only one datum point (peak stress and maximum axial strain at this peak stress) is
needed to predict the stress—strain relationship over the entire pre-failure strain range
in carbonate rocks using the proposed stress—strain prediction model.
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